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Section A. — Mathematical and Physical Sciences. 


Ship Waves : the Galcidation of Wave Profiles. 

By T. H. Havelock, F.R.S. 

(Received August 20, 1031.) 

1. The surface disturbance produced by a ship is usually analysed into two 
parts : one is called the local disturbance and the other forms the wave pattern, 
the supply of energy rcijuired for the second part giving rise to the wave 
resistance of the ship. For a direct (comparison between observed and 
theoretical surface elevation it is necessary to calculate? both parts of the 
disturbance. This has been carried out recently for a certain cast? by Mr. 
W. C. 8. AVigley,* working at the William Froude Laboratory. The model 
was of uniform horizontal section and sufficiently deep to be treated as 
theoretically of infinite draught, while the section (ionsisted of a triangular 
bow and stern connected by a straight middle body ; the surface elevation 
along the side of the model was observed at various speeds, and compared 
with the theoretical calculations. 

The following paper deals with the calculation of the surface elevation in 
cases of this type. The theory is developed her(» from the velocity potential 
of a doublet at any given depth below the free surface of the water ; this has 
the advantage of being capable of wide generalisation, and, moreover, the 
introduction of a small frictional term, which is \iltimately made to vanish, 
keeps the expressions determinate throughout the analysis. 

We examine first a uniform distribution of doublets on a vertical line, and 
then a similar distribution of finite length in the direction of motion ; graphs 

• W. C. 8. Wigley, ‘ Trans. N.E, ("oast Inst, Engineers and Shipbuilders.’ vol. 47. p. WS 
(1931). 
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are given of the surface elevation along the line of motion. A similar analysis 
is given for the distribution corresponding to the model described above, and 
the connection between the distribution and the model is indicated. 

Finally, the results are generalised to give the central surface elevation for a 
model, of infinite draught, of any sectional form. The general expressions 
are of simple character and some deductions can be made from their form. 
In addition, they are suitable for the numerical or graphical calculation of the 
profile for any required model o£ this type. A brief analysis of a parabolic 
model is made to illustrate the general results. 

2. Consider a doublet of moment M at a depth / below the surface of water 
and moving horijzoutally with constant; velocity u. For the present applica- 
tions we need only the expressions when the axis of th(i doublet is horizontal 
and in the direction of motion ; further, we take moving axes with Ox in the 
direction of motion, 0 in the free surface, Oz vertically upwards, so that the 
position of the doublet is tlie point {(), 0, — /). The velocity potential of 
the fluid motion is given by* 


= coB0(ie 

27: Jo 


+ — f coaBdQ 

27: J_. 


r (1) 

Jo K #ca sec* 6 + « LL sec 6 


where try x cos 0 + y 0 and #Cq = gju^. The real part of (1) is to ha 
taken. The first term expresses the velocity potential of the given doublet in 
a form valid for z + / > 0, that is for points above the doublet. In the second 
term (A is a small positive constant which is ultimately made zero. The surface 
elevation ^ is given by 


d( dz ’ 


z = 0. 


( 2 ) 


This gives 


t: = Liin — r dof : 

M^O TVUj^ir Jo K -- Kq 




sec® Q + sec 0 


dK. 


(3) 


In this form Z is finite and continuous, and tho expression may be generalised 
by summation or integration for a distribution of doublets. We shall consider 
here the distribution to be in the vertical plane jf = 0. If M(h,/) is the moment 
per unit area at the point (h, 0, — /) we have 


1 TOO /^ab [*tr foo 

-i- I M(/i,/)dAd/ de 

7CUj*qoJ(| J Jo 




K — Kq sec® 0 -f- t’fji sec 0 


*c, (4) 


• ‘ Proc. Roy, Soo.,’ A, vol. 121, p. 618 (1028). 
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where === (a; — A) cos G + y sin 0. We liave omitted here the symbol for 
the limiting value as [x is made to vanish, but that is always to be understood. 
It is assumed that the integrals are convergent. From a physical point of 
view it is easily seen that divergent or indeterminate integrals may arise if 
the distribution contains finite sources or sinks which extend up to the free 
surface of the water. From the method of obtaining the velocity potential 
(1), we see that the appropriate form of (4) in such cases will be found by taking 
the integration with respect to the depth/ to exieud from a positive quantity 
d to infinity and then considering the limiting value as d is mad(r to vanish. 
We may note another form for (4) which is obtained by integrating by parts 
with respect to h. Provided M is continuous in this variable and is zero at 
the two limits, we have 



sec GrfG 


r ^ 

Jo K — see' 


i(cw' 


0 + « sec 0 


KdK. 


(5) 


Further, tla^ normal component of fluid velocity at any point of the vertical 
plane jy = 0 is equal to 

2-k oM/cA. (6) 


Hence from (5) we may obtain the surfact* elev(ition for any assigned dis- 
tribution of normal fluid velocity over this plane. 

3. Consider first a simple line distribution of constant moment M per unit 
length on the 5-axis, extending from the free surface to an infinite depth. 
Here we shall have to suppose first that the distribution extends up to a depth 
d below the Ksurface, and then take the limit as d is made snuill. 

Integrating with respect to /, we obtain 





sec* 6 + i(x sec 0 


dK, 


(7) 


In the integrand we write 

K — /<0 sec* 0 + ii(z sec 0 k — sec* 0 + iji sec 0 ’ 

omitting terms which will give no contribution in the limit when lii is made 
zero. The integrations in 0 and k in (7) corresponding to the first term on the 
right of (8) give the value 27t/«o((Z* -f- »* + y*)*- Hence, putting d = 0 , the 
contribution of this part to the surface elevation is 2 M/tt(a;* + y*)*. Taking 
the second part of ( 8 ), the corresponding integral in (7) remains convergent 
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when we put d = 0, provided cr is not zero. Hence we obtain, for all points 
other than the origin, 


u (x*+ y*)* 7 tM J 


sec® G dG 


r 




K fcp »cc* 0 + ijjL sec 0 


dK. ( 9 ) 


We shall limit consideration at present to the surface elevation along the. line 
of motion, that is for y = 0 ; we have 


2M 

u\x\ 


sec* 0 dO 

TTU Jo 


f— 

Jo K —K^ 


Akx (‘ 0 « 


Q sec® 0 + i(jL sec 6 


dK, (10) 


noting that we require the limiting value of the real part as jx is made zero. 
The integration in k may be transformed by regarding k for the moment as 
a complex variable and considering a contour integral taken round a suitable 
path according as a; is positive or negative. In this process it is the residue 
at the pole of the integrand which gives the expression for the waves in the 
rear of the system. The result, when |x has been made zero, is 


cos (/Co mx sec 6) , , ^ . 

'-dm, ioix>0; 

Jo 1 + W 


:z7c 


.in(«,x.e»6)+rS2i-fe«^i», fot.<0, (11) 

Jo 1 + m 


For the integration with respect to 0, we require the following results 


/•ir /2 


sec* 6 sin sec 6) dO ■ 


2 




rTrj2 


sec»6de [" dm = - ^ f°° dm 
0 Jo 1 + m 2 Jol+w 


2«oa;^2K^Jo (1 mf 


( 12 ) 


(13) 


In this J and Y denote Bessel functions, and H is Struve’s function, the 
notation being that of G. N. Watson’s “ Treatise on Bessel Functions.” Col- 
lecting these results and putting in (10) we obtain the surface elevation on the 
line y = 0. To avoid any possible ambiguity in signs, we shall find it con- 
venient to write x' for —a: and so restrict x and x' to positive values ; x is 
thus distance in front, and x' distance behind the moving system. We obtain 


i; *= 2^ M - Y, (K,x) - 1 } ; X > 0 
!;»2^{Hi(KoX')-Yi(.t,x')-|}+^J^Y,(«^'); x'> 0- (14) 
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The quantity — Yj is monotonic and decreases to an asymptotic value 
2/7r, The symmetrical terms in (14) represent the local disturbance, becoming 
infinite near the origin like The last term in (14) represents the wave 
disturbance in the rear. The expressions are e^asily calculated from tables 
of the functions, and fig. 1 shows the two parts of the disturbance. 



It will be seen that there is discontinuity at the origin, but that arises from 
extending this particular distribution right up to the free surface. If we 
retain the quantity d used at the beginning of this section, it is easily seen that 
the discontinuity is associated with the last term of (14) ; for any finite value 
of d, this part of the disturbance is zero at the origin. 

4. Consider now a uniform distribution over a finite length of the vertical 
plane y = 0, extendmg over the range — 2 < iP < /. This might be deduced 
from the previous section by integrating with suitable precautions to allow 
for the discontinuities in those (expressions ; but we shall use the general 
formula (4), Suppose in the first place that the distribution extends from a 
depth d to an infinite depth ; then wt have 


M 

nu 


rl pqo pr rm 


^ 2 ^ K f "\~%KVt 


Ko sec® 6 + sec 0 


{Ik. 


(15) 


For the elevation along the line y ~ 0, this gives 

V 4iM r'- a JO f* <*-'» - e’' "} j 

;== — sec 6(10 i aV-: -'' . ^-^dK. 

TVU Jo Jii K — Kq sec® 0 + sec 0 


(16) 


We may put e? = 0 in (16). Further, the disturbance separates into equal 
and opposite disturbances associated with the front and rear of the system, 
or, as we may call them, into bow and stem systems. Writing for x — l, 
we have to evaluate the real part of 




— kq sec® 0 + i [JL sec 0 


dfc. 


(17) 
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We transform this as in the previous section, and also make use of the following 
evaluations 

sei) 0 cos (icojfi sec 0) <10 ~ * Yq 

Jo 2 

f%eced0 rhSMiTiidfn 

Jo Jo 1 “f" 2 Jo 1 4“ w* 

= (18) 

4 

Using, as before, for distance in front of tbe bow and for distance behind 
the bow, we find that the bow system is given by 

^ “ "IT ““ Yq (#fo?i )} » ?i ^ 

u 

^ {H„ M) - Yo ('^oSi')} - ^ Yo M) ; g/ > 0. (19) 

There are similar expressions for the stem system with gfj ==; x -f ^ aU the 
signs being changed. These results are easily calculated from tables, and 
curves for the local disturbance and the waves for both bow and stem are 
shown in fig. 2. 

The complete disturbance is the sum of all the curves shown in the figure. 
The distribution of doublets is equivalent to a vertical line of sources at the bow 
and a vertical line of sinks at the stem. It may be noticed that the elevation 



becomes logaritlimically infini te at bow and stem, and the discontinuities 
there arise as described in the previous section. The local disturbance is 
symmetrical fore and aft when taken as a whole, but is anti-symmetrical for 
bow or stern separately. If the complete disturbance associated with the bow 
is called a positive system, the stem generates an equal negative system. 
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5. The system we have just considered may l)e supposed to correspond to 
a ship with bluff bow and stern. We may examine the effect of pointing the 
ends by the following distribution ; the moment per unit area 


M, for — a < X < a 
— M (/ — ^)/(Z — a), for a < X < J 

M (i + '^)l^ — a), for — ? < a; < — a, (20) 

where M is a constant. The moment is zero outside the range specified in 

( 20 ). 

If wo replace M in (20) by w6/2tc, in accordance with (6), we see that if bjl 
is small the corresponding form of ship is that examined by Wigley in the paper 
already quoted. Wigley has worked out the surface elevation along the line 
y — 0 from Michell's formula, giving suitable interpretations to the indeter- 
minate integrals involved in those formulae. Here we shall use the general 
form (5). We may take the distribution to extend right up to the free surface, 
as it appears that the resulting expressions are finite and continuous through- 
out. 

From (6) and (20), after carrying out the integration with respect to / and A, 
the surface elevation for y — 0 is given by 




4M 


mi (I — a) 


rir/2 roo 

I sec^ 0 dO I 

Jo 


N 


Jo #c (#c — Kq sec® 0 4- ®) 


dKf 


where 


N = (* +■«) C08 0 gtV (x+O COS B (X — 0 COS B gt<c (x—a) coe B 


( 21 ) 

( 22 ) 


We notice from the form of N that the singularity at /c = 0 in the integral 
with respect to k is only apparent. On the other hand, the integral as it 
stands cannot be separated directly into four parts associated with the points 
d:0( ±1 respectively ; this may, however, be effected by a slight alteration 
which does not affect the final result for the complete system. 

If we write 


i; (q) = — — r'%ec* 0 dB f* - 

7tu(2 — a)J() Jok(/c — Kq 

4M 


^Uq COS 0 


sec® 6 -|- tp, sec 6) 


dK 


ItM (2 — o) 




then we have 




(23) 


(24) 


The int^irals in (23) may be transformed in the usual way to separate out the 
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two parts of the disturbance in each case. We require ako the following 
results 


r »/2 — 

sii 3 {K^q sec 0 ) dG = ^ ^ YQ(t)dt^ Po 
Jo ^ Jo 


(26) 


where the P functions, which have been used previously in wave analysis, are 
defined by 

Pgn (p) = (““ 1 )” r cos^” 6 sin (p sec 0 ) dO 
Jo I 


^gtin (p) = 1 )^'*'^ r 6 cos {p sec 6 ) d 6 . 

* Jo 


(26) 


We have also 


dd f" ^ dm 

0 Jo m (1 +>n) 


Jq ^ 

+ m 


If"* 

2 J 0 J 0 1 

: I £** {Ho (t) - Y„ (t)} = I Qo M. 


(27) 


using the notation introduced by Wigley for this part of the disturbance. 

Retaining q for points in front and q' for points behind the origin of a dis- 
turbance, so that q' = — q and q, q' are both positive, we find after collecting 
these results that 

F(y) = -.^Qo(Ko?), g>0 

= -~QoK?') + ~I‘o('Ce?'), ?'> 0 . (28) 

The complete surface elevation may now be found from (23), (24) and (28). 
The Q terms represent a local disturbance which is symmetrical fore and aft 
for the system as a whole, while the P terms give the ^ave disturbance in the 
rear of each of the points ± 0 , ± 1 * 

If M is put equal to t(h/ 2 n, these results will be found to agree with those 
for the model examined by Wigley in the paper quoted above, and reference 
may be made to it for a detailed comparison with e^rimental results. 

It should be noted that the method used in (23) and (24) for separating the 
disturbance into four parts is reflected in the artificial character of the local 
disturbance associated by (28) with an isolated point 9 =» 0 ; the function 
Qo is zero at its origin and increases indefinitely with distance from it. The 
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local disturbance decreases with increasing distance when we sum for the 
system as a whole. The localisation of the disturbance into parts associated 
with special points is in general no more than a convenient help for purposes 
of calctilation and description, 

(>. The previous section gives a surface elevation which is finite and con- 
tinuous throughout, and it is simple to extend the method to cover any form of 
distribution. 

We begin, for simplicity, by considering any limited distribution of which 
the graph is made up of straight lines. 

The general expression (5) gives, for infinite depth of distribution, the 
elevation along the line of motion as 




TlU J —00 ah J -.tnr JO ^ ^0 


(it“A)C0K 


sec^ 6 + 1 (JL sec (1 


dK, (29) 


Take the integration with respect to h along two parts of the range meeting 
at a junction A,.,, and we obtain, associated with this junction 


K cos 6 


dM 

dh 


uA-, cos 

t? rs 


(30) 


where the coefficient in straight brackets is the increase in slope of the M, h 
graph in the positive direction, or tan — tan in terms of the slopes of 
the adjacent parts of the graph. It should be noted that the positive direction 
of h, and of x, is taken here in the direction of motion, that is, from stem to 
bow. 

It is clear that for any limited distribution which is zero outside a certain 
range in A, we have from (29) and (30) the complete surface elevation in the 
form 


sec® M 0 \ ^ 

Jo k(#c — 


cos# 


sec® ^ t see 6) 


dKj 


(31) 


where the Bummatioix extends to all the junctions, including the bow and stern. 
Further, the algebraic sum of all the changes of slope is zero ; hence we may 
separate out the calculation for each junction by writing (31) in the form 


TtU 




*r r i-c** 

TT. — r - :::5A-r 



7W 


dh 


*F {x — hf,), 


(32) 
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where F is the function specified by (28) for positive and negative values of the 
argument. 

We may now complete the expressions to include a distribution in which 
there are ranges of continuous change of gradient. It is obvious from the 
preceding argument that the complete expression is 


— 2 [ 
KU { 


m 

dh 




fd*M 


F(x 


h) dhj , 


(33) 


where the summation covers all points of sudden change of slope and all ranges 
of continuous variation. 

The function F can easily be tabulated and graphed by means of and Pq. 
In summing and integrating in (33) it is to be noticed that the terms are 
83mimetrical before and behind each element, while Pq only exists in the rear 
of each element. When the distribution M is a sum of integral powers of A, 
it appears that (33) can be expressed in terms of the P functions defined in 
(26), for the wave disturbance, together with a similar series of Q functions 
for the local disturbance. But even if M is not given in simple analytical 
form, the elevation could be calculated directly from (33) by numerical or 
graphical methods of integration. 

7. We have been discussing the fluid motion due to a given distribution of 
doublets, the surface elevation we have calculated being one of the stream lines. 
It would be of interest to trace, if possible, other stream lines so as to exhibit 
the form of a submerged solid to which the given distribution is equivalent ; 
but the calculations would be lengthy, even in the simplest cases we have 
considered in the previous sections. For a ship model we have already men- 
tioned the usual approximation for the equivalent distribution of doublets 
when the ratio of beam to length is small enough. For a model of infinite 
draught, whose horizontal half-section is given by y =/(A), we have 


Hence (33) gives 


m 

dh 



F(®-u + jr(^) S' (=«-*) 


(34) 

(3B) 


We note that the magnitude of the contribution due to an angular point on 
the model is directly proportional to the change of slope that occurs there, 

8. We may illustrate the general result by considering briefly a model with 
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parabolic lines. We take the origin at the l>ow, and let the form of the half- 
section for y positive be given by 

y^b{l^{h + lf/l^}; ^21 <h <0. (36) 

The discontinuities of /'(A) at the bow and stern are both positive, and equal 
to 2b/l ; while /"(A) is constant throughout the range and equal to --2b jl^. 
Hence from (28) and (35) we have, from the discontinuity at the bow, 

, Qo ('«o a; > 0 

TZKqI 

= -—,Qo Wo *') + —J I’o Wo =»'). > 0. (37) 

TCKqI TZKqv 

There is an equal system for the discontinuity at tlie stem. 

Consider now the contribution due to the curved portion and take first the 
wave terms. For a point behind the stern (x' > 21) we have 

(38) 

Jo 

We have, in a notation already used, 

j” Pq (u) du =-■ 1 + P, (?/) 

= P,r* {u), say. (39) 

Thus from (38) and (36) the complete wave disturbance at a point behind the 
stem is given by 

^«>=^[^oW,^')+'PoWoW'’ - 2')} M') - P-r* (‘i'» 

Taking a point between the bow and stern (0 < x' < 2/), it is easily verified 
that (40) gives the wave elevation for all points with the convention that the 
functions P0and Po"^ JEire to bc^ taken zero for negative values of their arguments. 
It may be noted that as these functions are zero for zero values of their argu- 
ments, the expression is continuous throughout. 

Similarly, if we consider the local disturbance and take first a point in 
front of the bow (x > 0), we readily obtain from (28) and (35) 

where 

Qi(m) == f Qo («)<*«• (42) 

Jo 
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By taking points between the bow and atetn and behind the stocn, it may be 
verified that (41) gives this part of the elevation fo* all pointa on the under- 
standing that each function Qq is symmetrical about the zero of its argument 
while each function Qj is anti-symmetrical, that is Qg ( — u) *= Qg (u) and 
Qj ( u) = Qi' (u). 

In (40) and (42) we have the total elevation expressed in terms localised 
at the bow and stern, and in functions which are easily calculated and tabulated. 
The quantities have been calculated, without attempting any great degree of 
accuracy, but sufficiently to show the character of the curves. These are shown 
in fig. 3 in relation to the length of the model for the velocity given by 
kJ ^ gl/u^ =■ TT. 



The total elevation is the sum of the four curves which are shown in fig. 3. 
One curve, symmetrical fore and aft, is the complete local disturbance given 
by the sum of all the Q terms. Then there are two equal curves, one starting 
at the bowand the other at the stern, for the wave terms due to the discontinuity 
in slope at the bow and stern. The fourth curve is the total contribution of 
the curved surface to the wave part of the elevation. 

9. Another case of interest, which will only be mentioned here, is an un- 
symmetrical model whose wave resistance has been discussed previously; 
its form is given by 

y^-ahQi + lf, -l<h<0. (43) 

Here there is only one discontinuity in/' [h), namely, at the bow, and/" (A) is a 
linear function of A throughout the range. It will be found that the wave 
elevation requires the first three terms Pg, P^, Pj in the series of P functions, 
while the local disturbance can be expressed in terms of Qg, Q^, Q, of a similar 
series of Q functions. 

To return to the general expression (35), it will be seen from the examples 
that the localisation of the disturbance at special points is largely a matter of 
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Buitable integration. Consider, for instance, the mml form of niodel which 
consists of a parallel middle body with a curved entrance extending from the 
fore-shoulder to the bow and a curved nm extending jErom the aft-shoulder to 
the stem. In the sense in which the term has been used here, the total eleva- 
tion can always be separated into parts localised at these four points, the bow 
and stern and the shoulders. This can readily be expressed analytically by 
suitable manipulation of (28) and (35) ; but it is hardly worth while pursuing 
the general analysis further, as it is simpler to work out the results directly 
for any particular form of model. 


Optical Rotatory Power of Vapours. Part I . — Rotatory Dispersion 
of Camphor and of Camphorquinone^ especially in the Region 
of Absorption. 

By Professor T. M. Lowry, F.R.S., and H. K. Gore, Ph.D. 


(Received October 19, 1931.) 

The discovery of optical rotation in vapoim was made in 1818 by Biot,* 
who detected the existence of optical rotatory j>ower and of a normal type of 
rotatory dispersion in a 30-metre column of turpentine-vapour prior to the 
conflagration which destroyed Ids apparatus. A quantitative study of 
the specific rotatory powers of liquids and vapours was made in 1864 by 
Gemez,t who compared the rotations produced by 4-metre8 of the vapours 
of the essential oils of orange, Seville orange, and turpentine with those 
produced in the liquids. These rotations were substantially equal in the case 
of turpentine, where the specific rotatory power of the liquid was almost 
independent of temperature, although a small progressive decrease was observed 
both on heating and on vaporisation. In the other two cases, however, a 
rapid decrease of specific rotatory power with rise of temperature in the liquid 
was followed by a slighly more rapid decrease on passing from liquid to vapour, 
so that the specific rotatory powers in the vapour were definitely smaller than 
in the liquid state. 

* *M6m. Aoad. Sci,/ vol. 2, pp. 114-133 (1817), 
t * Ann, ^ 0 . Nonnale,’ vol. 1, pp. 1-38 (1864). 
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Diiving the half eentnrf which has elapsed since Oemez worked on the 
subject, no further measurements appear to have been made of the rotatory 
powers of vapours. It is obvious, however, that the difficulty of predicting 
optical rotations would be substantially reduced if the disturbing influence 
of contiguous molecules could be eliminated by observing the rotations in a 
dilute vapour instead of in solution, and that progress in the theoretical study 
of this problem may therefore depend fundamentally on expc^rimental work 
of this kind. The primary object of the experiments now described was there- 
fore to develop a method for measuring tlie optical rotatory powers of vapours, 
and to apply it to the typical cases of camphor and of camphorquinone. The 
principal interest of the work, however, depends on the fact that observations 
of rotatory dispersion were made in region of absorption, covered by the 
well-known ketonic and quinonoid bands, as well as in the rang(' of wave- 
lengths within which these compounds arc completely transparent. The 
combination of these two lines of investigation is indeed a p<:‘rfectly logical 
procedure, since the extreme dilution, which is often required in ordiu* to 
penetrate the region of absorption, is provided very readily by a vapour, 
the concentration of which is already limited by its vapour-pressure, and can 
be reduced to an indefinites extent by further redu(,;tions of pressure. 

The principal result of the investigation (apart from the determination for 
the first time of the molecular rotations of the vapours of camphor, 
[M Jggfla — -f 83° at 180° and of camphorquinone, ~ 146° at 200° C., 

is the discovery of a remarkable anomaly in the region covered by the familiar 
ketonic absorption band at 2900 A.U. in most of the cases that have been 
studied hitherto,’*' the “ Cotton effect has been represented by a single loop 
in the region of absorption. In the present instance tliis simple maximum 
is replaced by a curve of more complex form, which appears to consist of a very 
sharp principal maximum at 3200 A.U. superposed on a wider but lower 
maximum at about 3150 A.U. (fig. 1). Further investigation has shown that 
the same narrow peak (which had been missed in preliminary experiments on 
a solution of camphor in hexane) is given by a solution of camphor in cyclo- 
hexane (fig. 2). 

♦Cotton, ‘Ann. Chini. (Phys.),’ series 7, voL 8, p. 347 (1896); Jaeger, ‘Rec, Trav. 
Chim.,* vol. 38, pp. 171-314 (1919); *Proc, Konig. Akad. Wet. Amsterdam,’ vol. 31, pp, 
637-650 (1928); Lifsohitz, ‘ Z. phys. Ohem.,’ vol. 106, pp. 27-64 (1923); Kuhn, * 
phy8. Chom./ B, vol, 4, pp. 14-36 (1929); ‘ Ber. deuts. Chem Ges./ vol. 63, pp. 190- 
207 (1930) ; * Trans. Faraday Soc.,’ vol. 26, pp. 293-308 (1930) ; Kuhn and Braim, ‘ Z. 
phys. Chem.,’ B, vol. 8, pp. 281-318 (1930); Kuhn, Freudenberg and Wolf, ‘Ber.,’ 
vol 63, pp. 2367-2379 (1930). 
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Fig. 1.— Hotutory Dispersion of Cam- Fia. 2.— Rotatory Disja^rsion of C’amphor in 
phor Vapour at 180 C. OyoJohexane at 20'^. 

An explanation of this anomaly is already available from the study of the 
circular dichroism of the compound, which is shown in fig. 5, along with the 
ordinary absorption spectrum for a solution of camphor in liexane.* From 



Fio. 3. — ^Rotatory Dispersion of Oamphorquinone : (a) As Vapour ; (6) In Cyclohexane 

at 20^ 


♦ Kuhn and Gore, * Z. phys. Chem.,’ B, voL 12. pp. 389-397 (1931). 
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these curves it is clear that the ketonic absorption band is composite in 
character, like that of formaldehyde,* and consists of a principal band, 
^max. = 2910A,U. with very weak circular dichroism, and a weaker band, 
Xmax. = 3020 A,U. with a very much greater circular dichroism. The latter 
component is responsible for the major part of the rotatory power of camphor 
in the visible and near ultra-violet region of the spectrum. The origin of the 
anomaly described above is thus clearly established, but no attempt was made 
to deduce an equation for the complex dispersion-curves of the vapour or 
solution, since the precise form of the curves of selective absorption and of 
rotatory dispersion is now being actively investigated under much mor(^ 
favourable conditions in the case of the bomyl xanthates. 

Apparatm. — (a) The polarinieter was a Hilger instrument, which was re- 
erected on a longer base in order to permit of the introduction of a 1 -metre 
column of vapour betweeix the polariser and analyser. The polariser was a 
Rochon prism of 16 X 22 mm. aperture and 27 mm. long, which had been cut 
so as to give a fixed half-shadow angle of 5"^. The analyser was a simple Rochon 
prism of 10 X 13 mm . aperture and 16 mm. long, which had been purchased 
in 1917 with a view to constructing a polarimeter containing no calcite. A plano- 
convex lens of 46 cm. focus in front of the analyser was used to direct the light 
from an iron-tungsten arc through the apparatus, in such a way that a real 
image of the arc was formed in the plane of the analyser. A (Quartz-fluorite 
doublet of 20 cm. focus, in the place usually occupied by the eye-piece, was 
used to form a real image of the double field of the polariser on the slit of a 
spectrograph. The separation of the two images by the Rochon prisms was 
so great that the ordinary and extraordinary rays, passing through a slit 
set to a width of about 2 mm., were separated completely within a distance of 
14 cm, Thcj extraordinary ray could therefore be suppressed before the 
polarised light entered the tube of vapour, thus avoiding the difficulty which 
has hitherto been experienced in preventing scattered light from the extra- 
ordinary ray from reaching the analyser. In the same way the two images of 
the polarimeter slit, produced by the analyser and focussed on the slit of the 
si>ectrograph, were separated by about 4 mm. so that, when the polariser was 
turned, one image could revolve round the other without overlapping, provided 
that the height of the slit did not exceed 4 mm. 

(6) The vapour Vabe, of fused silica, 100 cm. long and 3 cm, in diameter, had 
a capacity of 620 c.c. It had a lateral filling-tube near one end and was closed 

♦ Henri and Skov., ‘ Z. Phys./ vol. 49, p. 774 (1928) ; G. Hersberg, ‘Tram. Faraday 
Soo./ vol, 27, p. 378 (1931). 
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by optically-worked plates of transparent silica. It was elongated at each 
end to form two vacuum chambers, 4 cm. long, also closed by optically-worked 
silica end-plates. The vapour tube was mounted in an air-jacket constructed 
from heavy copper tubing 117 cm. long and 7 cm. diameter, of which a section 
12 cm. in length was removable and provided with a slot to take the filling arm 
of the vapour-tube ; this arm was then jacketed by bolting on a copper side- 
tube. The air-jacket and side tube were covered with tliree layers of asbestos 
paper, then wound with nickel-chrome wire in suitable sections, covered with 
a thick layer of Pyruma ” cement, and finally covered when dry with three 
layers of “ asbestos cord. 

Procedure . — The ailica-tube w'as cleaned each time with hot chromic acid, 
washed freely with distilled water, alcohol and ether, then baked in a furnace 
till free from ether and finally evacuated with an oil-pump in order to get 
the tube perfectly clean and dry. The tube was immersed in ice and salt 
before introducing a known weight of substance through the side arm, and was 
cooled for three more hours before evacuating with an oil-pump and sealing 
with an oxy-hydrogen flame. After some hours the tube was transferred to 
the air-jacket and heated to 180° C. during a period of about half an hour by 
a current of 4 amps, from the 220-volt mains. The temperature could then 
be kept constant within a total range of 6° by reducing the current to about 
3*6 amps., and was read to 1° by means of a mercury thermometer. Since 
the concentration of the vapour was fixed by the original weight of substance 
taken and by the volume of the silica tube containing it, there was no necessity 
for regulating the temperature in the same precise way as when dealing with 
liquids vrith a relativ(dy large coefficient of expansion. 

In order to avoid any risk of change of sero with wave-length, the zero of 
the polarimeter was determined photographically and was found to be correct 
within 0*02°. The analyser was then set in positions corresponding to rota- 
tions ranging up to about 11°, and the wave-length of extinction determined 
by the usual method.* 

Eaperimental Results. — (a) The specific and molecular rotations of camphor 
vapour for a range of wave-lengths from 6893 to 2486 A.U, are shown in Table 
I and are plotted in fig. 1. 

The pressures of camphor- vapour in series (a) and (6) were approximately 
270 and 40 mm. respectively. Similar data for solutions of camphor in 
cyclohexane at 20° are set out in Table II, and are plotted in fig, 2, 

^ Compare Lowry, ‘ Proo. Roy. Soc./ A, vol. 81, pp, 472-474 (1908). 
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Table I. — Rotatory Dispersion in Camphor Vapour. 

(i) Weight of camphor 0-7619 g. I = 100 cm. v — 620 c.c. e == 0-446 g. 

per 100 c.c. t == 180“ C. 


tt. 


1 [M], 

A. 

]/A X 10*. 

j 

f 0 -79 

0 

4 64*6 

o 

4 83 

1 

1 6803 

1 

' 16*96 

-f 217 

41S0 

4 228 

1 4118 

i 24-28 

4- 2 ’67 

4186 

1 4 281 

; 4006 

1 24*42 

4- 317 

4219 

i 4 333 

3971 

2518 

+ 3-(i7 

4263 1 

1 4 384 

3884 

25*74 

+ 417 ' 

4288 

4 438 

1 3787 

26-40 

4 4-67 I 

4324 

! 4 492 

! 3711 

20*94 

4- fi-17 

4367 

4 642 ! 

1 3666 

27*28 

4- 5*67 

' 4402 

4 611 

3603 

27*76 

4- 617 

4427 

649 

3629 1 

28*33 

4- 6-67 

4461 1 

4 700 

3500 ^ 

28*67 

4 7*67 

4630 1 

4 806 

3480 

28*73 

4 847 

4665 1 

4 859 

3450 

28*98 

4 8*67 

4699 i 

4 912 

3442 

29*07 

4 9*17 

4634 ; 

4 964 

1 3421 

29*24 

4- 9*67 

4669 i 

41018 

1 3402 

29*29 

410*17 

4703 ( 

41068 

3364 

29*81 

410*67 

4738 

41121 

3348 

29*87 

411*17 

4772 ! 

i 

41173 

3336 

29*97 


( ii) Weight of camphor = 0-1130 g. 1 = 100 cm. v — 520 c.c. o = 0 - 02172 g. 

per 100 c.c. t = 180“ C. 


a. 

w- 

[M]. 

A. 

l/A X 10*. 

-f2-17 

1 

e 

4 999 

0 

+ 1620 

3300, 8028 

30*30, 33*02 

42*67 

+ 1220 

+ 1889 

3265, 3046 

30*42, 32*74 

42*67 

41183 

41798 

3290, 3060 

30-30, 32-78 

42*77 

41286 

+1063 

3270, 3060 

30-31, 32-68 

42*87 

1 41321 

1 42008 

8266, 3070 

30-63, 32-67 

42*97 

41867 

42078 

8260, 8076 

30*67. 32*62 

43*07 

4U18 

+2U8 

8260, 3086 

30-67, 32-42 

43*37 

41661 

42367 

3259, 3069 

30-68, 32-68 

43*67 

41643 

42497 

3260, 3080 

80-76, 32-47 

43*67 

41689 

42668 

8240, 8100 

30-86, 32-06 

43*77 

41736 

42688 

3280, 8140 

31-03, 31-86 

43*87 

41782 

42708 

3166, 3230 

30-06, 31 71 

43*97 

41827 

42777 

8162, 3225 

31-00, 31-68 

44*07 

41878 1 

42847 ! 

8166, 3220 

31-10, 31-60 

44*27 

41966 

42987 1 

3170, 3220 

31-20, 31-66 

± 0 

± 0 , 

dtz 0 1 

3021 

33-10 

-2*76 

-1268 

-1928 

2986 

33-48 

-3 06 

-1404 

-2136 

2486 

40-24 

-8*20 

-1474 

-2242 

2966, 2612 

33-84, 30-81 

-3*63 ; 

-1629 

-2476 

2912, 2631 

34-83, 38 00 

-3*80 1 

-1750 

-2663 

2873, 2694 

84-80, 37-12 

-4*00 ! 

-1842 

-2808 

2823, 2764 

36-42, 36-18 
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Table IL — Rotatory Dispersion of Camphor in Cyclohexane. 
1*8356 g. per 100 c.c. t = 20*^ C. 

tt. [a]. [MJ. A. 1 1/A X 10». 


/ = 1 dcm. 


+ 1*06 

1 + 67*2 

! + 86-» 

1 6780 

1 + IT '30 

f 1-23 

1 + 67-0 

1 + 101-8 

1 6461 

1 18-31 



1 — 1 cm . 


4-0-17 

+ 03 

+ 14 

4902 

20-15 

+0-37 

+ 202 

+ 306 

4180 

23 '92 

+0*67 

+ 306 

+ 666 

3820 

26-18 

+0-07 

+ 628 

4 803 

3672 

27-23 

+ 1-27 

4- 692 

+ 10.52 

3612 

28-47 

+ 1*67 

+ 910 

+ 1383 

3410 

29 '33 

+ 2-07 

+ 1128 

+ 1714 

3347 

29-88 

+ 2-87 

+ 1663 

1 -I 2376 

3300 

30*30 

+3-17 

4-1727 

+2626 

3282 

30-47 

+3-37 

+ 1836 

4-2790 

3260 

30-67 

+ 3 47 

f 1890 

+ 2873 

3260 

30-77 

+3'67 

+ 1946 

4 2956 

3240 

30-86 

+ 3-67 

+ 1999 

+ 3039 

3236 

30-91 

+3 '77 

+2064 

4 3122 

3236 

30-91 

+ 3-87 

+2108 

+ 3204 

3240 

30-86 

+ 4*07 

+2217 

+ 3370 

3126, 3236 

32 00. 30-91 

+412 

+ 2244 

+ 3411 

3126, 3230 

32 00, 30-96 
31-40, 30-96 

+4 17 i 

+2272 

+ 3463 i 

3140, 3230 

+ 4-22 1 

+2299 

+ 3494 

3136, .3230 

31-90, 30-96 

+4-27 

+ 2326 

4 3630 

3136, 3230 

31-90, 31-06 

+ 4*32 

+2363 

+ 3677 

3160. 3220 

31-76, 31-06 

+4-37 

+2381 

+ 3618 

3165, 3220 

31*60, 31-06 

+4-47 

+2436 

+ 3701 

3166, 3220 

81-60, 31-06 

+ 4*62 

+2462 

+ 8748 

3160, 3220 

31-66, 81-06 

+4-37 

+2490 

+3784 

3170, 3220 

81-66, 31-06 

+462 

+2617 

+ 3826 

3176, 3216 

31-60, 31-01 

+4-67 

+2644 

+3867 

3180, 3210 

31-46, 31-16 

+4-72 

+2671 1 

+ 3908 

3180, 8210 

31 46, 31-16 

+ 4^77 

+2699 

+3949 

3186, 3210 

31-40, 31*16 

+0 

+ 0 

± 0 

3021 

33-10 

-2-23 

*1216 

*1846 

2360 

42-37 

-2-33 

*1269 

*1929 

2410 

41-90 

-2 43 

*1324 

*2017 

2600 

40-00 

-2 '93 

*1696 

*2426 

2660 

39-22 

*313 

*1706 

*2692 

2666 

39-98 

*3 23 

*1760 

-2676 

2692 

38*68 

*3-33 

*1814 

*2767 

2610 

38*31 

-3*43 

*1869 

*2840 

2610 

88-31 

*3 '63 

*1978 

*3006 

2638, 2780 

37*91, 36*97 

*3 ‘73 

*2032 

*3089 

2690, 2780 

37-17, 85-97 

*3 '83 

*2086 

*3171 

2710, 2780 

36-90. 36-97 

*4 03 

*2195 

-3337 

2716, 2780 

36-88, 36-97 


(c) The rotatory dispersion of camphorquinone, as vapour and in solution 
in cyclohexane, was determined by similar methods, but less accurately, since 
the observed rotations were all less than l*^, as contrasted with a maxamum of 
over 4° in the case of camphor. The approximate values of the specific and 

0 2 
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molecular rotations over a range of wave-Jengths from S76$ to S659 A.V., for 
tie vapour and from 6678 to 4319 A.U. for the solution, are plotted in fig. 3. 


Table III.—Rotatojj Dispersion of Vapour of Camphorquinone. 
c — 0-1016 g. in 520 c.c. or 0-019538 g. in 100 c.c. I— 100 cm. 


a . 

j 

1 m 

1 

r-v 

V"" ' ' 

1 /A X 10‘. 


- 92 

-153 

6763 

17*36 

--() 23 

-118 

-196 

5467 

18*29 


-143 

-238 

6406 

18*60 

- O ' 33 

-169 

-281 

5324 

18 78 

- 0-38 

-194 

-322 

6242 

19*08 

-0 43 

-220 

-365 

6202 

19*22 

-0‘48 

-246 

—409 

5192 

19*26 

-0*63 

-271 

-450 

6110 

19*67 

-0*68 

-297 ! 

-493 

5060 

19*76 

-0*63 

-322 1 

-535 

6030 

19*88 

-0*68 

-348 1 

-578 

4994 

20*02 

-0*73 

-374 

-621 

4980 

20*08 

-0*78 

-399 1 

-663 

4970, 4900 

20*12, 20*41 

-0*83 

-426 1 

-706 

4960, 4912 

20*16, 20*36 

iO 

+ 0 j 

.1: 0 

4730 

2 M 4 

4 0*37 

+ 189 ; 

+ 314 

3659 

27*33 

+0*42 

+215 i 

+ 357 

3926 

25*48 

+0*47 

+241 1 

+ 400 

4067 

24*68 

+0*52 

1 

+ 266 j 

+442 

4266 

23*44 


Table IV. — Rotatory Dispersion of Camphorquinone in Cyclohexane, 
c = 0 • 8966 g. per 100 c.c. I = 1 cm. 


a . 

w * 

(,M]. 

* ! 

1 /A X W\ 

-0 08 

- 89 1 

-148 

1 

6678 

14*97 

-0*13 

-146 

-240 

6000 

16*66 

-018 

-201 

-834 

6446 

18*36 

-0*23 

-266 , 

-416 

5167 

19*86 

-0*28 

-312 ! 

-618 

6110, 4868 

19*57, 20*54 

-0*83 

-368 j 

-611 

5040, 4890 

19*84, 20*45 

-0*38 

i -424 

-704 

6001, 4910 

19*99, 20*87 

-0-43 

-479 1 

-796 

4970, 4919 

20 12, 20*88 

+0 

+ 0 


4740 

2 M 0 

+0*17 

+ 190 

+ 315 

4662, 4219 

21*92, 23*70 

+0*22 

+246 ! 

+407 

4518, 4362 

22*13, 22*93 

+0*27 

+301 

+499 

4476, 4415 

22*34, 22*65 


AhtorjAion Spectra , — The absorption spectra of the vapours of camphor 
and of camphorquinone were examined by the method described by Victor 
Henri (‘ Fhotoohimie,’ p. 7). The molecular extinctions thus deduced are 
plotted in fig. 4. 
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The absorption spectrum of camphorquinone in cyclohexane was determined 
with a spectrophotometer as already described,* The molecular extinction- 
coefficients are plotted in fig. 6, together with values for the extinction- 
ooefficients of camphor in hexane, determined with a sector-photometer, and 
for its circular dichroism in the same solvent.f 

Suimnary. 

(1) The optical rotations of the vapours of camphor and of camphorquinone 
Wma == 83"^ at 180'' C., and ---146° at 200°, respectively. ' 

(2) The curve of rotatory dispersion of camphor vapour shows a sharp 

maximum = 2000° (approx.) at 3200 A.U.» followed by a reversal of 

sign at 3020 A.U. and a negative maximum, [a]^^* = r- 1860° (approx.) 
at 2800 A.U. A “ step-out on the short wave-length side of the positive 
maximum IS in harmony with tlu? fact that the curve of circular dichroism of 

♦ Freuoh and Lowry, * Proc, Roy. Soc.,’ A, vol. 106, p. 480 (1024). 
t Kuhn and Gore, loc. cit. 
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a solution of camphor in hexane extends over only a part of the absorption 
band, on the side of longer wave-lengths. 



Fio. a . — Absorption Spectra of (a) Camphorquinone in Cyclohexane. (6) Camphor in 
Hexane, (c) Ciroular Dichroism of Camphor in Hexane. 

(3) A solution of camphor in cyclohexane shows a positive winximnm 
[a]*'* = 2800® (approx.) at 3200 A.U., followed by a step-out, a reversal of 
sign and a negative maximum [a]®** == 2100° (approx.) at about 2720 A.U. 

(4) Tlie curve of rotatory dispersion of camphorquinone passes through a 
negative maximum [a?"®' = — 600° (approx.) at 4960 A.U. for the vapour 
and [k]®*’ = — 460° (approx.) at 4940 A.U. in cyclohexane, followed by a 
reversal of sign at 4740 A.U., and a positive maximum [a] = + 300° (approx.) 
at 4440 A.U. 
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The Thermal Decomposition of Nitrous Oxide, and iis CatcAysis 

by Nitric Oxide. 

By F. F. Musgrave and C. N. Hinshklwood, P.R.8. 

( Received October 31, 1931.) 

When the homogeneonH thermal decompoBition of nitrous oxide was first 
studied in connection with the theory of gaseous reactions, the principal problem 
was to decide whether the activation of the molecules occurred independently 
of collisions, as would have been required by the radiation tlicory of activation. 
The influence of pressure on the rate of reaction showed definitely that the 
activation depended on a coUisional process, in which sense the reaction proved 
to be bimolecular.* The characteristic of an ideal bimolecular reaction is 
that the time of half change should be inversely proportional to the initial 
pressure. It was in fact found that the reciprocal of the half change period 
when plotted against initial pressure gave a straight line, which, however, did 
not pass through the origin. This meant that at low pressures a reaction of 
the first order was occurring, as well as the bimolecular change. This first 
order reaction was not further investigated, as it seemed quite possible that it 
was a siuface reaction, the intrusion of which becamt* relatively more serious 
as the pressure felLf It was observed, furthermore, that the complete comae 
of a decomposition at a given initial pressure was not represented very well 
by the usual bimolecular equation ; this, however, was capable of explanation 
in terms of an autocatalytic effect of the by-products of the reaction, since 
small amounts of the higher oxides of nitrogen were known to bo formed in 
addition to the oxygen and nitrogen constituting the main products. 

More recently two new observations have been made, rendering desirable 
a fuller investigation of some of the details about the reaction, which have 
hitherto been regarded as of less importance than its general interpretation in 
terms of the collisional mechanism. The first of these is the observation of 
Vohnex and KummerowJ that, at low partial pressures of nitrous oxide, inert 
gaees exert an accelerating influence on the decompoBition. This suggests 
that the low pressure unimolecular part of the decomposition is perhaps really 
homogeneous, and also of the quasi-unimoleoular type which is subject to 
the influence of foreign gases. The second of the observations referred to' is 

* Hinshelwood and Burk, ‘ Proc. Boy. Soo.,* A, vol, 106, p. 284 (1924). 
t C/. Hibben, ‘ J. Amer. Chem. Soc./ vol. 60, p. 940 (1928). 
t * Z. Phys. Ohem.,’ B, vol. 9, p. 141 (1930). 
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that of Volmer and Nagasako,* who state that, between 1 and 10 atmospheres, 
the whole decomposition becomes of the first order. Thus the second order 
reaction observed in the earlier experiments, which were not carried out at 
pressures greater than an atmosphere, would be the low pressure part of a 
quasi-unimolecular reaction. f The difference in mechanism between a true 
bimoleoular reaction, and the quasi-unimolecular reaction would be simply 
that in the former the nitrous oxide reacts at the moment of collision, while 
in the latter it survives the activating collision for a definite period and then 
splits up spontaneously into N 2 and an oxygen atom, unless in the meantime 
it has been deactivated. 

The present paper deals with the decomposition of nitrous oxid(^ in the low 
pressure region. This now becomes of special interest, since, if it be true that 
the reaction at intermediate pressures is one of the quasi-unimolecular type^ 
the question arises as to what the low pressure unimolecular reaction can be. 
If there are two unimolecular reactions, it would appear that two separate 
activation mechanisms exist, a matter of considerable interest. 

The present paper also deals with the side reaction by which nitric oxide is 
produced in the decomposition ; it is shown that this nitric oxide does in 
fact, as was assumed in the earlier work, catalyse the normal decomposition of 
the nitrous oxide, and a separate study is made of this catalytic reaction, 

Homogenecnis Nature of Uie Reaction m the Region of Lomr Pressures. 

Fig. 1 shows the results of a series of experiments made at 719° C., the 
reaction vessel being an unpacked silica bulb of about 200 c.c. capacity, and 
the initial pressure being varied from 50 to 800 mm. The rate of reaction was 
measured, as described in a number of earlier papers, by observing the increase 
in pressure attending the change, 2NjO = 2 N 2 + Og, When the reciprocal 
of the time of half change, t, is plotted against pressure, the line obtained 
is straight within the limit of experimental error. This line does not pass 
through the origin, but makes a finite intercept on the axis of 1/t, The 
value of T corresponding to this intercept is the value which the half-life would 
possess were the bimolecular part of the reaction entirely eliminated, i.e., there 
would still be a finite rate of reaction at a nominally zero pressure. This 
represents the unimolecular part. For simultaneous unimolecular and bi- 
molecular reactions we have the equation 

dxjdi = Aj (a — a?) + Ifea (fit 

♦ * Z. Phys. Ohem.,* B, vol. 10, p. 414 (1950). 
t Cf. Hinshelwood, ‘ Proo. Roy. Soc.,* A, vol. 114, p* 84 (1027). 
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which on integration and substitution of x = a/2, gives for the half life 


T 


h (o + h^ki) 


For the relation between 1 /t and a this expression gives a line wliich is 
indistinguishable from a straight line for values of and of the order of 
magnitude we are now dealing with. When o = 0 l/-;~killn2. Thus 
the intercept is proportional to the unimolecular velocity constant. 



Fio. 1. — Relation between half-life and initial pressure of nitnjuH oxide at 7 JO® C, 


With T expressed in seconds and the initial pressure, p, in millimetres, the 
line in fig. 1 is represented by 1 /t = 8 • 3 X 10'“^ 4- 3 • 7 X j>. A repetition 
of the whole series about 6 months later gave 

1/t === 7*8 X + 4-45 X lO-® p. 

A series of detenninatiouvS wer<^ also made in a silica bulb entirely filled with 
small spheres of silica about 1 cm. in diameter, the ratio area/volume of tliis 
vessel being about 16 times greater than that of the unpacked bulb. It was 
now found that 1/t = 9 *3 X 10"* 4* 4-4 X p. Thus there is little doubt 
that the magnitude of the intercept is a.Imost independent of the surface. 
Thus the low pressure first order reaction is homogeneous. 

Qtdosi-tmttmlecitlar Character of the Low Pressure Reaction, 

The extrapolation method of the last section determines the rate of the first 
order reaction by eliminating the bimolecular part of the total change. The 
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actual measurements which are extrapolated refer, however, to higher pres- 
8ureB» Thus the value of 1 /t found for the first order reaction is a value 
corresponding to the actual pressures of the experiments, not to the much lower 
pressures of the region into which the extrapolation is carried. It now becomes 
of interest to inquire whether the first order reaction actually maintains its 
high pressure ’’ velocity ooastant when the pressure is really reduced, or 
whether, in common with all known unimolecular reactions, it shows a falling 
off in the constant at some pressure sufficiently low. If it does, then the 
intercept which we have been considering represents the limiting rate to 
which the quasi-imimolecular reaction can attain as pressxire is increased. 

To test the matter a number of experiments were made with a modified 
apparatus, including a pipette for the admission of small quantities of nitrous 
oxide to the vessel. For more accurate measurement of the pressures a small 
McLeod gauge was introduced. With this apparatus any measurement of the 
pressure in the reaction bulb involved sharing of gas with the McLeod gauge ; 
thus it was not possible to make a continuous series of readings as decom- 
position proceeded. Bach point on a curve representing the course of the 
reaction with time had to be obtained from a fresh filling of the bulb and a 
measurement of the decomposition after some suitable period of time. Con- 
cordant results could, however, be quite well obtained as shown by the curves 
in fig. 2, The times of half change for the lower pressures are tabulated below, 
together with values found in the usual way for the higher pressures. The 
manner in which the two parts of the curve fit together is shown in fig. 3. 


Temperature 779° C. 


Initial preasurt) 

Time of half 

of mtroua oxide. 

deoompoaition. 

mm. 

M&oouda 

31 

2400 

127 

1020 

28-a 

610 

46 

330 

61 

220 

120 

178 

240 

130 

315 

106 


From the figure it is evident that the intercept of the straight line on the 
1/t axis represents the limiting rate of the low pressure reaction, the actual 
rate of which fells fairly rapidly away from the limiting value when the pressure 
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in fact falls below about 50 mm. The course of the velocity constant of the 
first order reaction is indicated by the lower curve. 

There are thus two activation processes at work. The first natural sup- 
position is that the two processes correspond on the one hand to the direct 



Fxo. 2. 

bimoleculax reaction — 2Na + O 2 , where both molecules must react 

at the moment of impact giving molecular oxygen, and, on the other hand, to 
a quasi-unimolecular process, with activation occurring in a binary collision, 
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but with reaction taking place after the time interval of the usual theory, and 
yielding Ng + 0 from one of the isolated nitrous oxide molecules. If, however, 
we accept the work of Volmer and Nagasako, who state that the high pressure 
part of the reaction itself reveals a quasi-unimolecular character at pressures 
of several atmospheres, then we have the rather remarkable state of affairs 
that the same molecule decomposes by two quasi-unimolecular mechanisms. 
Further discussion of this matter will now be left for a later section. 

TAe Temperature Coefficient ani Actimtion Mechanism. 

In the earlier work a mean temperature coefficient was determined, without 
reference to the possible existence of the low pressure first order reaction. 
Since the experiments were xisuhlly made with several hundred millimetres of 
nitrous oxide, the heat of activation so measured refers most nearly to the 
bimolecular part of the reaction. The value found was 59,500 cal. or 58,600 
corrected for the variation in the collision number with temperature. It now 
becomes desirable to ascertain whether the low pressure first order reaction has 
a temperature coefficient appreciably different. For this purpose the simplest 
procedure is to determine the half life over a range of pressure from about 
80 mm. to several hundred millimetres, plot 1/t against j», and determine the 
intercept on the axis. The variation of this intercept with temperature 
gives the heat of activation of the low pressure type of reaction in its region of 
limiting rate. In the table below the intercepts observed are compared with 
those calculated from the equation = 18»7 — 50,600/RT, the con- 

stants in which were obtained by the method of leagft squares. 


Temperature 

absolute. 

1/t. X 10‘ 
otwerved. 

1/to X 10* 
calculated. 

961 

1 4-6 

3-6 

97S 


! 6 0 

995 

1 S-36 

8'9 

1019 

U-4 

17-4 

loss 

35 2 

26-2 

1066 

46-6 

41-2 


The heat of activation is 50,500 cal., a value appreciably smaller than that 
of the reaction at higher pressures. 

For a reaction to be of the quasi-unimolecular type it is necessary that 
the rate of activation of the molecules by collision should exceed the rate of 
chemical transformation. With most unimolecular reactions, to account iot 
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the fulfilment of this condition, we have to suppose that the energy of activation 
is distributed among a large number of internal degrees of freedom ; such an 
assumption would be impossible with nitrous oxide, and it therefore becomes a 
crucial test of the adequacy of existing theories to calculate the niunber of 
degrees of freedom which must be postulated in the present example. At 
1062® abs. the limiting value of the unimolecular velocity constant is 
Iw2/to ™ 0*693 + 3*8 X 10*"® = 2*63 X 10“® 8ec.“^ The number of molC’* 
culea in 1 c.c. at this temperature and a pressure of 1 atmosphere is 7*0 X 10^*; 
thus the number reacting per cubic centimetre per second is 

7*0 X 10i« X 2*63 X 10“-® 1*84 X 

The number of collisions j)er cubic centimetre j)er second at 1052® abs. and 
a pressure of 1 atmosph(Te is 1 • 85 X 10®"*, assuming the diameter of the 
nitrous oxide mole<;ule to be 3*32 X cm. 

We will now make the simplest assumption, namely, that the energy of 
activation is distributetl in two square terms only, as it would be if collisional 
kinetic energy were concerned, or if the original energy of the activating 
collision passed into a single internal vibration. Then the number of activating 
collisions will be of the order which at 1 atmosphere pressure is equal 

to 1*85 X 10®** X This equals 5*6 x 10^% i.e. about 30 times 

as great as the number reacjting. This leaves a large enough margin for the 
deactivation which conditions quasi-ummolecular behaviour in a collision 
reaction. From the curve in fig. 3 it may be seen that the unimolecular 
velocity constant begins to fall away from its limiting value at a pressure of 
about one-tenth of an atmosph(*re. At this point the number of activating 
collisions has fallen to within a factor of three of the number of molecules 
reacting. Thus no difiiculty arises in connection with the mechanism of the 
activation, which is completely accounted for as with other simple molecules 
by two square terms. 

The Formation of Nitric Oxide in the Decomposition of NUtous Oxide, 

Briner and others have observed the formation of appreciable quantities of 
the higher oxides of nitrogen in the decomposition of nitrous oxide. Under 
the conditions of the present experiments the amount of these represents a 
small percentage only of the total change ; nevertheless, the study of the 
conditions and mechanism of their formation might prove helpful in under- 
standing the mechanism of the principal reactions. 
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The method of experiment was as follows. Nitrous oxide was allowed to 
react in the silica vessel until some definite stage of decomposition, as indicated 
by the pressure increase, had been reached. A sample was then withdrawn 
into an evacuated pipette, connected with the reaction vessel by a ground 
joint. Some air-free distilled water was then let into the pipette and the 
oxides of nitrogen were shaken with the water for lialf-an-houx in presence of 
the excess oxygen from the decomposition, and so converted into nitric acid 
which was titrated with centinormal baryta. From the change in pressure 
in the reaction vessel the fraction of the total gas withdrawn in the sample was 
known, and thus the amount of nitric oxide present at the moment of sampling 
could be calculated. The method of analysis was carefully calibrated by 
blank tests made on the water, on undecomposed nitrous oxide and on mixtures 
containing small known amounts of nitric oxide. For example, 10 mm. 
nitric oxide were admitted to the reacitiou vessel and mixed with 544 mm. 
air. By analysis the amount found was 9*2 mm. In another experiment 
68 mm. nitric oxide were let into the bulb at the temperature of the main 
series of experiments, and left there for 25 minutes. At the end of this time 
the amount found by sampling was 70 mm. This shows incidentally that 
nitric oxide does not decompose at an appreciable rate under these conditions. 

Another method used was to oxidise and absorb the nitric oxide for half-an- 
hour and measure the electrical conductivity of the resulting solution. This 
method was calibrated by experiments with known small amounts of nitric 
oxide. 

The following numbers show the amounts of nitric oxide formed at 722® C. 
after complete decomposition of nitrous oxide at various initial pressures 
(analysis by conductivity method). 


Initial premure of N,0. 

NO formed. 

mm. 

mm. 

406 

0-3 

an 


205 

6-7 

152 

4-4 

106 ! 

4*3 


The percentage formation of nitrio oxide tends to increase as the initial 
pressure falls. 

Two complete series of experiments were made to determine the proportion 
of nitric oxide produced at different stages of the reaction. In the first the 
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initial pressure of nitrous oxide was 400 mm., in the second 600 mm., as nearly 
as possible. It appears that most of the nitric oxide is formed in the earlier 
stages of the decomposition. This fact may be iUustrated in two ways. In 
the table below are given the results of the first series in one form, while in 
fig. 4 another method is employed to represent the results of the second series, 



the formation of nitric oxide being plotted as a function of time and compared 
with the curve showing the course of the total decomposition. Fig. 4 shows 
that the formation of nitric oxide almost reaches a limit by the time about 
one-half of the nitrous oxide has decomposed. 


Temperature 722° C. 


luiiial pressure 
of N,0. 

1 

Percentago 

docompositiou. 

NO formed. 

mm. 


mm. 

39^ 

6-6 

2-8 

301 

22-2 

5-65 

418 

34-8 

7-5 

397 

52 0 

8*65 

391 

73*3 

9-85 

402 

96 

10-6 


The fact that the formation of nitric oxide reaches a limit before the nitrous 
oxide is decomposed might bo explained by assiuning either (1) that the rate 
of formation decreases rapidly as the partial pressure of the nitrous oxide 
iEalls, {2) that the nitric oxide itself decomposes, or (3) that the formation 
of nitric oxide is inhibited by the products of reaction. (1) is rendered 
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untenable by the observation that relatively more nitric oxide ia formed at lower 
hiitJal pressures of nitrons oxide, while (2) is shown by the experiment quoted 
above to be incorrect. Direct experiment, however, proves the third alternative 
to be the correct one. In presence of air the amount of nitric oxide formed is 
reduced ; but an even more important factor is that the initial introduction 
of nitric oxide causes a quite marked inhibition of its further formation. These 
facts are shown by the figures in the following table : — 


Initial presHure 

Prestiiuro of air 

ProMure of nitne oxide 

of NgO in ram. 

added. 

formed at end of reaction. 

400 

1 

0 

10-0 

200 

(♦ 1 

0 06 

200 

0 

7*2 

200 

200 

6-66 

200 i 

1 

200 

6-56 


! 

Initial pressure 
of NgO. 

Pressure of NO 
added initially. 

Total NO found 
at and of reaction. 

NO formed in 
reaction. 

600 

0 

9*42 

9-42 

492 

0 

9*38 

9*38 

607 

10 

12*6 

2-6 

616 

20 

22*2 

22 


The essential facts, therefore, are that nitric oxide is formed in relatively 
greater proportions at lower initial pressures of nitrous oxide and that it inhibits 
its own formation. Inert gases are also to some small extent detrimental to 
its })roduction. The natural enquiry whether the low pressure unimolecular 
rea(!tion is responsible for the formation of nitric oxide exclusively, while the 
reaction at higher pressures gives nitrogen and oxygen only, must be answered 
in the negative ; for at 400 mm. nitrous oxide about 2*6 per cent, only of 
nitric oxide is formed, while the unimoleoixlar reaction accounts for a much 
greater proportion than this of the total change. The nitric oxide must 
therefore be regarded as a by-product. Since it is formed in greater relative 
amount at low pressures, it is evidently the tmimolecolar reaction of this 
region which produces it. This reaction presumably gives N, -f 0 in its first 
stage, since the reaction NjO = NO + N would be energetically extimnely 
improbable. The nitric oxide is then formed probably by the reaction 
NgO -j- 0 = 2NO. Nitric oxide itself wiH, however, act as an mhibitor m 



33 


Thermal DeoomposUion of Nitrous O^ide. 

virtoe of tJie roaotion NO + 0 » NOj, followed by 2NO* =» 2NO + 0*, 
which at these temperatures is known to be ejrtremely fast. The nitric oxide 
thus catalyses the recombination of oxygen atoms at the expense of their 
reaction with nitrous oxide. The reaction NO + 0 = NOg will be favoured 
by ternary collisions, which explains the small inhibiting influence of air on 
the nitric oxide formation. 

It may be observed that the hypothesis outlined above about the formation of 
nitric oxide places this reaction in the position of a subsidiary change, caused 
by a relatively small number of the free oxygen atoms produced in the uni- 
moleoular part of the main decomposition, but having little importance in the 
mechanism of the latter. 

Catalysis of the Nitrous Oxide Decomposition by Nitric Oxide. 

In presence of nitric oxide the decomposition of nitrous oxide occurs at a 
very considerably increased rate. Analysis shows that the nitric oxide is not 
decomposed itself during this catalytic reaction. The following table gives 
the time of half decomposition, t, in presence of varying pressures of uitrio 
oxide, for two initial pressures of nitrous oxide. 


Temperature 719® 0. 


Initial [N,0]. 

[NO]. 

T. 

nun. 

mm. 

seconds 



400 

0 

416 ' 




0 

405 




0 

406 




21 

317 


Mrhenoe 


44 

253 

> 

k, = 3-24 X 10-* 


as 1 

194 




155 { 

160 




{Of. 164 mm. air 1 

416), 



200 1 

0 

668'! 




15 

424 




29'6 

55 

SB 

348 

262 

208 


whenoe 

A:, «314 X 10-» 


123 

162 




; 190 

119 




For the range of nitrous oxide pressures used the time of Half change in the 
absence of nitric oxide can be represented with sufficient accuracy by 
1 /t«s 8-8 X 10 "** + 3-7 X 10 “*^ p. We may suppose that the catalytic 
reaction depends upon collisions between nitric oxide molecules and nitrous 
oxide molecules, and that its rate will probably be proportional to [NO] [NgOj. 

you pxxxv.— A, 


0 
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For th;e total rate of reaction in the pressure range considered we shall have 
with a good degree of approziination 


_ IIM = [N,01 + K [N,0]* + *a [NO] [N,0]. 

Ql 

or 

dxjdt = {jfci + fcg [NO]} (a — x) + i, (o — x)*. 


For the purpose of an approximate treatment of the above resolts we may 
neglect the term. For the half life we then find 


1 


A* [NO] 


"1 1 


himih 

a + kt[myk. 


-}■ 


which when [NO] is small reduces further to 

1 _ 1 


Tq being the half life in the absence of nitric oxide, K now we plot xjx — 1 
against the pressure of nitric oxides a curve will be obtained^ the tangent to 



Fio. 5.— Catalysis of nitrous oxide'deoomposition by nitric oxide, 

which at the origin has a slope equal to For [N,0] = 400 mm the 

slope of the curve is found to be 1*40 X 10"‘, [NO] being expressed in milli* 
metres (see fig. 6). At 400 mm. 1 /to is 23-1 x lO'*. Thus 

*8 » 28*1 X 10“* X 1*40 X 10“* « 3-24 X 10“*. 
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For [N^Oj == 200 mm. the slope at the origin is 2*0 x 10"^*, while l/r^ is 
15*7 X 10*^ whence X 10““®. The approximation introduced by 

neglecting the term is not serious, since the error thereby made largely 
cancels out again when I/tq is put equal to Thus the agreement of the 
values of found for two quite different initial pressures of NgO shows 
that approximately the correct function has been, chosen to represent the 
influence of the nitric oxide. The average value of Aj is 3*2 x 10“® ; is 
approximately 3*7 x 10“'®. Thus collisions with nitric oxide molecules are 
about eight to nine times as effective in decomposing nitrous oxide molecules 
at 719*^ 0. as collisions with other nitrous oxide molecules. 

An obvious and simple hypothesis is that the catalytic efficiency depends 
upon the processes NgO + NO == Ng + NOg, and 2 NO 2 = 2NO + Og. The 
second process is known to occur with very greiit speed at this temperature.* 
But the interpretation of the effect simply in terms of specific energy transfer 
can hardly be ruled out completely. 

For determining the temperature coefficient of the catalytic reaction experi- 
ments were made with 200 mm. nitric oxide and 100 mm. nitrous oxide in 
order that the catalytic reaction might preponderate over the normal one. 
Under these circumstances the reaction is of the first order with respect to the 
nitrous oxide, as the following figures show : — 


Time. 

X, 

^ni* 

soconda 

mm. ! 

(fleoonds, decimal logs.) 

13 

7 1 

O’ 00562 

22 

12 

0 00596 

34 

17 

0 00690 

4B 

22 

0*00690 

60 

27 

0*00682 

92 

1 32 

000682 

132 

1 37 

0 ()063 

cc 1 

1 46 

■ 


The following table gives the mean values of k at four temperatures :~ 


Temperature. 

fc. 

* abaoluCe. 

natural logB, »eoond« 

1033 

1 0 0133 

lOU 

0*00780 

OOC 

0 00420 

973 

0 00198 


♦ Bodenstehi, * Z. Phys. Chem./ vol. 100, p. 08 (1922), 

P 2 
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These values are corrected to a standard nitric oxide oonoentration equivalent 
to a pressure of 200 nym- at 973^. The value of the heat of activatioii is 62,600 
cal,, which when corrected for the variation of collision number with tempera* 
ture becomes 61,600 cal. This is rather a high value. To account for its 
communication to the molecules at the required rate, it must be supposed that 
excitation of the inteituil degrees of freedom of both molecules is necessary. 
Making the calculation with the aid of the usual formute* we find that at 973® 
abs. at 100 mm, nitrous oxide and 200 mm. nitric oxide the number of molecules 
reacting is about 2 X 10^*, while the number of collisions between NO and N^O 
in which the total energy of activation is distributed between two internal 
vibrations of one molecule and one in the other amounts to about 0*86 X 10^®. 

Influence of Air on the Reaction Rate, 

At moderate partial pressures of nitrous oxide the influence of an equal 
quantity of air is undetectable, as may be seen by reference to the table of 
the preceding section. At low pressures of nitrous oxide, however, there is a 
quite considerable influence, as is shown in the following table. 

Temperature 719® C. Initial pressure of nitrous oxide 27 mm. 


ProASure of dry air. 


mm. 


0 

1*00 

100 

0-76 

200 

0-72 

300 

0-64 

400 

0 63 

500 

0-64 

600 

0»81 


The experiments are not easy to make with great precision, since a low- 
pressure gauge cannot be used in presence of the considerable amounts of air ; 
thus the comparatively small pressure changes accompanying the decomposition 
of the nitrous oxide must be measured on an ordinary manometer. Each of 
the determinations recorded in the table is the mean of three or four expezi* 
ments, however, and should therefore be reasonably accurate. It will be seen 
that the mfluenoe of the air tends to a limit, as though it operated principally 
on the low pressure quasi-unimolecular part of the decomposition, the rate of 
which can not be increased beyond the value corresponding to the saturation 
value of the unimolecular constant. 

♦ As in ‘ Proo, Roy. Soc./ A, vol 128, p. 91 (1980). 
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General Discussion. 

The following points call for comment : (1) Since in the region of pressure 
below about 1 atmosphere there exist simultaneously reactions of the first 
and of the second order, and since the decomposition is accelerated by the 
nitric oxide, which itself is produced by a somewhat complex mechauiam, 
the inadequacy of a simple second order equation to express the course of the 
reaction with time is explained. The bimolecular constants rise as the change 
proceeds, the unimolecular constants fall, as is imderstandable. Since an 
accurate representation of the time coui-se of the decomposition would require 
at least three constants, there is little advantage to be derived from attempting 
to express it by an equation. (2) The natural hypothesis to make about the 
existence of the low-pressure first order reaction and the higher pressure second 
order reaction would be that the former represents the decomposition 
NjO — N 2 + 0, occurring at a finite interval of time after the molecule has 
been activated in a collision, while the latter represents the direct production 
of molecular oxygen at the moment of the activating collision itself 
2 N 2 O — 2 N 2 + O 2 . It is surprising therefore that in the experiments of 
Volmer and Nagasako this high pressure reaction should itself tend to Income 
of the first order between about 5 and 10 atmospheres. This observation 
would mean that, even in the region of higher pressures, the two colliding 
nitrous oxide molecules do not decompose at the moment of impact to give 
molecular oxygen, but part company again, one of them splitting up spoxj- 
taneously into and 0 after a definite time lag. The point at which a reaction 
begins to change over from the first to the second order is that at which the 
average time between collisions becomes of the same order of magnitude as 
the time lag between activation and chemical transformation. Since in the 
present example there are two regions of pressure in which this transition takes 
place, it would seem to follow that the process NjO = N 2 + 0 can occur after 
two different time lags depending on the way in which the molecule has been 
activated* 

If this ccwxolusion is corrotst, it falls into relation with the observations 
iwently made on the catalytic decomposition of ethers by iodine vapour.* 
Collisions between ether molecules are inefficient in activating them for chemical 
transformtion, the energy communicated being distributed wastefully in many 
degrees of freedom, while collisions between the ether molecule and iodine 

* CSttsius and Hinsholwood, ‘ Proc. Koy. 800 .,’ A, voi. 12S, p. 82 (1930). A oatalytio 
aotion of iodine on nitrous oxide, which presents some rather now feattiros is now being 
investigated. 
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bring tbe energy economically into the part of the molecule where it can be 
most usefully employed ; the energy of activation is distributed in two square 
terms only, and is much smaller in magnitude than tliat of the uncatalysed 
reaction. The two sets of observations provide experimental evidence of a 
rather new kind of phenomenon therefore, namely, the existence of difierent 
activation mechanisms of the same molecule for the same transformation. 

But, interesting as this possibility is, it is perhaps not entirely certain that the 
supposition upon which it is based is correct ; namely, that the high pressure 
part of the nitrous oxide decomposition really involves the spontaneous change 
of one molecule after activation, and not the interaction of two at the moment 
of collision. The following alternative is perhaps not to be dismissed without 
consideration. Suppose the two nitrous oxide molecules at the time of impact 
require to remain in contact for a small but finite interval before the splitting 
off of the oxygen molecule is completed. (There is no difficulty in supposing 
that the activated molecules remain together as a sort of complex for a short 
interval before re-arrangement.) If during this period a third molecule arrives, 
deactivation may occur. Let the activated complex be denoted by X. Its 
rate of formation will be ^[NjO]^; it will be destroyed by chemical trans- 
formation at a rate V [X], and deactivated at a rate k** [N^O] [X]. The 
stationary concentration which is established is given by 

/,[N20J-^=.^'[X] + r[N,0][X]; 

thus the rate of reaction, which is proportional to [X], is proportional to 
[NgO]). When the nitrous oxide concentration becomes 
large enough this reduces to a simple first order expression, just as in the more 
usual type of quasi-unimolecular reaction. The essential condition for a 
reaction to become kineticaUy of the first order is that something should emerge 
from the activating collision, and be exposed to the possibility of deactivation 
before chemical transformation is completed. This something is usually 
assumed to be one molecule ; but there is no reason in the present example why 
it should not be a complex of two molecules, about to split off molecular 
oxygen, just as much as the single molecule about to lose an atom of oxygen* 
Thus the possibility that the liigh pressure reaction is after all 2NgO = 2Na + 0# 
is not excluded. Further experimental work is necessary to clear up this 
point. 

Summary. 


In the decomposition of nitrous oxide at lower pressures a imimoleoular 
reaction becomes relatively important. This reaction is shown to be homo- 
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geneous. Its velocity constant falls away at pressures sufficiently low, the 
change thus belonging to the so-called quasi-unimoleoulai class. The absolute 
rate is just of the order of magnitude expected for activation in two square 
terms, as with other reactions of simple molecules. The existence of this 
reaction is remarkable in view of the possibility that the ordinary high pressure 
ehaxige is also quasi-unimol(H3ular ; two independent activation mechanisms 
for the same molecular dissociation would thus be indicated. The analogy 
between this and recent observations on the catalytic decomposition of ethers 
by iodine vapour is pointed out. But it is also pointed out that the high 
pressure part of the nitrous oxide decomposition may, in spite of apparent 
indications to the contrary, really involve the splitting of molecular oxygen 
from two molecules of the oxide at the moment of collision. If this is so, the 
high and low pressure parts of the reaction involve respectively the changes 
2NaO -= 2N^ + Og and N^O - + 0. 

The conditions deterniining the formation of nitric oxide during the decom- 
position of nitrous oxide have been investigated. It seems probable that this 
substance is produced as a by-product by the action of atomic oxygen on 
nitrous oxide. 

Nitric oxide exerts a marked catalytic action on the decomposition of nitrous 
oxide, the rate of the catalytic action between the two gases being proportional 
to [NO] [NjiO]. The catalytic collisions are about eight times as effective as 
collisions between nitrous oxide molecules in causing reaction at 719^ C. 


40 


The Refraction and Dispersion of Neon and Helium. 

By Clive Cuthbbrtson, O.B.E., F.RB., and Maude Cuthbertson. 
(Received November 19, 1931.) 

Some apology is needed for a third papir, by the same authors, on the 
refraction and dispersion of neon. In 1909* we published determinations 
made with 300 c.c. of gas purified by H. E. Watson for Sir William Ramsay. 
The index for the green mercury line (X 5462 '23) was found to be 1 *00006716. 
For the dispersion the cadmium red (X 6438) and blue (X 4800) lines were also 
used, and the results were found to be expressed by the formula 

_ 2*5665 X 1(F 

^ ' 38517 X 10*^ - n®’ 

where n is the frequency of the light 
Only 200 bands could be coimted, and the figures for the dispersive power 
were not believed to be trustworthy to less than 5 per cent. 

In lOlOf we remeasured the dispersion with greater accuracy, assuming the 
previous value of the refraction for X 5462*23. The number of bands counted 
was 440 and the dispersion was observed at seven points in the visible spectrum, 
between XX 6708-4800. 

The dispersion was best represented by 

_ . „ 2*59326 X 10^^ 

^ 38916 X K>»’ - «*■ 

So far as we can find no subsequent measurements of the dispersion or refrac- 
tion of neon have been made. 

When these results were compared with the corresponding figures for the 
other four inert gases a curious anomaly was observed. The constants in the 
denominators of the disptirsion formuke which, on the accepted theory, should 
be proportional to the squares of the free frequencies of the dispersion electrons, 
decreased from helium to xenon, except in the case of neon, for which the 
frequency was higher than for helium, as shown in Table I, column 3. 

* ‘ PToo. Roy. Soo.,’ A, vol. 83, p. 149 (1909). 
t ‘ Proo. Roy. Soo.,’ A, vol. 84, p. 18 (1910). 
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Table I. — Values of the Constants (1910) in the expression p. — 



i 


Element. 

C X lO-”. 

X 10-*’. 

Helium 

! 

1-21238 

34991*7 

Neon 

2-59326 

38910-2 

Argon 

4-71632 

17008-9 

Kr3^pion 

6-3446 i 

i 12767-9 

Xenon 

6-1209 

1 j 

! 8977*9 

1 


It seemed desirable to verify that this apparent exception in the regxilarity 
of the sequence was real. If it proved to be so the inference would be that 
the forces which determine the free frequency of the electrons in these gases 
are subject to two conflicting tendencies, of which one operates to increase 
the frequency with increasing atomic number while thf? other diminishes it. 
But comparison between the dispersive powers of neon and helium is not 
easy. The refractivities of both gases are so small and the dispersions so 
low that it is necessary to count a largo number of bands, and to cover a wide 
range of wave-lengths, in order to obtain accurate results. This is especially 
true in the case of helium, for which a change of pressure of nearly 8 atmospheres 
would be necessary in order to read 600 bands in a tnha 1 metre long. It is 
not surprising, therefore, that the values of obtained for helium by diSerent 
observers are discrepant. Burton* found 40900 X 10*’. Our own values 
were, in 1908, 37600 X lO*"^, and, in 1910, 34992 X 10*’. In 1913 Jolm Kochf 
published the results of a very careful determination extending from X 5462 
to X 2302, but, unfortunately, he was unable to count more than 63 bands, 
a number which seemed insufficient to yield very accurate results. His 
value, 38330*7 X lO*’ lay midway between those of Burton and ourselves. 
It was, therefore, still uncertain whether the free frequency of the electrons 
was greater or less in neon than in helium. 

The present paper describes an attempt to answer this question by repeating 
the measurements of both gases with a degree of accuracy at least ten times as 
great as that attained in 1910, by the use of longt^r tubes and higher pressures, 
and by the extension of measurements to the ultra-violet. For the purpose of 
measuring dispersion this last is the most important consideration. The 
change of refraction between XX 6708”'5462 is almost negligible compared 

♦ * Proc. Boy. Soo.,’ A, vol. 80, p. 390 (J908). 
t ‘ Ark. Mat., Aatr. Fys./ vol. 9, No. 6 (1913). 
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with that between XX 6462-2700, and for this reason chiefly we did not make 
use of any wave-length greater than that of the green mercury line. 

AppanUns, 

As formerly, weemjdoyed Jamin^s interferometer, and followed the arrange* 
ment of Koch with one or two exceptions. It is unnecessary to describe the 
disposition at length. The source of light was a quartz amalgam lamp 
(Heraeus) supplied by the British Hanovia Quartz Lamp Company. The 
light, after condensation on a slit traversed, in order, (1) a collimating lens 
(focal length 36 cms.), (2) the first Jamin plate, (3) the refractometer tubes 
(length 274*06 cm.), (4) the second Jamin plate, (5) a prism (60°), and was 
then focussed by another similar lens on the photographic plate (a plane 
quarter-plate) which was inclined at approximately 27® to the axis of the last 
lens. The whole optical train was of quartz. When the plate was removed 
the light from the green mercury line was received by an eyepiece, and the 
position of a crosswire, situated 2 cm. from the slit, nearer to the photographic 
plate, was observed relatively to the interference system. The procedure 
was to photograph the initial position of the band system, remove the plate, 
count a large number of bands as gas flowed into or out of the tube, and then 
photograph the final position. Knowing the number of bauds (X 5462 *23) 
which have passed and the initial and final fractions of each of the other 
numbers of bands of known wave-length which have passed the crosswirc 
simultaneously it is easy to find the integral number of bands of each wave- 
length which must have passed and thence to construct a dispersion curve. 

For example, if 100 bands (X 5462 *23) have been observed the number of 
bands (X 4078*97) which would have passed if there were no dispersion would 
have been 100 x 6462*23/4078*97 — 133*9, and if the fraction observed is 
0*7 We can be sure that the number which have actually passed is 134*7, 
135*7 or, possibly, 136*7, which gives as the dispersion effect either 
134*7 — 133*9 — 0*8, or 136*7 — 133*9 1*8 or more. Beginning with a 

small enough number of bands it is not difficult to make sure that the dis- 
persion effect is less than a whole band, and thence to build up a series of 
experiments in which the calculated dispersion effects agree with the observed 
fractions for all numbers of bands and all wave-lengths. The refractivity for 
the green line is first determined absolutely and the other indices calculated 
from the expression 

— 1 _ Number of bands ( X) x X 
“ 1 Number of bands (6462) x 5462 ’ 
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In determining the proper whole number for each bright line, previous 
workers made use of the interference bands produ(5ed in a continuous spectrum, 
on which the bright line spectrum was photographed* But this method is not 
practicable when a large number of bands (e.j., 500) is read, as the bands 
blend together and fade out. A full account of their methods wUl be found 
in the papers of Traub* and StolLf 

Neon. 

The specimen of neon used was presented by Professor Dr. W. H. Keesom, 
of Leyden University, and consisted of 2 litres of very pure gas, freed from 
helium. For this most generous gift our grateful thanks to Professor Keesom 
are due. 

Ref f activity , — The principal source of error in the measurement of an index 
is, in our experience, due to the drift of bands during the experiment owing to 
unequal changes of temperature in different parts of the apparatus, irrespective 
of changes of temperature and pressure in the gas. In the present case the 
drift was at the rat^^ of 2 to 3 bands per hour, and much difficulty was experi- 
enced in carrying the accuracy beyond the third significant figure. Eventually, 
by timing the length of the experiments and allowing for drift, and by taking 
the mean of pairs of experiments made with bands t isiiig and falling, trust- 


worthy results were obtained : — 

Series. Number of exi)erimeuts. ((i — 1)5452 23 

1 Mo^n of 4 pairs of values 0*00006725 

2 „ 3 „ 0*00006727 

3 „ 5 „ 0*00006725 

4 „ 4 „ 0*00006726 

(after repurification with liquid air) 

Mean 0*00006725 


We adopt the mean of these results as the most probable value. It agrees 
well with the value obtained in 1909 (0*00006716) with Watson’s neon, a high 
tribute to the care with wliich that specimen was purified by him at so early 
a date. 

Dispersion of Neon . — A long series of preliminary experiments was made 
with a specimen of neon obtained from the British Oxygen Company, said to 
contain about 2 per cent, of helium. Owing to the fact that the dispersive 

* Xraub, *Ann. Phyaik/ voL 61, p. 533 (1920) ; Kirn, ‘Arm, Physik/ voL 64, p. 566 ( 1921 ). 

t Stoll, 'Ann. Physik/ voL 69, p. 81 (1922). 
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powers of these two gases are almost the same very little error was introduced 
by the presence of the impurity. The value obtained for » 0 *, the square of 
the free frequency, was 39160 X 10^^ which is identical with that subsequently 
obtained from the pure gas from Leyden. The exactness of the agreement is, 
of course, fortuitous. 

With the Leyden specimen three series of measurements were made. The 
first, in the course of which the bands moved in the direction opposed to that 
of the drift, led to the value 39535 X 10*^. 

In the second and third series the bands were made to move, ( 1 ) in the same 
dir(*ction as the drift, and ( 2 ) in the contrary direction. At this stage of the 
research, when the dispersion was already known with fair accuracy, the 
procedure was ( 1 ) to photograph the initial position twice (to reduce the chance 
of a photographic failure) ; (2) to allow about 500 bands to pass ; (3) to photo- 
graph the final position ; and (4) to make successive increments of about 
50 bands and photograph after each addition. In this way the fatigue of 
counting a large number of bands for each experiment was avoided. The 
initial fractious are the same for the whole group, while the final fractions, 
in reading which the chief errors occur, are different for each experiment. 
In these last two series the aggregate number of bands counted in this way 
was 7844*06. The following table shows the relative numbers of bands of 
other wave-lengths estimated to hav<^ passed the cross wire corresponding to 
10000 bands (X 6462*23). The wave-lengths are those of Styles'** reduced to 
vacuum. 



Table II. 

— Dispersion of Neon. 


1 

A X 10* ! 

Relative numbers 

Kefraotivitiios ^ 

> - 1) X 10*. 

Diffeteuces 
obs. calc* 

(*n vacw). 1 

of bands, ostinmtod. 



1 (ninth dedmal 



Observed. 

Calculated. 

1 place). 

5462-23 

lOOOO 

6726-0 

1 1 

6724-6 

1 

1 -f-O 

4917-40 

11128-2 

6737-2 

1 6736*7 

+6 

4»5»-S4 

12583-6 

6764-0 

i 6764-3 

-3 

4078-97 

13473-3 

6766-2 

6766-2 

0 

4047-68 

13580-0 

6767 6 

6767-6 

-1 

3907 -66 

14081-2 

6774-4 

6774-6 

-2 

8664-10 

IS040-6 

6789- 1 

6788-8 

4-3 

3342-42 

16655-9 

6812-9 

6812-9 

0 

8132-69 

17716-3 

6832-4 

6832-7 

-3 

3022-37 

18394-3 

6844-7 i 

6844-9 i 


2968-13 

18749-6 ! 

6851*6 

6861-3 

+3 

2894-44 

10253-6 

6861-2 

6860-9 

4-3 


Noth. Drift affects the measurement of dispersion as well as refraction because each 
band of drift carries with it, so to speak, the dispersive power of the material the ohan^ 
in which caused the drift, quarts or air. 


♦ ‘ Aetrophys. J.,* voL 30, p. 48 (1909). 



Bejtadion and Dispersion of Neon and Hdivm. 


45 


From these figures and the absolute value for X 5462 *23 the dispersion 
formula was calculated by the method of least squares 

_ . 2*61303 X 10 »- 

^ 39160 X low — «-■ 

where n = V/A for the wave-Jeugth in question. 

Table II, columns 3, 4 and 6 show the observed and calculated figures and 
the degree of concordance between them. There is no discrepancy greater 
than 5 in the ninth decimal place, and since the average number of bands read 
was about 600 and the bands were re>ad to 1/20 we have no right to expect 
greater accuracy than was obtained. 


Helium. 

Refractivity . — The gas used was supplied by the British Oxygen Company 
as ** spectrally pure,” Three pairs of measurements, made immediately 
after the flask was opened, to avoid the impurities which inevitably creep in 
during manipulation, gave the following mean results for the green mercury 
line : — 

([i — l) 

0-00003489 

0*0(X)03485 

0-00003492 


Mean .... 0-0(X>03489 


This value is practically identical with that obtained by us in 1910 * viz, 
0-00003495 and with that of Koch {loc. ciL) 0-000034925. 

Dieperdm. — ^As in the case of neon two series of measurements were made, 
with pressure rising and falling respectively, in order to eliminate the influence 
of the drift. The dispersion was determined from the sum of the two sets 
and the values obtained are shovvm in Table III. 

These values are best represented by 

1-32614 X 102' 

^ ^ 38313*7 X low -«*■ 


• ‘ Proo. Roy. Soc.,’ A, voL 84, p. 13. 
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Table III. —Dispersion of Helium. 


A X 10* 
four Ogures. 

i 

1 

j Eefraotivity (/* ^ 1)10*. 

Diffemnoee 
ob«. — oalc, 

(ninth decimal place). 

Observod. 

! Calculated. 

i 

5402 I 

3489-0 

1 3488-7 

+ 3 

4359 

3504-5 

3504-6 


4078 ! 

3611 -0 

3610-8 

4 2 

4047 ' 

3611-6 

3611-6 

-1 

3907 

3616-3 

3616-4 

--1 

3664 

3522-9 

3622 9 

0 

3342 1 

i 3535-6 

3536-6 


3132 

1 3M6 2 

3646-1 

+ 1 

3126 1 

! 3646-6 1 

3646-6 I 

4-1 

3022 j 

3562-4 : 

3662-6 1 

-^2 

2908 1 

3566-0 

35561 i 

-1 

2926 1 

3658-9 

3568-9 j 

0 

2894 1 

3561-3 

1 3561-1 I 

1 H"2 

2753 1 

1 

3672-1 

3671-9 i 

1 1 

4-2 


In the paper to which reference has been made above, £ocb gives for helium 


I = 28860-8 

3 (X* — 1 


67 -763 X 10-« 
X* 


(X in centimetres) 


over the range XX 6462-2303. 

The equivalent expression in the Sellmeier form is 

^ 1-32816 xl(F 

^ 38331-7 X 10« -«»■ 

The concordance between Koch’s result and our own is remarkable. It may 
be expressed by the statement that for every 1000 bands (X 6462 -23) pawing 
the crosswire the number of bands of, c.p., wave-length 2894*44 which have 
simultaneously passed is 1926-04 according to Koch, and 1926*10 aooording 
to the present determination, a difference of only 0*06 of a band. Koch 
finds the wave-length corresponding to the free frequency of bnlinm to be 
484*55 A.U., while our determination leads to 484*67 A.U. 


Remarks. 

It would appear that, though the difference between the free frequencies of 
the electrons in helium and neon is less than our former values showed, the 
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anomaly in the frequency of neon is real. Table I, corrected, now stands as 
follows ; — 


Table IV. — Revised Values of Constants in the expression (j, — 1 = C/(wo® — n*). 


Element. 


Helium .. 

Neon 

Argon .. 
Krypton 
Xenon .. 


C X 10-•^ X 


1*32614 

2*61303 

4*71632 

6*3446 

6*1209 


36313*7 

39160 

17008*9 

12767*9 

8977*9 


It seemB probable that the architecture of the helium aud neon atoms are 
aimilar from the point of view of refractive indices, the apparent number of 
dispersion electrons in neon being very nearly double the number in helium, 
and the free frequencies differing by only 1*1 per cent. We are not aware 
of any theory which would exi>lain these facts. 

We have to thank Sir William Bragg, Director of the Davy~Faraday Research 
Laboratory, and the Managers of the Royal Institution for permission to 
carry out the work in that laboratory, and to the Staff of the Laboratory for 
their advice and help. To Professor Keesom we have already expressed our 
great obligation. 
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Artificial Disintegration by a-Partictes. Part IL — Fluorine and 

Aluminium, 

By J. Chajdwiok, F.R.S., and J. E. R. CoNSTABnB, M.A, 

(Received December 2, 1931.) 

§ 1. In a pirevious paper* * * § an account has been given of some experiments 
on the artificial disintegration of certain elements by bombardment with 
a-particles, in which an electrical method— the valve amplifier— was used to 
detect the protons emitted in the disintegrations. It was found that the 
disintegration protons emitted from all the elements investigated except 
fluorine and sodium could be resolved into distinct groups. A general descrip- 
tion of the origin of these groups was given on the assumption that the protons 
and a-particles contained in an atomic nucleus are in definite energy levels. 
It will be shown in this paper that the protons from fluorine also consist of 
well-defined groups and that the failure to resolve them in our earlier experi- 
ments was due partly to their complexity and partly to the poor geometry of 
the experimental arrangement. 

An important question discussed in the previous paper concerned the pene- 
tration of a nucleus by an a-particle of insufficient energy to surmount the 
potential barrier of the nucleus. It was first pointed out by Gumeyf that 
there may be a resonance efiect between the incident a-particle and the atoxnio 
nucleus. If the a-particle has exactly the energy corresponding to a resonance 
level of the nucleus its chance of penetrating the potential barrier and entering 
the nucleus will be very much greater than if its energy is slightly more or less 
than this. The first evidence for such a resonance efiect was obtained by Pose| 
in an investigation of the disintegration of aluminium. BBs results seemed very 
definite, and suggested that the disintegration of aluminium by a-partioles 
from polonium was due entirely to penetration by means of two resonance 
levels. Later observations by Meitner§ and by de Broglie and Leprince 
Ringuetll have not confirmed Pose's results and have thrown doubt upon the 
real existence of this resonance phenomenon. 

• Chadwick, Constable and Pollard, ‘ Proo, Roy. 8oc./ A, vol. 180, p. 463 (1931). 

t Gurney, * Nature,’ vol. 123, p. 665 (1929). 

t * Z, Phyaik/ vol. 64, p. 1 (1930), 

§ ‘ Ziiricher Vortr&ge Phy«. Z./ vol 82, p. 061 (1931). 

II ‘ C. B,,’ vol 198, p. 182 (1931). 
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In our previous experiments with aluminium we obtained only a weak 
indication of resonance and we could not explain our results in so simple a 
way as Pose found possible. By refinement of the experimental technique 
we have now been able to resolve the proton emission from aluminium bom- 
barded by a-particles of polonium into eight distinct groups and to show that 
these groups are due to penetration of the a-particles through four resonance 
levels, each level giving rise to a pair of groups. 

It will be seen also that the disintegration of fluorine, which when bom- 
barded by y-partioles of polonium gives six groups of protons, must be explained 
in a similar way, though here the evidence for the existence of resonance levels 
is not so abundant as in the case of aluminium. 

§ 2. Experimental Procedtire. 

The method of experiment was similar to that used in our previous work. 
The a-particles from a polonium source S bombarded the material under 
examination which was placed at A (see fig. 1). The disintegration protons 
entered an ionisation chamber B through the opening 0. The positive ions 
produced in the charnlx^r were collected on the inner electrode which was con- 
nected ho the grid of tlie first valve of the amplifier. The recording instrument 
was an oscillograph of the type due to Wyim Williams, connected in the anode 
circuit of the output valve. The deflections of the oscillograph were recorded 
photographically on a strip of moving bromide pa])er, and a millimetre scale was 
reproduced at the same time, so that the size of the deflections could be easily 
measured. 

In our earlier experiments we were forced, in order to obtain adequate 
numbers of protons for measurement, to place both the polonium source and 
the ionisation chamber rather dose to the bombarded material. Under these 
conditions the protons entering the ionisation chamber comprised particles 
which were emitted at very different angles to the direction of the disintegrating 
a-partiele and which had travelled markedly different paths in the absorbing 
screens placed in front of the ionisation chamber. As a result a homogeneous 
group of protons emitted from the target gave an absorption curve with a 
gradual fall to the end of the range of the particles instead of a rapid drop, 
and the resolution of the arrangement was poor. 

Improvement in two directions has enabled us to use greater distances 
between the source of a-particles, the target and the ionisation chamber. We 
have been able, by using new materials for the ionisation chamber and by 
assembling it outside the laboratory, to reduce the natural effect of the ionisa-^ 
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tion chazubet by a factor of about 6. The chamber used m most of the ezqperi- 
ments described here gave od the average about 20 deflections per hour, of 
which about 6 were greater than 5 mm. The deflection produced by a dis- 
integration proton in its path through the chamber varied between about 
1^ mm. for a very fast proton to nearly 16 mm. for a proton at the end of 
its range. 

We have also been able to obtain much stronger polonium sources than in 
the earlier experiments. These we owe to the kindness of Dr. 0. F, Bumam 
and Dr. F. West, of the Kelly Hospital, Baltimore, who presented us, through 
Dr. N. Feather, with a number of old radon tubes containing together a very 
large quantity of radium (D + E + F). We wish here to express our best 
thanks to Dr. Bumam and Dr. West for tliis gift. 

With these advantages we have been able to improve the geometrical con- 
ditions to a sufficient degree to permit the resolution of the proton groups 
emitted by fluorine and aluminium in their disintegration. 


§ 3. ExperimerUs on Fluorine. 


For the experiments on the disintegration of fluorine a thin layer of calcium 
fluoride was obtained by fusing a small quantity of the powdered substance 
on a platinum foil of 14 cm. air equivalent. This foil was fixed on the end of 

the source tube, T, fig. 1 ; the area 


1 


s 


Irl 
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exposed to the source was a circle 10 
Qita. in diameter. The layer of fused 

[°[ calcium fluoride was equivalent in 

stopping power to about 4 cm. of air. 
The source S was a silver disc of 1 cm. 
diameter on which polonium had been 
deposited from a hydrochloric acid solution. The amount of polonium was 
about 15 millicuries at the beginning of the ejq>eriments ; it was measured by 
placing the source at one end of a long evacuated tube and counting the 
number of a-particles which passed through a small dm phrftg m at the other 
end. 


The construction of the ionisation chamber is clear from fig. 1. The opening 
was circular and 11 mm. in diameter and the depth from the opening to the 
collector was 12 mm. 

The distance between the source and the target of calcium fluoride was 
IS * 8 mm. and between target and ionisation chamber 31 mm 




Artificial Disintegration by a. -Particles. 


61 


In the fiiBt series of experiments the sooroe tube was evacuated so that the 
fluorine was bombarded by a-particles of initial range and velocity of 3-9 m. 
and 1‘69 X 10® om./ftoo. respectively. Since the layer of calcium fluoride 
had a stopping power equal to 4 cm. of air the fluorine atoms were in effect 
bombarded by a-partioles of all velocities from zero up to the maximum of 
1-69 X 10®. An absorption curve of the protons liberated from the fluorine 
was obtained by recording the number of protons entering the ionisation 
chamber when mica sheets of known stopping power* were placed in front of the 
chamber. This curve is shown in fig. 2. It is seen that the protons liberated 
from fluorine under these conditions can be resolved into six groups with ranges 
of 26, 30-5, 33*6, 40, t and 66 cm. (These are the final values obtained, 



reckoned in equivalent centimetres of air at 16"^ C. and 760 mm. pressure.) 
Of these six groups three, those of range 25, 30*6 and 47 cm., are more promi- 
nent than the others. 

The existence of these groups was confirmed by an examination of the sizes 
of the kicks on the photographic records obtained at the different absorptions. 
The size of a deflection of the oscillograph is proportional to the ionisation 
produced by the proton in the chamber. Since the ionisation per uoit path 
increases very rapidly towards the end of the range of the proton, the deflection 
of the oscillograph will be much greater when the proton is near the end of its 
range when it enters the ionisation ohamber, than when it has a residual range 
of some centimetres. Thus the end of a homogeneous group of protons will 

* The stopping power was deduced from the weight per square centimetre of the mica 
sheets, assuming that a weight of 1 *43 mg. per square centimetre was equivalent to 1 cm. 
of air. 

t The absorption curve of fig. 2 is not sufficient to prove the existence of the groups 
of 33 * 5 and 40 cm, range, but ample evidence for these was obtained, not only from the 
obsemra^ons of the differentiai counts of fig. 3, but also from the experiments in which 
id different range were used. 

£ 2 
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be characterised by the sudden appearance and disappearance of a number of 
larger deflections than usual. Owing to the geometric conditions, however, 
the region of ranges over which the large deflections appear may not be narrow, 
but, provided that the geometry is sufiBciently good to resolve the different 
groups of protons, this method of counting the large deflections will often show 
the presence of a group more definitely than the straightforward absorption 
curve. (An example of the total absorption curve for a single group and the 
corresponding differential curve obtained by counting only the large deflections 
will be given later in the account of the aluminium experiments, see fig. 8.) 

In the photographic record of the oscillograph deflections the line is 
about 2 mm. wide. The deflection due to a very fast proton (> 20 cm. range) 
is about 1 mm. above the edge of the zero line, while the largest deflections due 
to slow protons in our ionisation chamber are from 12 to 16 mm. in height. 
Fig. 3 shows the result obtained when, in the records used for the total counts 



Fto. 3. 

given in fig. 2, we count only those deflections which are greater than 6 nun. 
above the zero line. It is, in effect, a diflerential curve of that of fig. 2. This 
curve gives 8t,rong confirmation for the existence of the four shorter groups 
deduced from fig. 2, not so definite perhaps for the two groups of longer range. 

The further analysis of the protons from fluorine was carried out by observing 
the changes which took place in the proton groups as the velocity of the 
a-partioles mcident on the calcium fluoride was gradually reduced. When air 
r car dioxide was admitted into the source tube to such a presauxe as to 
reduce the mcident range by 3 mm. in air the numbers of protons in the two 
longer groups were reduced to less than half the former values, and at the same 
ime t e maximum ranges of these groups were shortened. Further reduction 

DretoL*^^f\° «-particles caused a further faU in the numbers of 

protons m these two groups until, when the maximum range of the «-particle8 



53 


Artificial Diaintegration by cn-Particles. 

was about 3 • 2 to 3 • 3 cm., these groups could uo longer be detected. The four 
shorter groups, however, were not affected by these changes in the 
velocity of the incident a-particles, either as regards numbers or ranges. It is 
clear, therefore, that we must ascribe the two longer groups to the disintegra* 
tion of the fluorine nucleus by x-particles with ranges between 3*9 cm. and about 
3*2 cm. 

As the range of the incident a-particles was shortened still more, the second 
and fourth groups were reduced in number and quickly disappeared. The 
change in these groups was first noticeable when the stopping power of the 
gas in the path of the a-particles was about 9 or 10 mm. of air. Allowing for 
the fact that this represents the minimum absorption in the path of the 
a-particles this ejcperimeut suggests that the second and fourth groups are due 
to a-particles of about 2*7 cm. range. A further redmjtiou in the range of the 
a-particles by 2 or 3 mm. caused the complete disappoarance of these 
groups and there remained only the groups of range 33 5 and 25 cm. range. 
These also disappeared when the range of the a-particles was reduced 
below 2 cm. 

We conclude from these experiments that the protons from fluorine consist 
of three pairs of groups, each pair being due to the action of a-particles of a 
certain (small) range of velocity. The shorter group of each pair is more 
prominent than the longer group, the ratio of the numbers of the protons being 
about 4 to 1. 

It has been shown that the two groups of ranges 47 and 56 cm. are due to the 
capture of a-particles of ranges between 3*3 cm. and the maximum 3*9 cm. 
It is not possible to decide from the present evidence whether these a-particles 
are entering the fluorine nucleus over the top (or just close to the top) of the 
potential barrier or whether they are entering through a rather wide resonance 
level. There can, however, be no question that the other pairs of groups 
correspond to two resommee levels of the fluorine nucleus. The experiments 
quoted above, in which the changes in the groups were noted as the velocity of 
the incident a-particles was varied, suggest that these resonance effects occur 
with a-particles of range about 2 • 7 cm. and about 2 • 3 cm, (roughly). Another, 
and perhaps a more accurate, estimate can be obtained by comparing these 
groups with the longest pair. The protons with the maximum range given by 
the groups of this pair are released by the capture of a-particles of the maximum 
range from polonium, viz., 3*9 cm. or of velocity 1*59 X 10» cm. /sec., and 
emitted in the same direction as that of the incident a-particles. Assuming 
that mom^tum is conserved in a disintegration collision, the amount of energy 



54 


J. Chadwick and J. B. fi. Constable. 

released in the disintegration of a nucleus by the capture of an «-particle of 
mass M and velocity V is given by 

Q == (m, + m„) - MV* (m„ ~ M) - 2M V m„v,}l2m„. 

where are the mass and velocity of the proton emitted in the same 

direction as the incident a-particle, and m„ is the mass of the residual 
nucleus. 

Taking the relation between the range of a proton and its velocity calculated 
by Blackett * and substituting the appropriate, values for the other quantities, 
we find that Q = 0-99 X lO" e- volts for the shorter group of the pair, and 
Q = 1 - 67 X 10* £-volts for the longer. 

Assuming that the pair of groups with ranges 30*5 cm. and 40 cm. is due to 
the same incident a-particle and that the energy changes Q will be the same as 
for the previous pair, the velocity of the a-particle responsible for this second 
pair can be calculated. The value, obtained is about 1’38 to 1*39 X 10* 
cm./sec. corresponding to a range in air at 15° 0. and 760 mm. pressure of 
2-7 cm.; this agrees with the experiments already described in which the 
range of the incident a-particles was reduced imtil this pair of groups was 
affected. Proceeding in a similar way for the shortest pair with ranges 26 cm. 
and 33*5 cm., we find that the velocity of the a-particle responsible is about 
1*28 X 10® cm. /sec. corresponding to a range of 2*2 cm. This value also 
agrees quite well with the direct determination given previously. 

Our observations of the proton emission from fluorine bombarded by 
a-particles of ranges from zero up to a maximum of 3-9 cm. can thus be 
accounted for if we suppose that only three groups of a-particles are effective in 
the disintegration. The first, counting from the highest range, is a broad band 
with ranges from 3 • 9 cm. to about 3 • 3 cm. This group may be entering either 
over or close to the top of the potential barrier or through a wide resonance 
level. There is as yet no sufficient evidence to decide between these alterna- 
tives. Our experiments indicate that the faster a-particles of this band are 
much more effective in disintegration than the slower particles and this 
suggests that the former alternative is the more probable. Particles of range 
between 3-3 cm. and 2>7 cm. are apparently unable to cause any appreciable 
amount of disintegration, but a (presumably) narrow band with maximum 
range of 2-7 cm. and another with maximum range about 2*2 cm. both produce 
a marked effect. The results are tabulated below : — 


* In uoursc of publioation. 
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Prtiion gr()up«, 


Effective a-particle. 


maximum rangOH. 

1 




Maximum range. 

Velocity, 

j 

1 

cm. 

cm./fioc. 1 

volt« 

47 cm. and 56 cm. 

3-9 

1-59 X 10* 

6-26 X 10* 

30*5 cm, and 40 cm. 


ca, 1-39 X 10* 

, 4 0 X 10* 

25 cm. and 33 5 cm. 

ca. 2 *2 

ca. Z-28X10* 

3 4 X 10* 


Th<^ errors in the ranges of the proton groups may be as much as 1 or 2 cm, 
owing to the tmcertainty in the uniformity of the layer of calcium fluoride. 
In giving the ranges of the groups which arise from resonance levels allowance 
has been made for the fact that the protons are produced within the film of 
calcium fluoride ; thus the groups due to a-particles of range 2*7 cm, are 
produced at a depth in the fluoride equivalent in stopping power to 1 *2 cm. of 
air. 

§4. ExperirneiUs on Aluminium. 

For these experiments a new ionisation chamber was made which had a 
lower natural effect. Its dimensions slightly different from the previous 
one ; the opening through which the protons entered had a diameter of 13 mm,, 
and the depth from the opening to the collecting plate was 15 mm. A new 
polonium source was prepared by electrolytic deposition, on to a platinum disc 
of 1 cm. diameter, from a solution of radium (D + E + F) in n/10 HNOj. 
The amount of polonium was initially about 25 millicuries and was measured 
as before by the counting of the emitted a-particles. 

The target of aluminium was a foil of 4*7 cm. air equivalent which also 
served to close the end of the source tube. In the experiments which will first 
be described the distance between the source and the aluminium foil was 
12*6 mm. and the distance between the aluminium foil and the ionisation 
chamber was 32 mm. When the source tube was evacuated so that the 
aluminium atoms in the target were bombarded by a-partiolea of all ranges 
from zero to the maximum of 3*9 cm. the absorption curve given in fig. 4 was 
obtained. The curve shows that the protons obtained from aluminium under 
these conditions consist of four fairly well-defined groups with ranges between 
20 and % cm. and four groups of longer range. For the smaller absorptions 
<leB8 t^han 40 cm.) represented in the figure several hundred particles were 
counted at each point so that the statistical errors are small, and there can be 
little doubt even from this evidence of the existence of the four shorter groups. 
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At the greater absorptions the observation of the protons became more 
laborious and only about 300 particles were counted at each point. The 
evidence given in fig. 4 for the presence of the four longer groups is not con- 
clusive and the justification for these will be given later. The dotted curve in 



Fig. 4. 

fig. 4 represents the results of the differential count, that is, counting only the 
oscillograph deflections greater than 5 mm. for the smaller absorptions. It 
will be seen that this confinns the total absorption curve in a general way, 
but that the groups are not separated sufficiontly. The groups are rather 
close in range for the geometrical conditions of those exiieriments. 

The dispersion in the raugt*. of a group of protons is due chiefly to differences 
in the paths of the protons through the absorbing screens. In some later 
experiments the dispersion due to this cause was reduced by increasing the 
distance between the aluminium foil and the ionisation chamber to 40 mm. 
The differential curve shown in fig. 5 was then obtained. Although the groups 



are still not separated it is possible to see that there must be four groups present 
with maximum ranges below U cm. <The rapid rise at the smallest absorption 
is due to “ natural ” protons, due to hydrogen in the source and terget. These 
have a maximum range of cu. 17 cm.) 
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The results obtained at the larger ab$or{>tions by difiereutial counting were 
not very eatiafactory, although they were sufficient to show that several groups 
must be present. As the numbers of protons at large absorptions were small 
it was not feasible to improve the geometrical conditions to an extent which 
would pemut a cleaner separation of the groups. It will appear later that, as 
in the case of fluorine, the proton groups from aluminium occur in pairs ; to 
each of the shorter groups from aluminium there corresponds a group of longer 
range but of smaller numbers. 

It is known from observations of the anomalous scattering of a-particles 
by aluminium that the potential barrier of the aluminium nucleus (to an 
«-particle) lias a height of about 7 to 8 X 10® electron volts. The a-particles 
of polonium (5*25 X 10® c- volts) must therefore pass through the barrier 
in order to be captured and cause disintegration. The fact that the dis- 
integration protons are emitted in definite groups suggests at once that the 
disintegration is produced by resonance between the a-particle and the 
aluminium nucleus, and, if the groups are associated in four pairs, we must 
assume that there is resonance with a-particles of four different energies ; in 
other words the a-particles enter the aluminium nucleus through four resonance 
levels. 

The analysis of the groups from aluminium was first attacked by observing 
the effecit of varying the range of the incident a-particles, retaining the above 
experimental conditions. As in the previous experiments with fluorine, 
carbon dioxide was admitted into the soun'e tube to the pressure required to 
reduce the range of the a-particles by the desired amount. A reduction of the 
a-particle range even by 1 mm. produced a marked reduction in the number of 
protons in the group of 34 cm. range and in the longest group of 66 cm., which 
was accompanied by a slight change in the maximum ranges of these groups. 
When the maximum range of the incident a-particles had been reduced to 
3-7 cm. the two groups mentioned had diaappeared. Further reduction of the 
range of the a-particles caused the group of 30*6 cm. range to disappear with 
its companion group of long range (61 cm.), and so on in turn. When the 
maximum range of the incident a-particle was aboxit 2*4 to 2*6 cm. all the 
groups had disappeared and no protons could be detected with certainty at 
absorptions greater than 18 cm. of air. 

This analysis of the groups was extremely laborious ; moreover, the ranges 
of the a-particles effective in producing the different groups could only be 
determined somewhat roughly. The difficulties are partly due to the short 
distance from source to target, which causes a serious dispersion in the ranges 
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of the incident a-partacles when the pressure of carbon dioxide in the source 
tube is high ; thixs when the minimum absorption in the path of the a-particles 
was equivalent to 10 mm. of air some of the particles suffered an absorption of 
13*3 mm. As there appear to be four resonance effects with a-particles of 
ranges between 2*5 and 3*9 cm. it is not easy to separate them satisfactonly ; 
before one group of protons has been eliminated by reducing the range of the 
a-partiole the next group is already affected to some degree. Fig. 6 gives the 
results obtained as the maximum a-particle range was varied from 3*06 cm. 
to 2*55 cm. Differential counting was employed here, as this shows the 
effects more clearly than the total counts. It will be seen that increasing the 



range of the «-particle from 2*56 to 2*75 cm. produces only a small effect. 
The group of shortest range is gradually built up, just as we should expect if it 
requires an a-particle of minimum range 2*5 cm. to excite it. The maximum 
range of this group incrt^ases by about 1| cm. as the range of the a-particle 
increases by 2 mm. A further increase of the range of the a-particle to 2*90 
cm. produces, however, a very marked increase in the number of large deflections 
at absorptions greater than 20 cm,, showing that a new group of protons is now 
excited. As the range of the a-particle is further increased this group grows 
and the maximum range of the protons increases. These curves refer only to 
the groups of short range. In fig. 7 we give the differential count for all 
the protons obtaiTied when the maximum range of the a-particle was 2 * 7 cm. 
This shows the presence of the group of long range {ca. 48 cm.) which accom- 
panies the group of 22 om. range. 

All the observations made in the above experiments, in which a thick 
aluminium foil was bombarded by a-particleB of different velocities, strongly 
support the assumption that there are four resonance levels by which the 
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a’*particle can enter the aluminium nucleus. Disintegration by means of the 
lowest level has been obtained separately from the efiects of the other levels. 



In some further experiments we have observed the effiujts of each of the upper 
two levels separately. 

The target of thick aluminium foil was replaced by a thin leaf of 0-8 mm. 
air equivalent and the end of the source tube was closed by a silver foil of 
4*5 cm. air equivalent. If the a- particles incident on the aluminium foil are 
homogeneous, the disintegration now observed will all be due to a-particles 
of nearly the same energy, for the energy loss in a foil of 0*8 mm. S.P, 
is only about 8(),00() volts. The results obtained with a-particles of the full 
range 3*9 cm. are shown in fig. 8. The upper curve gives the total comit for 
different absorptions, the lower gives the differential count. There are two 



groups of protons, one with a range of 34 cm. and one with a range of 66 cm. 

When the maximum range of the a-particles was reduced to 3 '76 cm., both 
these groups were still present, though with slightly smaller ranges. When the 
maxim mn range of the a-particles was 3*66 cm. these groups had disappeared 
and the second pair was obtained, having ranges of about 30*6 cm. and 61 cm. 
Owing partly to the geometrical straggling of the a-particle ranges and to a 
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emaU degree of heterogeneity due to material in the source, the number of 
protons obtained at this point was rather small and the range of the longer 
group could not be fixed with any accuracy. The value quoted is assumed 
from the previous experiments. This pair of groups persisted until the range 
of the a-particle was reduced below 3-2 cm., when it disappeared. The third 
pair of proton groups was not investigated in a similar way, for the straggling 
of the a-particles was now more pronounced and the number of protons was 
rather small. 

We have shovm that a-particles of 3*9 cm. and velocity 1 *59 X 10*^ cm./sec. 
release two groups of protons of ranges 34 cm. and 66 cm. n^spectively. Using 
the same assumptions as we made in the case of fluorine, we find that the 
energy changes corresponding to these groups are 0 and 2*3 x 10* c- volts 
respectively. If we assume that the other pairs of groups are- emitted with 
similar energy ranges, we can calculate the velocity (or range) of the a-particle 
responsible for each pair. The values obtained in this way agree well with 
those found directly from the observations given above, where the effect of 
varying the range of the a-particles was examined. 

In the table below are given the ranges of the proton groups and the range 
and velocity of the a-parti(jle which produces them, estimated in the above way. 
The error in the proton ranges is probably not more than 1 cm. for the short 
groups and about 2 cm. for the long groups. The error in the data for the 
a-particle is difficult to estimate, for it depends on the validity of the relation 
used to deduce the velocity of a proton from its range. 


Froton groups, 
maximum ranges. 

Maximum range. 

.Effect! v<» a-particle. 

Velocity. j 

Energy. 

IH cm. and 66 cm. 

cm. 

i cm./suu. j 

1 volta 

3-9 

1-59 X 10* 1 

5*25 X 10* 

HO - 5 cm, and 61 cm. 

3 '4.5 

1-53 

X W 

4-86 X 10* 

20*6 cm. and 65 cm. 

31 

1-47 xlO» 

4-49 X 10* 

22 cm. and om. 

2-7 i 

1-39 

X 10» 

4-0 X lO* 


§ 5. The Width of the Besonarioe Levels. 

We have shown in the cases of aluminium and fluorine that the «-particle 
can enter the nucleus by means of resonance levels. It is obvious if « 
level IS sharply defined, the number of a-particlos which enter, and therefore 
the yield of disintegration protons, will be very small. In order to account 
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for the observed numbers of protons it is necesaaiy to assume that the resonance 
levels have a certain width, that is, that a-particles with a certain range of 
energies can enter through a level An upper limit to the width of the levels 
in aluminium can be obtained from the table just given, and it is seen that the 
widths cannot be greater than about 400,000 electron volts if the levels arc not 
to overlap. The protons emitted in the disintegration should show a hetero- 
geneity corresponding to the range of energies of the a-particles which can enter 
the level. The width of the resonance level should therefore produce an effect 
in the absorption curve of a proton group. For a proton group of about 30 
cm. range from aluminium a width of 100,000 electron volts in the resonance 
level would produce a variation in range of about 1 cm., while the straggling 
due to the geometry alone is about 5 cm. An examination of our absorption 
curves for aluminium (cf, figs. 4 and 6) shows that by far the greater part of 
the straggling of the short^er groups can be accounted for by the gt^ometry, 
and we can conclude only that the width of a resonance level is less than 
5 X 10® electron volts. Some indication of the width of a level has already 
been given in the curves of fig. 6. It was seen there that as the velocity of the 
a-particles incident on the aluminium foil was mcreased there was a definite 
increase in the maximum range of the protons emitted both in the group of 
22 cm. range and in that of 26 cm. range. From these results it appears that 
the width of both these levels is of the order of 200,000 electron volts. 

The most direct way to find the width of a resonance level is to determine 
both the maximum and the minimum velocities which the a-partiole must 
have to liberate the corresponding proton groups. Observations of this 
kind were made during the experiments to analyse the proton groups obtained 
from a thick foil of aluminium, which have already been described (c/. again 
fig. 6). The results obtained were not very definite owing to the straggling 
of the a-particle ranges, but suggested that all four levels in aluminium had 
roughly the same width of about 300,000 electron volts. 

More reliable information was obtained from the experiments in which a 
thin aluminium leaf, of 0*8 mm. air equivalent, was used as target. The 
distance betwreen the polonium source and target was increased for these 
ejq>eriments to 16 mm. so as to reduce the geometrical straggling of the 
incident a-partides. In order to obtain a convenient number of protons for 
counting, the distance between target and chamber was reduced to 20 mm. 
The variation in the number of protons obtained from this thin aluminium 
leaf was then observed as the range of the incident a-particles was reduced by 
mtroduemg gas at a suitable pressure into the source tube. The results are 



62 


J. Chadwick and J. E. R. Constable, 


given in fig. 9, where the ordinates represent the number of protons observed 
in 1 minute and the abscisssB give the maximum range of the a-partioles. It 
will be noted that the yield of protons increases when the range of the 
a-particle is reduced from 3 • 9 to 3 • 8 cm., then decreases fairly rapidly, followed 
by a less pronounced maximum for a range of 3 '26 cm. Absorption curves 
of the protons were determined at four points for a-particles of 3 -9, 3 ’76, 3 -63 



and 3 * 25 cm. maximum range. At the first two points the same pair of groups, 
that with ranges 34 cm. and 66 cm., were present, cf. fig. 8. At the third point 
this pair had disappeared, but the next pair with ranges 31 cm. and 61 cm. 
was present. This pair was also present for oc-particles of 3*25 cm. maximum 
range, but disappeared when the range was further reduced. Although in 
these experiments the effects of two resonance levels have been obtained 
independently, yet the results are unsatisfactory to the extent that no region 
of a-partiole ranges has been found where disintegration was not obtained, 
is, we have not observed the gap between the resonance levels. This is prob- 
ably to be ascribed to experimental deficiencies combined with the fact that 
the levels in aluminium are close together. Although the geometrical con- 
ditions were improved for these experiments, the straggling of the a-partiole 
ranges is still appreciable. For a-particles of 3*5 cm. range the geometrioal 
straggling is 0-9 mm. To be added to this is the (unknown) straggling due to 
matter on the source itself. (The source when first prepared was only slightly 
tarnished, but the amount of tarnishing increased with age.) The thickness of 
the aluminium target must also bo taken into account. The average air 
equivalent of the aluminium leaf was 0-8 mm., but some portions wore probably 
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tvirioe as thiok as this* The total straggling may therefore be as much as 3 mm. 
Although, according to our previous results, the maximum range of the 
«-particle which can enter the second resonance level is 3 *45 cm., it is thus not 
surprising that we observe it in these experiments with a-particles of 3 • 55 cm. 
range or that we have failed to detect a region between the two resonance 
levels which is difficult for the a-particles to penetrate. 

We have found that the highest level is penetrated by a-particles of 3*9 cm. 
and 3*75 cm. range, but not by a-particles of 3*65 cm. The width of this 
level is therefore greater than 120,000 electron volts but less than 320,000 volts. 
For the second highest level we take the maximum range of the a-particle 
from the table of the prtmous section, viz., 3*45 cm. ; the minimum range is 
given by fig. 9 as about 3*2 cm. The width of this level is therefore about 
250,000 volts. Another estimate of the width of the liighest level may be 
obtained by comparing the proton yield from the thin aluminium leaf with that 
from the thick foil. The loss of energy of the a-particle in passing through the 
thin leaf of 0*8 mm. air equivalent is about 80,0(K) volts, so that if the yield of 
a proton group is less from the thin leaf than from a thick foil the width of the 
corresponding level must’^ be greater than 80, 000 volts. The ratio of the yield 
from the thick foil to that from the thin was found to be about 3 for the proton 
group of 34 cm. range. This indicates a width of about 240, (X)0 volts for the 
highest resonance level. 

This method cannot be applied to the second level owing to the straggling of 
the a-particle ranges. A further estimate was made for this level in another 
way. The differential absorption curves 
of the proton group of ca. 30 cm. range 
were obtained using first a-particles of 
3*55 cm, range and then of 3*25 cm. 
range. These are given in fig. 10, and it 
will be seen that reducing the range of the 
a-particle has caused a reduction in the 
maximum range of the protons of about 
2 cm. We deduce that the width of this level is at least 200,000 volts. 

The experimental evidence thus leads to the conclusion that the two higher 
levels of aluminium have about the same width of approximately 250,000 
volts. Oux information oonoeming the lower levels is meagre and indefinite, 
but leads to an estimate of about the same amount. 

It remains to be shown that resonance levels of this width will account for 
the observed numbers of protons observed in the groups from aluminium. 
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The yield of protons from a thick foil will give the total effect for each resonance 
level. As is shown by fig. 4, the lower levels give slightly more protons than the 
higher, but for the present purpose it will sufiSce to suppose that each level gives 

the same effect. 

Assuming that in the disintegration the protons are emitted equally in all 
directions, we calciulate that the number of protons observed corresponds to a 
proton yield per a-particle of 2-6 X 10“’ for each short group, and 0-9 X 10*’ 
for each long group, or 3*5 X 10"’ for each resonance level 
We shall siippose* that the resonance level is an S level (Angular momen- 
tum zero in analogy with the electron level) The a-particles which enter this 
resonance level must have angular momenta between 0 and A/27 t, i.e,, they must 
have impact parameters less than p givtm by 

p . MV - A/27r, 

where M, V art^ the mass and vtdocity of the a-particle. 

Thus 

1 h . . 

’’“Si MV “ 

where X “ dc Broglie wave-length of the a-particle. 

Taking V = 1*55 X 10® cm./sec. as an average for the higher levels of 
aluminium, we find 

p .i.Tr l»03 X 10“^* cm. 

If every a-particle which enters the resonance level causes disintegration 
then the probability of the emission of a proton is where t is the length 
of path of the a-particlc in aluminium in which the particle loses an amount 
of energy equal to the width of the resonance level, and n is the number of 
aluminium atoms per cubic centimetre. 

We thus have 

3 '5 X 10“’ = nphit 
or 

1^1*1 X 10“^ cm. 
on inserting the values of p and n. 

This value of t corresponds to a width of the resonance level of about 230,000 
electron volts. It is to l)e noted that this width is a minimiiwi estimate, for 
we have assumed that every a-particle which enters the nucleus causes tha 
emission of a proton. 

• Mott, ‘ Proc. Roy. Soo.,’ A, vol. 183, p. 228 (1031). 
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This estimate is in good accord with the experimental value of about 250,000 
volts. The agreement suggests that if the resonance levels we have found for 
aluininium an; S levels, then the majority of a-particles which pemetrate into 
the nucleus must cause disintegration. 

We must now consider the case of fluorine. With the usual assumption that 
the disintegration protons are emitted equally in all directions, we find that the 
number of protons observed in the highest pair of groups corresponds to a yield 
of about 4*8 X 10*'" protons per a-particle, for the next pair about 7*9 X 10"^, 
and for the shortest pair about 9 • 2 X 10 These are the yields obtained for 
calcium fluoride bombarded by a-particles. To obtain the yields from pure 
fluorine the above numbers must be multiplied by 1*72, and we have for the 
final values of the yield of protons per a-particle 8*2 X 10“'^, 13*6 X 
and 15-8 X 10-^ 

If we assume that the longest jmir of proton groups from fluorine is due to an 
S resonance level, a calculation similar to that already given shows that the 
width of the level must be greater than 6 X 10* volts. This is in good accord 
with the experimental fact that the effective a-particles for this pair of groups 
have ranges from 3*9 cm. to 3*3 cm., but, as was stated on p. 54, the general 
evidence suggests that we are dealing here not with a distinct resonance level 
but with the case in which the a-particles are entering the nucleus either over 
or close to the top of the potential barrier. 

For the next pair of groups we find for the widlh of the resonance level a 
minimum value of about 7*6 X 10* electron volts and for the shortest pair 
about 8*5 X 10 electron volts. Such widths for those levels would be dfficult 
to reconcile with the absorption curves of the proton groups which have been 
given in figs. 2 and 3 ; the variation in range of the groups would be much greater 
than that observed. We must conclude that in these two cases the resonance 
levels are not S levels but probably P levels, that the a-particles which are 
effective in disintegration are those which have angular momenta between 
A/27r and 2/i/27c, On this assumption the width of the levels is rt3duced by a 
factor of 3, to 2*5 x 10* and 2*8 X 10* electron volts respectively. These 
values would be consistent with our results. 

§ 6. General Remarkn, 

If we suppose that the longest pair of proton groups from fluorine is due to 
the penetration of a-particles through the top of the potential barrier rather 
than through a resonance level, our experimeutB then fix roughly the height 
of the potential barrier for fluorine as about 5 X 10* electron volts. (It 
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may be noted that this value is about what one would expect from the general 
evidence obtained from anomalous scattering of a-particles by light nuclei,*) 
In this case, a complete study of the disintegration of fluorine by polonium 
a-particles should reveal all the resonance levels of this nucleus, Tlie fa(?t that 
our experiments show the effects of two levels only does not preclude the 
possibility that there may be more, for our observations were restricted to 
protons of range, greater than 22 cm. in onler to avoid confusion from the 
effects of “ natural ” protons from the source and target. These effects can 
be (diminated by observing the protons emitted at angles greater than 90^ 
to the direction of the incident a-particles, and it is intended in due course to 
pursue the investigation of fluorine in this way. 

In the case of aluminium, it is known from exjieriments on the anomalous 
scattering that the potential barrier to an a-particle has a height of about 7 to 
8 million volts. Since the a-particles of polonium have an energy of 5*25 
million volts, there is still a large region of the potential barrier of aluminium 
whicdi has not been investigated in our disintegration experiments. To 
examine this region it will be necessary to us(‘ a-particles of greater tmerg}* 
than those from polonium, and the available sources emit also strong {i and y 
radiations. The experimental technique has l)cen developed to permit the 
U8(‘ of such sources, and further work is now in progress to complete the study 
of the disintegration of the aluminium nuedeus. The ex]:>erimentB with 
aluminium wore also subject to a similar restriction as in the case of fluorine, 
and it is possible that examination of the protons under conditions in which 
the effects of hydrogen are avoided may reveal the presence of further resonance 
levels. 

Tlie present state of our information about the potential barrier of aluminium 
is summarised in fig, 11, which represents the potential energy of an a-particle 
in the field of an aluminium nucleus. The height of the barrier is fixed fairly 
well by the recent experiments of Riezlerf on the anomalous scattering of 
a-particles. Riezler’s experiments also give a value for the radius of the nucleus, 
or the distance from the centre of the nucleus to the point of maximum 
potential, between 3 and 6 X 10“^* cm. We have here assumed that the radius 
is 4*5 X 10 cm., and that the field outside the nucleus is Coulombian, 
neglecting the divergence in the region close to the top of the barrier. The 
shaded areas denote the regions tlirough which the a*particle can penetrate 

* Huthorford, Chadwick and Kllw, ‘ Radiations from Radioactive Subsiancos,' p. 280 ; 
and Riezler, ‘ Proc. Roy. Soc,; A, vol. 124. p, 154 (1931). 

t Bkzlor, ‘ Proc. Roy. Soc.,’ A, vol. 133, p. 164 (1931). 
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the barrier and enter the nucleus, so far as they are given by RiezJer’s experi- 
ments on anomalous scattering, and the disintegration experiments of this 
paper. 

Some remarks may be made about the energy changes in the disintegrations, 
la both cases a-particles of sj)ecified energy produce two grouj>s of protons. 
In fluorine the shorter group is about four times as numerous as the longer 
group, in aluminium the ratio is about thrtic. We must assume* that there are 
two ways in whicli the a-particle may be captured. The first type of capture 
corresponds to the emission of a proton of the shorter group and the formation 
of an excited nucleus, which must later change to the stable nucleus corre- 
sponding to the second type of capture, in which a proton of long range is 



emitted. The energy released in the transformation of the excited nucleus will 
be omitted as a y-radiation. 

In the case of fluorine, the emission of the shorter group of each pair corre- 
sponds to a gain of energy of about I X 10® electron volts, the longer group to 
a gain of about 1*7 X 10® electron volts. We should therefore expect to 
find that the disintegration is accompanied by the emission of a y-radiation of 
Av ca. 7 X 10^ electron volts. The emission of a y-radiation from fluorine 
bombarded by a-particles of polonium has been observed by Bothe and Beckerf 
and by H. C. WebsterJ in this laboratory, Webster’s measurements of the 
absorption coefficient of this radiation lead to an estimate of its energy rather 
higher than the prediction from disintegration. The amount of y-radiation 
was small (but about what is to be expected from the numlxjrs of protons in 

♦ C/. Chadwick, Constable and Pollard, foe, ciU 
t Bothe and Becker, ‘ Z. Phys,/ voi. SO, p, 289 (1930). 

I To be published shortly. 
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thti groups) and the absorption measurements are not accurate, so that it 
would be premature to discuss the discrepancy here. 

In the case of aluminium, the energy change in the disintegration of the 
type corresponding to the emission of the shorter groups is about 0 to 0 * 1 X 10* 
electron volts, while that for the longer group is about 2*3 X 10* electron 
volts. Webster’s observations of the y-radiation from aluminium bombarded 
by polonium a-particles indicate that its energy is about 2 to 3 X 10* electron 
volts. His results are in agreement with predictions from the disintegration, 
both as regards the energy of the radiation and its amount. 


Sutnnuiry, 

The protons liberated from fluorine and from aluminium when bombarded 
by a-particles from polonium have been examined. It has been found that 
in each case they can be resolved into definite groups and that these groups 
occur in pairs. The results ar(j explained on the assumption that the a- 
particles can enter the nucleus through certain resonance levels. To explain 
the fluorini^ disintegration it is necessary to suppose that there are two (possibly 
three) levels, while for aluminium four levels must be assTimed. Tlie positions 
and widths of these resonance levels can be deduced from the experimental 
results. 

Our thanks an; due to Mr. H. Nutt for his assistance^ in carrying out the 
experiments. 
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The Photosemitised Decomposition of Nitrogen Trichloride. 
Part 11 . — The Effects of Surface and Inert Gases, ami the 
Mechanism of Reaction. 

By J. G. A. ORiFFTTHiS and R. G. W. Norribu, Department of Physical 

Chemistry, Cambridge. 

(Communicated by Sir William Pope, F.R.S. - -Received August 21, 1931,) 

In Part I* it has been established that nitrogen trichloride vapour is decom- 
posed by the photosensitive action of chlorine. The reaction is strictly of 
zero order, and the high values to which the quantum efficiency rises at low 
total pressures indicate tlie existence of a chain mechanism. Further evidence 
is now presented which locates the decomposition in the homogeneous gas 
phase, and ruleii out the possibility of accounting for the zero order on the basis 
of a surface reaction. 

The kinetics of all chain reactions so far studied are in accord with the view 
that they are propagated in a homogeneoiis phase ; this docs not preclude a 
reaction involving a chain mechanism from occurring exclusively on a surface, 
but such a possibility is susceptible of a simple test by a variation of the total 
available surface. This criterion has been applied in the present instance, 
and neither alteration of the total illuminated surface nor of the total available 
surface has any other than a secondary effect upon the reaction rate. It is 
therefore concluded that the chain mechanism in the photosensitised decom- 
position of nitrogen trichloride is primarily confined to the gas phase, and other 
evidence will be referred to later which supports this conclusion. 

In certain chain reactions the velocity is partly determined by the surface 
which can control the length of the chains either by adsorption of the atoms or 
deactivation of the molecules by which they are propagated. In such cases 
the reaction rate is increased by a decrease in the total surface, and by the 
addition of inert gases which hinder the difiusion of the chains and so delay 
their deactivation at the walls. In the present case, however, the addition of 
inert gases has a depressing effect on the quantum efficiency which tends to 
a limiting value in the neighbourhood of 2 as the pressure of the added gas is 
increased. Therefore the surface is not a direct deactivator of chains, which 
must both start and finish in the gas phase. The retarding effect of inert 
gases is similar to that already observed to be exerted by chlorine (see Part I), 
and can be expressed by an equation of exactly the same form, 

* ‘ Proo. Rroy, Soo./ A, vol. 130, p. 591 (1931). 
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Experi^mri^L 

The experimental procedure was exactly as already described in Part I. 
Special reaction vessels were used to determine (1) the effect of variation of the 
total illuminated surfa(?e, and (2) the effect of varying the ratio of total surface 
to volume, the illuminated surface being kept constant. The effect of the 
addition of inert gases was investigated with the plane faced reaction vessel 
used in the measurements recorded in Part I. 

(1) Effeel of Varyifig Illuminated Surface , — To (.‘xamine the possibility that 
the reaction might occur at, or be limited by, the area of illuminated surface, 
a special rea(?tion vessel of the type shown in fig. 1 was constructed. This 
consisted of a fluttened bulb of Pyrex. glass of 128 c.c. capacity which carried a 



spindle T turning in a ground glass socket. On the spindle were mounted four 
Pyrex glass vanes with their plane faces perpendicular to the optical axis, so 
that by turning the spindle they could be moved in to or out of the incident 
light beam> thus effect iiig a five-fold variation of the area of the illuminated 
surface. 

It was found necessary to introduce a correction for the finite thickness of 
the glass plates, which when interposed in the light beam reduced, the effective 
thickness of the reaction vessel in the ratio 31 • 2 : 36 • 4. Separate experiments 
for a particular pressure of chlorine were performed with the vanes first in and 
then out of the light beam. In these no attempt was made to evaluate the 
absolutt' light flux absorbed, since only relative values of the light intensity 
were required to decide the point at issue. 

The prmure-time curves for the decomposition of the nitrogen trichloride 
were of the same general character as those already described, and the collected 
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data obtained with light of wave-length 365 are given in Table 1. In 
eolumn (5), the time, T, required for the decomposition of nitrogen 

trichloride is recorded, and relative values of the quantum efficiency, y 
are given in the last column. From this it will be seen that at constant pressure 
of chlorine, the relative values of the quantum efficiency are independent of 
the extent of the irradiated surface. 
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* Vanes in light beam. 


Further evidence that the quantum efficiency is independent of the extent 
of the total illuminated surface is afforded by the observation that it is inde- 
pendent of the two methods which were adopted for varying the total flux 
of light through the plane faced reaction vessel. These consisted in (a) vary- 
ing the aperture of the iris diaphragm (Part 1, p. 598) whereby the dimensions 
of the light beam passing through the reaction vessel were changed, and (6) 
interposing in the light beam shcw^ts of glass partly transparent to ultra-violet 
(365 pp) light, thus decreasing the light flux without changing the dimensions 
of the beam of light. 

(2) Effect of Varying the Total Surface . — The total surface was varied by 
using two spherical reaction vessels of different diameter, the dimensions of 
the light beam being kept constant. The internal diameter of the large bulb 
was 7*07 cm., and of the smaller 4*45 cm., so tliat the ratio of the two surfaces 
was 2*53 : 1. The correction factors for the light absorbed and reflected by 
the reaction systems were obtained by direct measurement as described in 
Part I ; they were 1*58 and 1 *51 for the large and small bulbs, respectively. 
The volume of the gauge was 4*0 c.c. The thermopile was calibrated against 
a standard carbon filament lamp as described in Part I (loc. ciL). 1 cm. de- 
flection of the galvanometer corresponded to a flux of 248*5 ergs per second 
on the circular aperture of the thermopile. 
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The results obtained for the quantum efficiencies, Yot».. of wave- 

length 366 are recorded in Tables II (a) and II (6). The variation of the 
quantum efficiency with chlorine pressure is almost identical with that observed 
in the plane faced vessel used in Part I ; and the Mowing empirical equations 


express the results for the tbx(^o v^essels : 


Lai'ge vessel (180 c.c.) 

Y \ +2-3. 

' (>-0038P,.i, 

(A) 

Small vessel (46 c.c.) 

Y- ^ ^ +2-0. 

‘ 0 0038 Pc, 

(B) 

Plane faced vessel (Part I) (75 c.c.) 

Y=. ^ ^ 

‘ 0-0038 Pn, 

(C) 


Table II (a). ---Reaction Vessel of 185 c.c. Capacity. 



i 

Incident | 

Absorbed 

i 

! 

j"' 

PjSi’U 

(mro.). 

Pel, j 

(mm.). 

flux, [ 

tialvanomeior 
deflection 

flux, 

galvanometer 

deflection 

T 1 

(st'O.V J 

y 

obB. 



(cm.). 

(cm.). 

I 

j 

i 

0 168 

1 

30-6 1 

13 05 

0-7 

228 

' 9-3 

0*196 

49-8 ! 

12*26 

8*66 

274 

7*1 

0-175 

66-8 I 

10-1 

7*4 

300 

6*7 

0*337 

78-6 

18-4 

15-6 

342 

6 4 

0-468 

78*6 

17 3 

14*66 

514 

6-3 

0-226 1 

1 108*0 1 

12*25 ! 

1 n *2 ! 

842 

5*0 

0 147 

100 1 

j 9-7 

8*95 

300 

4 6 

0-214 

201*1 

17-2 

171 

274 

3-9 

0*286 

201*4 

15-8 

16*7 

456 

3-4 

0*630 

300-4 

10-6 

10*5 

1800 

2*8 

0*409 

301*4 

17*16 

17-16 

616 

3*3 

0-691 

401*1 

9*4 

9-4 

1800 

3*0 

0-326 

403-6 

12*6 

12 6 

686 

3*2 

0*268 

604-1 

11*4 

11*4 

685 

2*9 

0-276 

697*4 

9*4 

9-4 

900 

2*8 

0*619 

693*1 

13*26 

13*26 

1231 

2*7 


y 

calc. 


Ill 
7*55 
70 
6-64 
5-64 
4 ‘85 
4-78 
3-61 
3-61 
SIS 
318 
2*95 
2-96 
2-82 
2*74 
2*68 


Table II (6). — Reaction Vessel of 46 c.c. Capacity. 
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The small differences between these equations are believed to be due to 
slight variation of the optical system in the three cases. It will be noted 
that the factor expressing the inhibitoiy effect of the chlorine remains constant 
throughout. In the last two columns of the tables the qtiantum efficiencies 
calculal^ed and observiul are couqiared and it will be noted that the deviations 
are small and occur in a random manner. 

It is therefore established tliat the quantum efficiency is almost independent 
of a 2* 5-fold variation of total surface, and thus that the surface does not 
enter as a limiting factor into the decomposition. 

In spite of these definite results, however, there still remained indications 
that the surface may enter indirectly as a fac^tor in the decomposition. Thus 
with vessels which had been heated previously to over lOO"^ C., or which had 
been freshly washed with water, quantum efficiencies some 5() per cent, to 
100 per cent, higher tliaii those? tabulated above have? been occasionally 
observed. jVfter a short pe‘riod of using, howeve^r, the reaction vessel rapidly 
mature'd ’’ to a constant tjondition when the reproducible? values recorded 
were subsequently obtained. It was further found that this constant con- 
dition could be immediately artificially produced by the previous treatment of 
the reaction vessel with a very small quantity ( < 0*3 mm.) of ammonia before 
the admission of the reH-(?tive mixture. 

In our opinion this maturing of the reaction vessel is associated with the 
formation on the wall of th(? vessel of a trace of some product which indirectly 
establishes a constant condition of chain rupture in the gas 'phase. This product 
is believed to be, ammonium chloride, for in a freshly pr(?pared mixture of 
nitrogen trichloride and chlorine there was always a number of fine particles 
of ammonium cldoride which settled out if the mixture was allowed to stand 
in the mixing vessel for some hours, and these might reasonably be considered 
the source of the trace required to “ age ” the reaction vessel. 

That such a surface film can indirectly control the chain length in the gas 
phase will become apparent after a consideration of the effect of inert gases on 
the reaction (see discussion of mechanism, p. 79). 

In support of the foregoing evidence of the homogeneity of the reaction, the 
following additional facts may be stated : — 

(1) The semi-explosive termination of the reaction (see Part- I, p. 603) 
which is always sharp at low pressure, is found to be sharp at high 
pressures if the light beam is made to fill the whole vessel (fig, 2). This 
confirms the diffusion mechanism previously advanced. If the explosion 
were confined to any solid or liquid product on the surface which is 
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detonated by the arrival of chlorine atoms or by any other process at 
the end of the reaction, the pressure leap due to the heat evolution 
would not be observed in the gas phase, since the heat would be rapidly 
(‘onducted away by the walls of the vessel 



(2) There is no evidenee from the course of the (uirve of the buildinji up of 
any intermediate heterogeneous product on the walls of the vessel. 
The curve starts with th<‘ normul Budde effect, and the reaction becomes 
immediately of zero order. If the reaction is interrupted in the middle, 
therii is no after effect. This can be seen from fig. 3, in which curves 
1 and II were obtained under identi(jal conditions of high light intensity 
(full mercury vapour light filtered by copper sulphate solution only), 
and curve HI was obtained with monochromatic light of 365 
Allowance must be made in all cases for the completely reversible 

Budde effect.” 

(3) With the mixture free from ammonium chloride particles, no hetero- 
geneity could be observed in the reacting mixture by means of the metliod 
of the Tyndall beam. 

The ahovv points are mentioned because of the outward similarity of the 
course of the reaction to the thermal decomposition of ozone by bromine (Lewis 
and Schumacher*) and to its photosensitised decomposition by chlorine 
(Allniand and Spinksf), in which surface action has been postulated on the 
strength of tlic separation of heterogeneous products on the walls of the reaction 

* ‘ 55. Eleotrochom./ vol. 35, p. 648 (1924). 

t ‘ J. Chem. Soc.,' p. 1652 (1931) ; ‘ Chemistry and Industry,* vol 60, p. 420 (1931). 
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vessel. Further evidence of the homogeneity of the reaction is obtained from 
the study of the effect of inert gases. 



Time (see) 

Fig. 3. 

(3) Effect of “ Imri Ga^es.—Tho inert gas was added to the mixtuiH* of 
chlorine and nitrogen trichloride and the press ure*time curves obtained on 
illumination are of the same? general type as observed with chlorine alone 
(Part I, p. 602) ; helium, argon, nitrogen, oxygen, and carbon dioxide efft'ot 
a gradual depression of the quantum efficiency to a limiting value in the 
neighbourhood of 2 as the pressure of the added gas is increased, the pressure 
of chlorine being kept constant. The results obtained with the plane faced 
reaction vessel and light of wave-length 365 (x{x are recorded in Tables III to 
VII below. The figures in the first and sixth columns are those used in deter- 
mining the slopes of the pressure-time curves, from which the observed 
quantum efficiencies in the seventh column were computed. The values for 
zero pressure of inert gas were read off from the curve in fig. 8, Part I. 

The experimental results are well reproduced by equations of the type 

Y==r 1 1-2-5. 

^ 0-0038 Pn. + A-*P» 

where jfc, and refer to the added gas> and the coefficient for the clilorine 
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being oonBtant in all (^asee. The following values for have been deteir- 


mined : 

Ic 

Helhitn 0-00093 

Argon O'OOIO 

Nitrogen 0-0017 

Oxygen 0-0025 

Carbon dioxide 0-0038 

Chlorine 0-0038 


Using these, the figures for yeaie. in the eighth column have been calculated. 
The curves in fig. 4 represent typical examples of the accurate plots of the 
alx)ve empirical equation in which have been inserted the appropriate values 
of and the degree of conformity of the observed results can be gathered 
from the distribution of the experimental points about the lines. 


Table III. — Inert Gas Effect of Helium. 


I 


(mm.). 

A. 

Pile 

(mm.). 

Incident 

flux, 

galvanomet-er 

deflection 

(cm.). 

Al)ftorb©d 

flux, 

galvanometer 

deflection 

(cm.). 

T 

(Bee.), 

Y 

obs. 

Y 

calc. 



66'6 

0 0 







7-24 

0’38 

56'8 

43-8 

18-7 

9-0 

240 

6-6 

6-48 

O' 368 

64'6 1 

109 0 ! 

! 17-45 

8-1 

1 300 

5-0 

6-71 

O' 306 

34'6 

336-5 

! 18-6 

8-75 

1 300 

4-4 

4-41 

0'286 

M'S 

376 2 

! 18 06 

8-4 

1 300 

4-3 

4*28 

O' 239 

66 '4 

601-4 

le-w 

7-75 

30(i 

3'9 

3-81 

0-46 

100‘5 

100-4 

00 

1 1001 ; 

17-9 

12-4 

1 300 

4-6 

6-12 

4-0 

0 392 

101 0 

1 407-8 ' 

18'9 

13 1 

1 300 

3-8 

3*81 


Table IV .—Inert Gas Effect of Argon, 


1 

1 

PncIj i PCi, 
(mm.). 1 (mm.). 

1 : 
i 

t 

1 Incident 

p ! flux, 

(ram.), ! 8««;lvanometer 

1 deflection 

I 1 (cm.). 

Absorbed 

flvx, 

galvanometer 

deflection 

(CTO.). 

1 

T 

(sec.). 

1 

1 

! 

y 

calc. 

0'192 
O' 807 
O' 278 

50*1 1 
60*1 
60-3 
601 

0-0 ! 
100-6 
252*6 
560-9 

28-i 

25*8 

27-85 

12-6 

11 5 

12-4 

120 

240 

240 

1 1 

48.^) 00 j 

7-76 

6*35 

4-19 

3-43 
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Table V.— Inert Gas Effect of Nitrogen. 





Inoidt^nt 

Absorbed 




Pnci, 

(mm.). 

Pci. 

(mm.). 

Pn. 

(mm.) 

flux, 

galvanoraoter 

clnfloction 

flux. 

galvanometer 

deflection 

T 

(»ec.). 

y 

obs. 

y 

caic. 




(cm.). 

(cm.). 





mo 

0*0 







6*49 

0*774 

; 66*0 

42*4 

34*36 

18*4 

290 

6*5 

6*60 

0*777 

65*9 

137*4 

34*65 

18*56 

340 

4*6 

4*66 

0*277 

66*0 

233 7 

28*3 

16*1 

177 

3*9 

4*04 

0*476 

66*0 

638*3 

36 0 

19 35 

266 

3*6 

3*36 

0*732 

66*2 

627*1 

35*2 

19*0 

466 

3 2 

3*26 

— 

200*6 

0*0 

— 


— 

— . 

3*82 

0*618 

200*2 

199*8 

32*3 

29*26 

230 

3*6 

3*41 

0*600 

20M 

399*5 

! 32*26 

1 

29*16 



260 

3*1 

3*19 


Table VI. — Inert Gas Effect of Oxygen. 


Pnci, 

Pci, 

1*0. 

Incident 

flux, 

Absorbed 

flux, 

T 

y 

y 

(mm.). 

(mm.). 

(mm.). 

galvanometer 

galvanometer 

(sec.). 

obs. 

calc. 


60*5 

0*0 

deflection 

(cm.) 



deflection 
(^tn) 




7*7 

0*337 

60*7 

48*9 

24 1 

10*7 

240 

1 5*0 

i 5*68 

0*394 

50*1 

160*2 

26*4 

1 11*7 ! 

240 

1 4*1 

i 4*27 

0*307 

51*4 

148*6 

26*37 

11*4 

240 

4*2 

1 4*27 

0*237 

60*8 

346*6 

24*06 

1 10*96 

240 

3*4 

i 3*46 

0*26 

60*0 

648*1 

26*77 

i 11*9 

1 240 

3*3 

! 3*14 

0*237 

61*1 

647*3 

i 26*16 

1 

i 11-66 

i 240 

1 

j 3*05 



: 


1 

i 





Table VIL — Inert Gas Eff(‘(jt of Carbon Dioxide. 


Pncu 

(mm.). 

Pci, 

(mm.). 

Pco, 

(mm,). 

Incident 

flux, 

galvauomotor 

deflection 

(om.). 

Absorbed 

flux, 

galvanometer 

deflection 

(cm.). 

T 

(sec.). 

y 

ol)S. 

y 

calc. 


100*0 

0*0 


1 19*7 



■ 

6-1 

0*639 

100*0 

60*3 

28*67 


300 

4*1 1 

4*25 

0*645 

99*7 

101*3 

29*4 

1 20 3 

300 

4*0 1 

3*81 

0*611 

100*2 

100*4 

29*1 

20*2 

300 

3*8 

3*81 

0*324 

100*9 

298*3 

30*28 

21 *0 

180 

3*2 

3*16 

0*461 

100*4 

499*8 

29*8 

1 

20*7 

300 

2*8 

2*94 


78 


J. G. A. Griffiths and R. G. W. Norrish. 



Tke concluHious to be drawn from these experimental results may be sum- 
marised as follows : ^ 

(1) The surface does not act as a controlling factor by terminating the reaction 

chains since the effect of adding an inert gas is to decrease rather than 
increase the reaction rate. 

(2) This decrease is the result of a deactivating effect of the inert gas 

upon the chams, the quantum efficiency being depressed to a limiting 
value in the neighbourhood of 2 as the pressure is increased. 

The above values of represent the relative effectiveness of the added 

inert gases in depressing the quantum efficiency to the constant final 
value of 2-5 at high pressures. The values are approximately of the same 
relative order of magnitude as the corresponding effects of these gases in 
inhibiting the direct photochemical decomposition of ozone (Kistiakowsky*) 
and in catalysing the recombination of bromine atoms (Jost and Jungt)* 
They also fall approximately in the same order of efficiency as in the quenching 

* ^ 2. Phys. Chom,/ vol. 117, p. 337 (1925). 
t ‘ 2, Phys. Chem./ B, vol. 3, p. 83 (1929). 
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of the fluoreacenoe of mercury (Stuart***), sodium (MaunkopfEt), iodine (Wood 
aud FranokJ), and nitrogen peroxide (Baxter§). 

These relationships indicate? that the inert gas effect is one exerted through 
the medium of collision in the gas phase, consisting in the stabilisation of some 
energy rich complex by deactivation. This is a point of paramount importance 
to the understanding of the kinetics, and in addition is strong evidence of 
the homogeneity of the gas reaction. 

The Mechanism of the Reactwn , — The facts established in the foregoing 
experiments permit of the fonnulation of an hypothesis which conforms to 
the kinetics so far established. In choosing between the possible reactions 
which may overtake the chlorine atom liberated in an environment of nitrogen 
trichloride, we have adopted the simplest mecjhanism consist (uit with thi» facts, 
involving the smallest possible number of intermediate molecules. At the 
same time we would emphasise that no finality is claimed for the mechanism 
suggested, though it has not been found possible to evolve alternative schemes 
involving other intermediate substances such us NCI, whicli are consistent 
with the facts. 

The following reactions may be postulated : — 


Clg + Av - Cl + Cl I (Ai) 

Cl + NCla - NCI2 + Cla II {k^) 

NCI2 + NClg - Na + CI2 + CI2 + Cl III (L^) 

Cl + NOla + X NCI, f X' IV (A, and k^) 

2NCI4 + (catalyst on surface) Ng 4- iClg V (A^) 


The primary photochemical effect is represented by reaction 1 , while the 
chains are propagated by II and III. The chains are terminated l>y reaction 
IV acting in the forward sense, coupled with catalytic decomposition of the 
NCI4 to Nj and Cl, at the wall face. Reaction IV is, however, to be regarded 
as reversible, since it is found that the length of reaction chain can vary with 
the pretreatment of the vessel wall. If, for example, the wall were to become 
less efficient for catalysing the decomposition of the NCI4, the concentration of 
this latter would increase in the gas phase until the number of chains terminating 
is equal to the number of chains starting. This increased concentration of 
NCI4 through the reversal of reaction IV is coupled with an increased con- 

• ‘ Z, Physik/ vol. 32, p. 262 (1925), 
t * Z. Physik,’ voL 36, p. 315 (1926). 
t * Phil. Mag./ Tol. 21, pp. 309, 314 (1911), 

§ * J. Ainer. Ohem. Soc.,’ voL 52, p. 3920 (1930). 
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centmtion of chlorine Htoms, and thus a greater quantum efficiency. Another 
way of visualising the mechanism is to consider the relative probabilities of 
the alternative modes of NCI4 decomposition (1) by the reversal of IV, and (2) 
by decomposition at the wall face. If the former occurs the chain is not ter- 
minated, since the chlorine atom is regenerated, if the latter, then the chain is 
ended. Since the probability of ( 1 ) is constant, while that of ( 2 ) varies with th(^ 
condition of the surface, it is Hem how th(.‘ quantum efficiency of the gaseous 
chain reaction can vary with the condition of the surface. 

It remains to be shown that the above scheme leads essentially to the 
kinetic results found experimentally. 

Equations I and IV give the (conditions for the '' stationary ” concentration 
of chlorine atoms at any instant, from which we obtain 


fcn + AjNa] rxi 
^[Ncym ^ 


(1) 


wher(? L,,,,. represents the absorbed light flux, and [NCI3], [NCIJ, and [X] 
are concentrations, [X] and [X] being replaceable by S (ik^ [X]) and 
L (^^5 [X]) if there are gases additional to clilorine present. 

Since chains are started by rea(;tion 1 and finished by reaction V exclusively, 
we hav(f 

IhU,.. - k, [NCIJ [Sj, (2) 


where S represents the surface area, and depends on the pretre^atment of the 
surface. 


Hence 

Combining (1) and (3) *■ 

I f , ^ [XI , 

^ L,|„, 

f 11 _ ^ 

*4[Ncy[X] 

From equations II and III we obtain 


[NCy-^|?[ClJ. 

For the rate of decomposition of nitrogen trichloride we have 

[Cl] [Ncij] + fc, [Ncy [Ncy 


(3) 

(4) 

( 6 ) 


+ h [01] [NClj] [X] - ^5 [NCy [X]. (6) 
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Subatituting equations (3), (4), and (6) for the concentrations [NdJ, [d], and 
[NOlj] in (6), we get 

-f-ilLaba. (7) 

The first term of this expression represents the chain mechanism, and the 
second the limiting speed when the chain mechanism is suppressed. If 
[NClg] is measm-ed in molecules, and Lai„. in quanta per second, the qmmtum 
efficiency, y, is given by 

1 dlNClg] 

fjiibM. 



and since each quantum generates two chlorine atoms, Aj = 2. Hence, 
replacing [XI and by IS (k^ [X]) ami X(L,) in order to generalise for the 
presence of more than one gaseous species, equation (7) takes the form. 


ik. 


^(k,).k,S 


+ 2 . 


We may compare this equation with the expression found experimentally for 
the quantum efficiency 

y ! (_ 2-5 

and note their similarity. 

The theoretical expression contains the additional term 


4^2 - ^ (^e) 
(* 4 ) . k^B 


which is constant for a given “ mature ” reaction vessel, and equal to 0-6 by 
comparison with the experimental expression. In this way we may find 
explanation of the fact that the limiting quantum efficiency tends to be slightly 


greater than 2, 

When the surface has been heated or (Jeaned, however, which represents 
its efficiency in decomposing the intermediate product, N 014 , is much diminished 
and the term 



can then acquire values greater than 0*5, in acconlance with the exceptionally 
high values of y observed under these conditions. It has already been con- 
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eluded that the surface has its maximum efficiency when coated with a thin film 
of ammonium chloride, and, as soon as this is removed, is very much 
diminished, and the quantum efficiency consequently increased. It is thus 
clear, kinetically, how the film on the surface can indirectly affect the chain 
length in the gas phase, while in ail other respects the kinetic mechanism 
elaborated above accounts quantitatively in a simple way for the varied 
phenomena observed. 

The Explo^ve Termination of the Reaction . — Equation (7) shows that for 
spefufic conditions of [X] and S. — d (NCla)/(ft is constant, in accord with the 
zero order found experimentally for this decomposition, llemembering that 
by equation (3) [NCIJ is constant, and that by equation (5) [Cl] x [NCla], it 
follows from equation (6) that 

[Cl] [NCI3I -- const, 
and 

[NCI*] [Ncy - const. 

As [NCI3] decrease's regularly with time, the concentrations of the intermediate 
substances Cl and NCI* will increase at first slowly, but finally very rapidly as 
the [NCI3J approaches zero. 

This very sudden increase in the concontratious of Cl and NCI* at the end of 
the reaction will cause other chain emding reactions such as 

NCI* + NCI* - N* 4- 201*, 

Cl --I- Cl + X -= 01* + X', 

to Ix^come important, and the high concentration of intermediate products 
will as suddenly die away. It is to these momentary, heat-evolving reactions 
which set in at the end of the (NCI3) decomposition, tliat the explosive ter- 
mination of the reaction may be attributed. 


Summary. 

In continuation of previous work (Part I, loc. dt,) it is shown that the photo- 
sensitised decomposition of nitrogen trichloride by chlorine is a homogeneous 
change propagated by a chain mechanism. In a matured vessel the quantum 
efficiency is primarily independent of the illuminated surface, and of the total 
surface. In a vessel which has been washed with water or heated to over 100® 0., 
however, the quantum efficiency may be abnormally high, and the maturing 
of a vessel is associated with the formation of an invisible film of ammonium 
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chloride on the glass surface, which indirectly establishes a constant condition 
of chain rupture in the gas phase. 

In the presence of inert gases the quantum efficiency is depressed to a limiting 
value in the neighbourhood of 2, according to the equation 


Y 


1 


S.(A:JX]) 


+ 2 - 5 , 


where S (k^ [X]) refers to the sum of the effects of the various gaseous species 
present. The constants which represent the ndative depressing effects of 
the different gases are in tlie same general order established for the inert gas 
effect on other reactions, and in the quenching of fluorescence. The action 
of these gases may be explained as a process involving the stabilisation by 
ternary collision of an energy rich complex (NCl^) which is associated with 
(fliain rupture. 

A mechanism based on a chain reaction initiated by chlorine atoms is 
developed, and is found quantitatively to agree witli all the experimental 
facts so far determined. 
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The Excitation Potentials of Light Metds. I— Lithium. 

By H. W. B. Skinner, Willa Physical Laboratory, Bristol. 

(CommujoiciKiod by O. W. Eichurd^on, F.K.S.—Roceivod September 25, 1931.) 

§ 1 . IntrodiJtcCiiofL 

Dtuing recent years a. large volume of work has been publiffhed on the 
excitation of soft X-rays from various metals. But the simplest elements, 
namely lithium and beryllium have received comparatively little attention. 
Holtsmark* has investigated these elemcmts in the form of compounds, a state 
not altogether satisfactory for the purpose because of its non-conducting 
nature, McLennan and Clark, f LeviJ and Rollefson,§ it is true, have studied 
metallic lithium, but in neither case under very good experimental conditions, 
and, as the present work will show, with but partially correct results. TJie 
results obtained witli the heavier elements, || Fe, Ni, Co, Cu, W, are. extremely 
complex. Even with a relatively light element, C, there has been so far iio 
clear correlation with the spectroscopic data obtained with the vapour in the 
extreme ultra-violet. 

It seemed, therefore, important to investigate carefully these simple cases, 
in which all the excitation potentials of the free atom could be calculated with 
a good degree of approximation. So work was begun on lithium. A pre- 
liminary notice of an inti'resting result was published in ‘ Nature.’^l Briefly 
stated, it is tlui fact that the minimum excitation potential for the K-radiatioii 
of Li is 9 volts l>elow the K-ionisation potential of the Li atom. This implies 
that it is possible to excite a K-resonance radmtion in the metal, just as would 
be the case with free atoms. A numerical correlation between the results on 
the excitation of K-radiation in the metal and the calculated properties of 
the free atom has been successfully achieved. Some data from a preliminary 
investigation of the radiation from lithium metal have also been obtained. 
At the end of the paper, a theoretical discussion is given on the interpretation 
of soft X-ray discontinuities under more complicated conditions than those 

• ‘ Phys. Z.,» vol. 23, p. 252 (1922). 

t ‘ Proc. Hoy, Soo./ A, vol. 102, p. 389 (1923). 

t * 'Prans. Koy. Soc. Canada/ voL 18, p. 159 (1924). 

s ‘ PhyB. Rov./ voi. 25, p. 740 (1924). 

J| ‘‘ Work on Soft X-rays,” nsefuUy aiiiniaarised in ‘ EOntgenspektroskopie/ by A. E. 
JUndh, Leipzig (1930). 

U ‘Nature,’ July 18, 1931. 
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prevailing in lithium ; and an attempt is made towards a theory of the approxi- 
mately linear relationship which is observed between the intensity of the 
radiation emitted from a metal and the voltage of the exciting electron-beam. 


§ 2. Experirmnlal Method. 

The method used for detecting the critical potentials of a metal is to bombard 
the surface A with electrons of a known voltage V, to receive part of the radia- 
tion emitted on a second metal surface G and to measure the photoelectric 
current from G by a sensitive electrometer method. It is of obvious advantage 
to make the surface G as large as possible ; this was accomplished by Compton 
and Thomas* by making it into a cylinder surrounding the electrode A. 

But their method carries with it a disadvantage : it would be impossible to 
arrange witliin the same apparatus for a satisfactory velocity analysis of the 
photoelectrons. This is desirable in order to obtain some direct information 
on the character of the radiation emitted. 

Partly for this reason, and partly because the results obtained are less subjecit 
to distortion by secondary efiects especially due to the formation of ions in the 
residual gas, the method of Eichardsouf was adopted for a preliminary survey 
of the ground. It was found possible to make this method of sufficient sensi- 
tivity, so it was adhered to. The method is shown in fig. 1 . Of the radiation 
emitted by the electrode A, a portion contained in a certain solid angle (actually 



Fig. 1. 


about 1 /300th of the total) is chosen. This passes between the ion-filtering 
condenser plates Q, R (between which a suitable voltage is maintained) and 
enters a metal cylinder C in which a circular hole is cut which defines the beam. 
The radiation then strikes the copjw sphere G from which the photoelectrons 
are ejected and are collected on C. The photoelectric current from G is 
measured, in a way described subsequently, when a given voltage V is applied 
between the dull-emitter filament F and A and a given current is passed between 

* ‘ Phys, Rev./ vol. 28, p. 601 (1926). 

t Richardson and Chalklin, * Proc. Roy. Soc,,’ A, vol, 110, p, 247 (1926), 
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them. One thus obtains the variation of the photoelectric current i with V ; 

and since i is a measure of the radiation emitted, the actual potentials for the 

excitation of radiation from A can be obtained. 

For this piirjjose the potential diSerence W between G and C remains fixed 
near zero. If, on the other hand, we keep V constant and vary W in the 
dii’ection required to stop photoelectrons from striking C, the retarding voltage 
curves obtained by measuring the variation of t witli W lead to a fairly satis- 
factory velocity analysis of the photoelectrons. 

§ 3. Experimmtal Tecfmigue, 

The most important point in the ext)erimental technique is to obtain and 
keep a lithium surface as pure as possible. Lithium metal, as is well known, 
is apt to contain large amounts of the other alkali -metals as impurities. How- 
ever, a specjiraen of reputed 95 per cent, purity was obtained. This, after 
de-gassing by gradually raising the t(unperature in vacuo, was distilled on to 
the copper anode A. The distillation was done by liaving the Li in a small iron 
vessel which could be heated by (Jectron bombardment to about 600'^ C. 
During the distillation A was heated. The temperature was (;hosen so that 
the re-evaporation of the Li was not too considerable ; at such a temperature, 
no appreciable quantity of the other alkalis would adhere. 

The vacuum in the Pyrex apparatus has obviously to be maintained as low 
as possible. After an original bake-out at 450® C. it was pumped out con- 
tinuously, day and night, by a vapour -pump, and liquid air was always kept on 
the trap. The pressure (measured by a subsidiiary ionisation gauge) was of 
the order of 10"^ mm. The continued pumping was used in jjlaee of sealing 
off the apparatus permanently from the pump because it was desirable to be 
able to renew the Li surface from time to time and this involves a ceitain gas 
evolution which would spoil the vacuum if there were no pump to deal with it. 
The electrode A was kept permanently heated to about 150® C., at which tempera- 
ture the evaporation of the Li was very small. After its deposition, it was 
necessary to free the Li from gas by bombardment with high-speed electrons 
of about 500 volts. A higher voltage is apt to cause pitting of the surface, and 
80 was to be avoided. 

A diagram of the apparatus is shown in fig. 2. It is seen that the copper 
anode A which is to be coated with Li can be slid by means of a magnet into a 
position close to the Li container L. The massive copper rod B which carries 
A can be heated by an external furnace. L can be heated by using the tungsten 
filament in conjunction with a small high-tension transformer ; and A can 
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he glowed for outgassing in the same way. The partition Pj prevents the 
distillation of Li all over the apparatus. 

In its normal working position, A is placed (as shown in the figure) within 
about 1 mxn. of a flat dull -emitter filament F of platinum.. This has a spot of 
BaO, SrO mixture in the centre and is capable of giving a current of 2 m.a, 
with a volt drop across it of J volt. The dull-emitter was chosen partly as 
convenient in providing the necessary current to A with a low volt-drop, 
and partly to avoid possibility of contamination of A with tungsten. In 
general, the temperature of A was high enough to prevent contamination by 
Ba or fer metal distilling from F. The heating (uirrent for F was between 
7 and 8 amps. 

The radiation from A passes through a hole in the partition **-ud traverses 
the space betwe(‘n the condenser plates Q and R. It then passes tlirough a 


To pump 



hol(! in the cylindrical box C and falls on the copper sphere G, 1 cm. in diameter. 
From G the photoelectric current passes to C. P^, Q and C are constructed as 
a unit ; the plate R is insulated so that a voltage may be applied for filtering 
positive-ions. 

As stated before, there are two possible types of experiment with this 
apparatus corresponding to the variation of V and W respectively. For both 
^experiments, the system P^, Q, C as well as the sphere G were always at a 
potential negative to the filament F. Thus no direct electrons could in any 
event strike these electrodes, and trouble from secondary electrons liberated 
was avoided. R must be used positive to G ; otherwise large numbers of 
photoelectrone ejected from R are accelerated on to G. In general, it was 
found satisfactory to make the potential of R about the same as that of A. 
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The current from F to E was negligible, owing to the fact that the field from 

E ia well screened from F by the plate P 2 * With no field between Q and E 
there was always an appreciable povsitive-ion current. This was only a fraction 
of the total current observed when W = 0, but, for large values of W, it would 
have bmi predominant. In any case the ion-current tended to be unsteady 
and so accurate readings would have been impossible without a suitable 
potential difference between Q and E. 

For experiment of the first type, the value chosen for W is not of much 
importance except in so far as it affects the magnitude of the photoelectric 
current. For convenience, the value zero was selected. 

Experiments of the second type are much mort? subject to distortion by 
instrumental defects. The most important of these is due to the random 
directions of ejection of the photoelectrons, some of whi(vh will return and hit 
C even when the retarding potential W is insufficient to stop those photo- 
elecitroiis which happen to be ejected normally. Thus a photoelc(^tron group 
with a deiinite energy would be apparently diffused on the low velocity side 
of the group in the analysis by tliis instrumental defect . The defect is miiuraised 
by making G a sphere of small diameter (actually 1 cm.), and perhaps could be 
still further reduced, as was done by Lukirsky,*** by making C into a conceirtric 
spherical shell. This last refinement, however, was not convfuiient from the 
point of view of simple apparatus design and seemed hardly worth while. 

A second error is due to the fact that photoelectrous are ejected from the 
hole in C and from the fine wire-gauze wliich covers it in order to shield the 
interior of C from the field from the plate E. These are drawn on to G by 
the retarding potential W and cause a spurious reverse current. Luckily, this 
effect is of no great importance since, for sufficiently large values of W, the 
magnitude of the reverse current will vary very little with W. 

A criticism of this retarding potential method for the velocity analysis of 
photoelectrons has been given by Eudbergf ; but in the present form it was 
found to work quite satisfactorily. In fact, the results given by it are in 
general accord with those wliich he obtained by u magnetic method of analysis. 
Probably a really high vacuum is essential to the success of the retarding 
potential method applied to this problem. 

We now pass to the description of the method of measuring the photo- 
electric current. For this purpose, the Compton electrometer was used 
satisfactorily as a null-instrument in conjunction with a sealed xylol-alcohol 

* ‘ Z, Phyflik,’ voL 22, p. 351 (1924). 
t * Proc, Roy. Soo.,’ A, vol. 120, p. 385 (1928). 
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resistance X (made of Pyrex to avoid the nuisance of external surface leakage) 
and a Tinsley “ ionisation potentiometer. One end of X was connected to 
the electrometer and the other end to the potentiometer. To allow a zero 
adjustment, the other terminal of the potentiometer was maintained at a 
variable potential difference, usually small, from earth. The potentiometer 
was set until there was no drift of the electrometer spot and the reading was 
very conveniently taken. The electrometer was generally used at a sensitivity 
of about 10,000 mm./volt and it was found that a current of the order of 
amps, could be detected, and thus a current of 10“^^ amps, could be measured 
with an accuracy of 1 part in 1000. The photoelectric currents for the main 
part of the experiment to be described W — 0 0 < V < 100 volts) were 
between 0 and 5 . 10“^®, and in the most important sets were about 2 . lO"!® 
amps. It was found that this accuracy was for the most part sufficient ; on 
account of the fact that variations of the Li surface w(*re apt to cause small 
variations in the photoelectric current of the same order of magnitiide as the 
errors in current nu^asurement. But tliis do(^8 not apply to the case when V 
is small, and in consequence the photoelectric current small. Here the measure- 
ment errors were predominant and more precise* results could C(?rtainly be 
obtained by using an apparatus of different design, such as tliat of Compton 
and Thomas mentioned in § 2. 

The voltage V of the primary current between F and A was applied by means 
of a set of 6()-volt accumulators. These were (ionnected on the negative end 
to the tap-lead of a potentiometer supplied by another battery. The other 
end of this potentiometer was connected to F. An accairate voltmeter was 
permanently connected between F and the tap-lead. The voltmeter was 
generally used with a range 0-12 volts in order to give sufficiently accurate 
voltage intervals of 1 volt or J volt. The remainder of the voltage between F 
■and A was provided by the accumulators by using a wander-plug. The 
voltage between A and the tap-lead of the potentiometer could be found for 
each snccesive run of the 0-12 volt potentiometer by a voltmcjter reading. 
The current between F and A, usually 2 m.a., was passed tlirough a low- 
resistance galvanometer and balanced by an auxiliary current from a 2-volt 
battery and fixed resistance. By the use of a 30-ohm sliding rheostat which 
shunted a fixed low resistance of 1 /10th ohm through which the filament current 
passed, the current of 2 m.a, could be kept constant to about 1 part in 5000. 
The correction to the voltage V due to the volt-drop across the galvanometer 
was negligible. 

By an obvious alteration, the 0-12 potentiometer could be used to apply a 
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variable retarding voltage W between G and C when the primary voltage V 
was to be maintained constant. 

§ 4. The Excitation Potentials of Lithium. 

To obtain the excitation potentials, we have to determine the curves of the 
variation of the photoelexjtric current i with the. applied voltage V between the 
filament and the Li metal. The rough preliminary curves for 0 < V < 140 
and 0 <! V < 480 are shown in fig. 3. The scale of i is arbitrary and different 



Fio. 3. — Excitation-ourven of Li. 

in the two cases. It is seen that the photoelectric current, and therefore 
radiation, sets in at a low voltage. There is a break at roughly 50 volts in 
which th(' rate of increase of radiation becomes greater. After that there are 
no further breaks ; the current at first increases more rapidly than V, but 
eventually a linear relationship is reached. This linearity is a quite general 
characteristic of the radiation from solids and will be discussed later. 

Especially in view of this linear relationship, it is more accurate and con- 
venient for the determination of the critical potentials to plot Ai/AV — V 
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curves for a constant AV or 1 volt). A curve of this type for Li is shown in 
fig. 4 (0 < V < 130). We observe here two low voltage breaks at 0 ± 1 
volts and 9 ± 1 volts, A further large break at 51 • 5 i 0 • 5 is seen, and a break 
of a different type at 58 i 1, The latter, instead of being a sudden increase 


6 9 51*5 58 



in Ai/ AV, is rather the start of a gradual increase, and in this way is analogous 
to the low voltage break at 9. After both those l)roaks, A'//AV tends to a 
constant value with increasing V, and thus the linear relationship already 
mentioned is establishwl for the individual breaks. 



Fig. 5. — Diiferentiaknl Excitation-curves of Li. 

In fig. 5 is given the result of a more detailed study of the region 45 < V < 80 
volts. Three curves are here shown : I and II were taken using different parts 
of the same Li surface by moving the anode A slightly with respect to the 
filament ; III was taken from an entirely fresh Li surface. It is seen that the 
detailed agreement is quite good. The break at 61 *5 volts is determined more 
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precisely, the error being only ±0’^ volt. A new break at 54*0 ± 9*5 is 
found and the difEerent character of the 51*5 and 67-9 breaks is made more 
apparent. The analogy of radiation and ionisation potentials of a gas is 
suggested by the fact that in the 51*5 break the value of A^/AV rises suddenly 
to a maximum and then decreases. 

The curves I, II and III agree in detail, but differ in the absolute magnitude 
of the current. In the case of I and II, this (^an probably be ascribed to the 
fact that for curve I the anode was nearer to the filament than for curve 11. 
Thus more of the radiation is screened off by the filament itself. In comparing 
curves II and III, however, no sucli explanation can hold. Experience showed 
that the absolute value of the current varies considerably with the state (a) 
of tlie ]^i surface, and (6) of the surface of the copper sphere. A new Li surface 
gives a very low value of the current ; this could be increased by a high voltage 
bombardment with the acciorapanying gas-liberation. Thus it seems that a 
gas-contaminated surface gives a low radiation-efficiency. It was also found 
that a gas-contaminated copper surface gives a low photoelectric efficiency. 
These factors, however, have no influence on the breaks found. A large 
number of curves like I, II, III have been taken with results that leave no 
doubt that these represent the facts to the order of accuracy of the present 
experiment. 

The voltage region 100 <C V <C 120 was carefully searched in order to deter- 
mine whether any breaks occur due to two successive energy losstjs on the part 
of an electron. The result showed that Ai/AV does not change by as much as 
f) per cent, of its value in any sudden break which may exist in this region. 

TIui results on the critical potentials are subject to certain corrections. The 
first is an addition of 0*35 volts to allow for the voltage drop along the filament 
leads due to the filament heating <;urrent. Also we have to correct for the 
temperature-velocity of the emitted electrons, and for the contact potential 
between the filament and the Li surface. Again, in giving the values of the 
excitation potentials, it is desirable to allow for the acceleration of the electrons 
m passing through the Li surface ; for then we obtain the energy required for the 
excitation process. The last correction implies an addition of a voltage equal 
to the thermionic work-function of Li ; but, as Richardson and ChaUdin have 
shown, if we combine the last two corrections, the work-function of Li cancels ; 
and the total correction is simply the addition of a voltage equal to the work- 
function of the filament. Their conclusion is easily seen to remain unchanged 
on the newer metal theory. The work-function of a dull-emitter is slightly 
uncertain, but, from the data published on this subject, it may be estimated 
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in our case (when the filament was emitting at a comparatively high tempera- 
ture) to be 1*7 i volts. Allowing for the temperature-velocity of emis- 
sion, corresponding to a filament temperature of 1000® C., we take the total 
correction to be 2*2 volts. Thus we are able to draw up a table of the excita- 
tion potentials of Li metal. 


Table I. — Critical Potentials of Li. 
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The letters ‘"s" and *'g'’ indicate whether the break consists of a sudden 
increase in Ai/AV, or the start of a gradual increase. 

We may now comparts these values with the results obtained previously. 
Holtsmark, using LigO, gives a value 53*5 volts ; RoUefson, using th(i metal, 
gives a number of values, all of which lie between 40 and 60 volts. However, 
he has applied a wrong correction for contact potentials. Applying tht? right 
correction, 4*9 volts for the work-function of tungsten, we obtain for the 
case of his highest and most distinct break the value 53*4 volts, which agrees 
very well with our value of 63*7 for the most obvious break. His remaining 
values must be attributed to errors or impurities. The latter explanation 
is quite conceivable, as his method of obtaining a lithium surface is not free 
from objection. 

§ 6. Veheitg Analysis of the Photoelectrons, 

With any value of the primary acceleration voltage V, on applying an 
increasing retarding potential W, it is found that the observed photoelectric 
current diminishes rapidly. For example, with V — 100 volts, only 50 per 
cent, of the photoeleotrons have energies greater than volts, 13 per cent, 
have velocities greater than 10 volts, 1^ per cent, greater than 40 volts and 
i per cent, greater than 60 volts. The reverse current effect already 
disouBsed may make these values too large. It is therefore clear that there is 
a considerable degeneration of the velocity of the photoelectrons inside the 
metal from which they are ejected, a conclusion which has also been drawn by 
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liudberg (te. ciL). Tim must be due to a greater penetrating power on the 
part of the radiation than on the part of the electrons. The large majority 
of photoelectrons seem to be ejected from layers so deep in the metal that they 
cannot escape without loss of energy. Ifc is also probable that a single fast 
electron may convert its energy into that of a number of slow electrons. 

On account of the great scarcity of fast photoelectroiis, the velocity analysis 
camiot conveniently be given whole on the same diagram. It is best therefore 
to consider separately two sections, the high and low velocity photoelectrons. 



We shall begin with the discussion of the high velocity photoelectrons (energy 
greater than 20 volts) whose analysis is given in fig. 6 for the case V 250 
volts. 

The most striking characteristic of this curve is the pronounced hump which 
may safely be ascribed to the K-radiation of Li. The head of the hump is at 
i J volts. On account of the velocity degeneration, and also of the 
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instrumental defect discusstjd in § 2, which results from the raudom direction 
of ejection of the photoele(!trous, no significance can be attached to the fact 
that the velocities tail ’’ to the low velocity side of the head. A very small, 
but fairly definite, hump runs up to a head at about 59 volts. This hump is 
also to be associated with the K-radiation of Li. Beyond it some photoelec trons 
are still to be found whicli must certainly be associated with the continuous 
** impact ” radiation from tlu? target, but, as is seen, their number is relatively 
small. 

The low velocity photoeiectrons are so much more numerous that the energy 
intervals between readings (tould be much reducied. Tlic curve is given in 
fig. 7. The valut* of the accelerating voltage V for this (uirve, namely 100 volts, 



was considerably less than for the curve of fig, 6, so the two do not fit together. 
It is seen that there are a number of humps with definite high energy limits. 
Most of these can be determined within 0*1 volt. The relative values of the 
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hetwis are thus quite accurately found, but the absolute values are subject to a 
contact potential corretition. To find the initial speed of the photoelectrons 
inside the copper sphere, we have also to add the value of the work-function of 
copper. The two corrections, as before, result in the work-function of copper 
cancelling out, leaving only the work-function of the material of the collecting 
cylinder C (nickel) to be added. This is taken as 4*1 volts, but since the nickel 
was not thoroughly outgassed, the value may be somewhat in error. Thus the 
absolute values are subject to an error of perhaps ^ volt. 

All these low voltage breaks have been carefully checked under somewhat 
varying experimental conditions. It is rather difficult to suppose that they 
are due to any other cause than the excitation of a soft radiation in the Li 
metal. But so far there has been no opportunity of using the apparatus with 
another metal as anode, so there remains the bare possibility that they may be 
due either to the excitation of radiation in the residual gas or to some other 
instrumental defect. This caution about thii interpretation of these dis- 
continuities is due to the fact that Rudberg* has searched without success for 
radiation from metals in the region transmitted by a quartz-spectrograph. 
On the other hand, none of iht; bands found for Li actually lie in this region. 
If it can be confirmed, the existence of these bands of radiation from metallic 
Li would be of great interest, as they might lead to some knowledge of the 
excited states of a conduction electron system. At the moment we can simply 
poiiit out that the radiation groups appear to exhibit two well-marked differ- 
ences, one of about 0’7 volts and the other of 2*0 volts. It is easy to see the 
interpretation of such differences in terms of a level system. 

The energy- values of the heads of the photoelectron groups are collected in 
Table II, in which the correction has been applied. 

The group 13 has an energy equal within experimental error to the critical 
potential 63*7 volts and the group 14 agrees roughly with the critical potential 
60*1 volts. There is thus, as might be expected, a close correspondence between 
the K-radiation emitted and the K-radiation potentials. We shall discuss 
this in the next paragraph. 

The correspondence between the low-energy excitation potentials and the 
probable low-energy radiation groups cannot be so clearly seen ; perhaps 
because, owing to a lack of sensitivity, these critical potentials represent only 
a first approximation to the facts. The radiation groups, on the other hand, 
can be more sensitively detected. 


♦ Rudberg, ‘ Proo. Roy, Soc./ A, vol. 129, p, 652 (1930), 
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§ 6. The Mechanism oj Excitation of K-radiation in Lithium Metal 

We were misled originally into the supposition that tlie excitation of the 
K-radiation of Li metal should be a process analogous to the excitation of the 
K^radiation of a h(^vy atom. The Li metal consists of a number of nuclei, 
each with 2 K-electrons, and a group of conductivity electrons. The latter 
are the valence electrons and are known to give risii to a set of levels of the 
metal with a total range of the order of 10 volts. 

Surface 


Conduction elocfron 
ievdtf 


L shell of fttomC 
when K ionlaed 



K levels 

Ja ft c 

Fro. 8. — Diagram of Levels of Li Metal. 

A piotuxe of the metal is shown in fig. 8. Rejecting for the moment the 
dotted lines, the oontinaous carves define the regions which the various groups 
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of electrons occupy. The K-eleotrons are closely confined to their respective 
nuclei, while the conductivity electrons can wander at large in the metal. They 
fill up completely all the lower levels of the level system of the metal. These 
fiUed levels rise to a height which differs from tlie surface by the thermionic 
work-function. In between the top of the filled levels and the surface there 
are a number of empty levels not shown in the diagram, which represent 
excited states of the metal. Of course, at ordinary temperatures, there is a 
region of transition between full and empty levels ; but this region only 
occupies, for practical purposes, a small fraction of a volt. 

Thus we expected that it would be necessary in the excitation of the 
K-radiation, to take the electron right through the filled conduction electron 
levels ; that is, to give it an amount of energy almost equal to the K-ionisation 
potential of an atom in the metal. 

The K-ionisation potential of the free Li atom is calculable ; it has been 
given by Braiinbek* as 64*6 volts. But we think that the value 62*5 volts is 
to be preferred. The method of calculation is given in an appendix to the 
present paper, and the result should be correct to about a volt. Now the 
K-ionisation potential of an atom in the metal would be expected to be very near 
to this, and certainly cannot be as low as 53 • 7 volts. For if it were, the metal 
would explode spontaneously. 

Thus it seems clear that our original supposition was incorrect, and that the 
53*7 volts critical potential must in some way be a radiation potential instead 
of an ionisation potential. It was not at all obvious how this oould be, and 
I am very much indebted to Professor Bohr for pointing out the following 
simple solution of the difficulty. In the normal state of the metal the lower 
levels of the conductivity electrons are full ; but we are concerned with 
the levels whicjh exist when a K-electron is removed. Now, on accoimt of 
the greatly changed nuclear charge, these levels will bear no resemblance to the 
levels of the normal metal. They may, for example, be pictured as “ orbits 
round the single nucleus from which the K-electron happens to have been 
removed ; while in the normal metal the conductivity electrons are certainly 
not bound to any individual nucleus. The modifications introduced by the 
removal of a K-electron are indicated schematically in tig, 8, The curves 
corresponding to the atom C which has been ionised are altered into those 
shown dotted, and the dotted L-levels make their appearance. It foUows that 
these L-levels which are created by the removal of a K-electron cannot be 
filled with electrons ; therefore the electron whose switch from a K-lovel is 


♦ ‘ 2. Phywik,’ vol. 68, p. 164 (1930). 
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responsible for its existence, can actually make a transition into a level belong- 
ing to tbis L-shell. In energy, the L-Ievels must be nearly equal to the energy 
of the corresponding levels of the free atom. The switch of a K-electron into 
such a level gives rise to radiation of the same energy as is required to 
cause the switch ; and therefore the radiation may appropriately be called 
K-resouance radiation of the metal. 

The correctness of this view is seen, if one considers the gradual contraction 
of a very dilated lattice of Li-atoms. In the expanded condition, the K -► L 
switch for the free atom is obviously possible. Now, in compressing the lattice 
to normal density (an adiabatic process in which all states alter in a con- 
tinuous way), we have to compare the binding energy of the lattice (about 2 
volte) w'ith the alteration of the energy of a conductivity or L-electron due to 
the removal of a K-electron. Since this is of the order of 9 volts, it is con- 
siderably greater than the lattice-energy ; so it follows that the linking up of 
the L-levels to fill a continuous range of conductivity states is of no significance 
in comparison with the perturbation introduced by the K-ionisation. Thus 
one is led to take the free atom as the best basis of approximation for the inter- 
pretation of results obtained in ionising a K-sheli in Li metal. 

Wc may therefore compare the observed critical potentials with the critical 
potentials of tJie free Li atom. The energy of the L K transition of the 
free atom has been determined roughly by Mohler* as 64 volts, from experi- 
ments on the radiation emitted by Li vapour. The energy of the IS ->28 
transition may be calculated with good approximationf (see appendix) ; the 
value is 53*0 volts, with an error of about a volt. Thus the theoretical and 
experimental results for the atom correspond within the limits of error with the 
experimental value, 63*7 volts, for the metal. 

A confirmation of this explanation of the 53-7 volts critical potential as a 
radiation potential is to be found in the fact (stated in § 5) that the maximiun 
energy of the strong band of K-radiation emitted by Li coincides with the 
energy of the critical potential. If the 68 *7 volts critical potential could in 
any way be supposed to correspond to an ionisation potential, then the 
radiation emitted would be expected to have its maximum intensity at some 
energy value (about 10 volts) below 53*7 volts. This would follow from the 
analogy of ordinary X-ray spectra, where the K* line is the strongest and has 

• ‘ BulL Bur, Standards,* vol 20, p. 167 (1926). 

t The switch 28 - > IS could not occur with the emisHion of radiation ; but this need not 
concern u», because the energy difference between the 28 and 2*P atomic terms is only 
about 1 volt, and that between the 28 and 2 terms about 2 volts. 

H 2 
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an energy considerably less than that of the K-ionisation potential. If we 
could stress the existence of the small amount of radiation which seems to 
exist of energy greater than 63-7 volts, the argument would be even more 
conclusive. But this reinforcement of the evidence is hardly necessary in 
view of the success of the numerical comparison. 

It may be noted in passing that the result of Holtsmark, who found the 
v’alue 53*5 volt& tor the K-critical potential of Li in LijjO, shows that it is^ as 
would be expected, approximately independent of the stat<? of chemical com* 
bination in which the Li is used. 

We now proceed to the identification of the K-critical potentials which were 
found at voltages greater than 63*7. It is probable that the second critical 
potential 56*0 volts is only the start of a series of unresolved radiation poten- 
tials, which correspond perhaps to the transitions M, etc. As is emphasised 
by its different character, the critical potential 60*1 volts has to be compared 
with the ionisation potential of the free atom, namely 62*5 volts. Actually 
it is rather arbitrary to attempt to find any precise comparison between the 
K-ionisation potential of a free atom and the K-ionisation potential of an 
atom in the metal. No exact numerical agreement is to be expecTted. But 
since ionisation of an atom means the removal of the electron right out of the 
influence of the atom, the nearest correspondence in the case of the metal is 
probably to be found in calculating the energy required to take an electron 
right through the surface of the metal. On the other hand, the states of the 
conduction electrons of a metal form a practically continuous set, and only 
the lowest of such states are occupied. There is no sharp distinction, such as 
exists for an atom, between the states of the metal which correspond to a 
positive binding and those which correspond to ionisation. Thus, if we con- 
sider the effects of increasing the energy with which the electron is thrown from 
the K-shell in the metal, we shall find a discontinuity when the electron is 
given just sufficient energy to switch into the lowest empty state of the con- 
duction electron set ; but, with higher energies, if we assume that the possible 
states of negative and positive energy into which an electron can switch form 
a continuum, we shall find no further discontinuities. As will be shown in 
§ 7, this assumption is not in general correct, but it will be justified for the 
special case of Li with which we are concerned* 

The energy difference between an electron in the lowest empty conduction 
state and one at rest at the surface of the metal is equal to the thermionic work- 
function. Thus to obtain an approximate comparison with the atomic 
ionisation potential, we have to add the value of the work-function of Li^ 
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namely 2 • 5 volts, to the value 60 • 1 volts. The result, 62 • 6 volts, agrees much 
more exactly with the calculated atomic ionisation potential than one had any 
right to expect. 

To summarise, the numerical agreement between the calculated and the 
experimental values for the K-radiation potential and for the ionisation 
potential is very satisfactory ; and leaves no doubt about the correctness of 
the correlation of the values. It may be claimed that this is the first metal 
for which this has been accomplished. 

§ 7. Note on the hiterpreta^ion of Soft X-ray Discontinuities. 

Mention has already been made of the extreme complexity of the soft X-ray 
curves for the heavier elements. To take an example, by no means exceptional, 
Compton and Thomas {he, cit.) have observed some 50 discontinuities in copper 
within the range 0 < V < 1000 volts. Now the Cu atom has only a relatively 
small number of L- and M-levels ; thus it is evident tlmt moat of the dis- 
continuities do not correspond to atomic, but rather to metallic properties. 
This conclusion has been stressed by Richardson.* 

A priori, there are two possibilities open for the explanation of the discon- 
tinuities : (1) We may assume that the metal-structure introduces a multi- 
plication of the K-, L- or M-levels from which the excited electron is tlirown ; 
or (2) wo may take into account possible effects of the structure on the motion 
of the incident or excited electrons in the metal. We have shown that in the 
case of lithium a correlation of the observed results with the atomic properties 
is quite possible. Also, it is significant that the M-levcls, for example, of 
copper may be identified from the data of X-ray emission spectra from solid 
targets.! seems therefore that, as might be expected theoretically, these 
underlying levels are not influenced to any predominating extent by the metal 
structure. So it is necessary to see how far the facts can be explained in the 
alternative manner. 

Unlike any possible effects of the ty[>e (1), effects of type (2) will, as we shall 
show, occur only when the metal has a regular lattice structure. This is 
important ; for we believe that the success of this paper in the correlation of 
the discontinuities of lithium metal with the atomic properties is due to the 
fact that the temperature of the metal was near enough to the melting point 
for the lattice properties to be largely destroyed. An important factor actually 

* * Proo. Hoy. Soo.,* A, vol 28, p. 63 (1930). 
t See Xiindh, loc. cit 
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contributes to this conclusion : the lightness of the Li atom, which causes the 
lattice-regularity to be disturbed relatively much at a given temperature. 
It is true that the temperature at which the metal was used (about ISC'" C.) 
is near to the melting point ( 186 ® C.), but from some rough comparisons, it did 
not seem probable that the raised temperature had much effect. It is quite 
likely that the Li lattice is disturbed seriously even at room temfwirature. 

In order to clear up the discontinuities of the heavier elements, it appears 
that the best course is, in the first instance, to destroy as far as possible the 
lattice-properties of the metal, by working at a high temp<^rature. The ide^l 
would be to usti molten metal, but, uiifortunately, most metals have an appreci- 
able vapour-pressure in the liquid state. Having in this way determined 
the atomic properties of the metal, we may proceed to investigate the lattice- 
effects using single crystals and low temperatures. 

We shall now consider tlie possible effects of the lattice structure {a) on the 
exciting electron beam and (b) on tlic excited electrons, after their transition 
from a K-, L- or M-level. 

We will first take effects of the type (a). From a well-known application of 
the wave-theory of elecjtrons, it follows that there must exist a definite set of 
energy values, corresponding to maximum ease of transmission of electrons 
through the lattice. As a consequence of the easier passage of electrons with 
these particular energies, there must be a higher reflection coefficient for 
electrons with the converse energies. The actual energies for selective 
reflection will depend on the direction of the electron-beam in relation to the 
crystal-axes of the metal ; and will only be sharply defined when the metal is 
in the form of a single crystal, and when the electron-beam is exactly directed. 
Then it is clear that a fluctuation of the efficiency of X-ray production will 
occur as the energy of the exciting electron-beam is increased through a value 
correejwnding to selective reflection. A case where these conditioua were 
fulfilled has been provided in an experiment of Rupp,* which was interpreted 
in this way by the present authorf and others. When the conditions are not 
so exactly fulfilled, as in the usual experimental arrangement for soft X-ray 
work, the effects will not be so sharp ; but it is probable that selective 
reflection of the incident electrons may contribute discontinuities. It seems 
quite conceivable that in some cases the effects may be made more complicated, 
rather than wiped out, by the imperfect crystal structure of an ordinary 
piece of metal. This may possibly provide an explanation of some experiments 

* * Natnrwiss,,* voL 50, p. 880 (1930), 

t ‘ Naturwiss..’ vol. 50, p. 1097 (1930). 
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of Richardson and others* who found a simplification of the soft X-ray curves 
of carbon and nickel when he used them in the form of single crystals. 

We come now to effects of the type (6) on electrons after they are lifted out 
of a relatively low atomic level. These effects arc also due to the existence 
of selective energies for the transmission of electrons in a definite direction 
through the crystal. It might be thought that, sinxse tlie direction of ejection 
of electrons from the lowt'r level must be more or less random, effects on 
electrons in different directions would effectively average out. This, however, 
seems not to be the case from a recent paper by Kronig,t which has directly 
led to the present considerations. He has interpreted by this means the fine- 
structure which exists on the short wave-length side of the X-ray K-absorption 
edges. If the random directions of ejection do not cause an averaging out of 
the effects <lue to the selective transmission energies, then it is clear that the 
energy states of an electron in the crystal, instead of forming a continuum, 
must split up into a set of mor(» or less well-defined zones of allowed and for- 
bidden states for the electron. Also that zones will exist considerably higher 
in the energy scale tlian the value which corresponds to ionisation potential 
of a free atom. Thus an electron will be thrown from a K-level (say) with a 
probability which fluctuates as the ent‘rgy given to it is increased progressively. 
This results in a series of oscillations of the curve of X-ray absorption on the 
short wave-length side of the edge. These oscillations are found experimentally 
to extend, in a favourable case, ovcir a region of wave-lengt>h corresponding to 
an energy-difference of more than 200 volts from the edge. They tend to be 
destroyed by a heating of the metal towards its melting-point. 

The application to the case of the excitation of soft X-rays is obvious, since 
the processes involved are practically equivalent. It is clear that, from one 
primary discontinuity ((corresponding to the ejection of an (electron from a given 
level into the lowest empty conduction electron state), there may extend for 
some hundreds of volts a series of discontinuities, or rather oscillations, of the 
excitation curve. It is evident that effects of the type (6) will not be altered 
by using the metal in the form of a single crystal. 

It seems possible that in this way an explanation of the very complicated 
phenomena of soft X-ray excitation may eventually be reached ; but a detailed 
application of the ideas is not feasible at present, because a separation of the 
effects into the two classes («) and (b) is not possible ; and also because the 
atomic ” properties of the metals are not sufficiently accurately determined. 

♦ ‘ Proc. Roy. 8oo.,’ A, vol. 128, pp. 1. IC, 37 (1930). 
t ‘ Physik.’ vol 70, p. 317 1931). 
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la any case it saeioB certain that these effects of the lattice on the motion of 
electrons within it must play a part in the interpretation of the soft X-ray 
discontinuities even if they should prove inadequate for their complete explana- 
tion. 

§ 8. The, Form of the Excitation Curves, 

The excitation of soft X-rays in a metal is a very inefficient process. In 
the case of the excitation of the radiation of Li by 100-volt electrons, it is 
found that only about 1 electron in 10® is effective in producing a quantum of 
radiation. In making this calculation, one assumes that absorption of the 
quantum always produces a photoelectron. 

It follows that there are some other processes which result in stopping the 
electrons. They consist presumably of small energy losses on the part of the 
electron which are degenerated in some way into heat or possibly emitted 
as radiation. 

This gives a clue towards the interpretation of the shape of the excitation 
curves in a solid. We have seen that the probability of an energy loss on the 
part of an electron varies approximately linearly with V. The shape of the 
curve is shown in fig. 9 (curve I). This may be contrasted with the shape 



Fig 9. 

(curve II) of an excitation or ionisation curve for a gas. The striking point is 
that, whereas for the solid the probability tends to infinity with increasing 
V, for a gas it tends to zero. The reason for this difference is that for the gas 
the excitation process either occurs or not ; while for the solid, though the 
probability may be very small when the energy of the electrons is large, this 
energy will eventually be reduced by the loss of velocity process. Thus, if 
Oydx is the probability of a given transition being caused by an electron of 
voltage V travelling a distance dx in the metal, the total probability A for a 
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transition to be caused by an electron of initial voltage V impinging c 
surface is given as an integral 

ay dx. 



Now the loss of velocity process implies that the voltage V of an elect] 
any naoment is a function of x, say 


Henct» 

Av = £«v-r{V)(/V. 


Differentiating with respect to V, we obtain 


dky 

dV 


- oyf (V). 


The form of /(V) for slow electrons cannot be exactly given. The range* 
velocity relationship, however, is known for an a-particle, in which case 
X X Let us suppose that for the somewhat similar case of the slow 

electron* x x Then 


ay oc 


1 dAy 

V’* dY ‘ 


The quantity dAy/dY is proportional to the quantity di/dY which was plotted 
in the curves given in fig. 4. It rises sharply at an excitation point and then/ as 

V is increased, tends to a constant value. Thus 

Oy const. V“" 

as V is increased. 

We see from this that the true probability of excitation in a metal falls off 
with increasing V in somewhat the same way as the probability of excitation of 
an atomic process. Also to obtain the whole relationship between ay and 

V we have only to divide the ordinates of an excitation curve (plotted as di/dY 
against V) by V**, The result will be a sharp rise to a maximum and sub- 
sequent decline, as in the case of an atomic process. We may go a little 
further and point out that in the case of a radiation process such as that 
corresponding to the 63*7 volts Li critical potential, the rise to a maximum 
of the excitation function ay must occur within less than 2 volts of the critical 
value, while for an ionisation process corresponding to the 60 * 1 volt critical 

* The similarity is in the fact that, for both, the energy losses considered are small 
compared with the total energy of the particle. 
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potential the rise to a maximum occurs much loss rapidly* This is in accord 
with the trend of the analogous atomic excitation cui’ves. We are thus led 
to the conclusion that the factors which control the probability of a given 
excitation process of an atom arc much the same, whethiu* the atom happens 
to be in a solid or in the tree state * 

In this discussion we have taken no account of any influence on the shape of 
the (excitation curves by the continuous (impact) X-ray spectrum ; as was 
concluded by Rudberg (loc. cit,), and as is confirmed by these experiments, the 
amount of radiation in the continuous speudrum is, for the low voltage excita- 
tion of light metals, relatively negligible. 

§ 9. Summary of Results, 

(1) The critical potentials of metallic lithium have been determined. They 
consist of some low-voltag(? potentials and the (?riti(ml potentials (rorresponding 
to the excitation of Li K-radiation. There are three of these at 53*7, 56*2, 
60-1 volts. 

(2) The radiation emitted by metallic lithium has been studied by tlie photo- 
electric method. The K-radiation is found mainly to consist of a band running 
up to a maximum energy at 54 • 1 volts. This agri^es, within the experimental 
error, with the value of the lowest excitation potential for the K-radiation* 

(3) The general chtiracteristics of the 8pe<!trum of photoelectrons ejected 
by the radiation from Li are in accord with those found by Rudberg, by a 
different method, for other light elements. In particular, the photoelectrons 
which huv(j energy corresponding to only a few volts largely predominate. 

(4) A numerical (comparison is satisfactorily achieved between the observed 
critical potentials of Li metal and the calculated energy levels of the free Li 
atom. One can compare the 53-7 volt critical potential with the radiation 
potential (K L) for the atom, namely 53*0 volts; and the 60-1 critical 
potential, wdth some qualifications, wdth the ionisation potential of the atom^ 
62*5 volts. The existence of a radiation potential for the metal was rather 
unexpected on account of the fact that the lowest valence states in the metal 
have to be supposed full up with electrons ; but it is shown that the ionisation 
of the K- shell alters the levels in the metal in such a way that there are empty 
levels around the ionised atom into which the K-eleotron can switch. 

(5) Though irrelevant to the case of Li, it is shown that the effects of the 
crystal-lattice on the motion through it of (a) the incident electron-beam which 

* If we assume that, a» for the atomic case, ap (5onat. V*', wo may deduce the range 
law for slow eleotrous in a metal to be x ocV*. 
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is used fox the excitation of the radiation, and (6) the electrons which are thrown 
from a K-, L-, or M-shell in the excitation process, may have an important 
bearing on the interpretation of soft X-ray discontinuities, 

(6) It is shown that the true probability for a given excitation process of an 
atom in a solid varies with tlic voltage of the exciting electron in a way quite 
analogous to the variation of the ex(;itation function for the corresponding 
process in the case of a free atom. 

I hav(% in conclusion, to thank several persons for disctission of the problems 
of this paper. Professor J. E. licnnard -Jones and Dr, H. Jones have both 
contributed. In particuilar I am indebted to Dr. M. Delbriick, without whose 
aid on theoretical points the work in its present form would not have appeared. 
It is a pleasure to record the constant interest and assistance of Professor 
A. M. Tyndall. 


Appendix, 

Cahulation of tlie Emrgy ConstmUH of ihe Li Atom, 

The data employed in this cahmlation are (1) the ionisation potential of Li 
5-35 volts, (2) the K-ionisation potential of the Li ion 75*3 volts, (3) the first 
and second ionisation potentials of Be 9*6 and 18*1 volts. All are known from 
spectroscopic data except (2), which is from the calculation of Hylleraas.* 
The calculation may be given schematically : — 


Atom, 

l*row^8s. 

Energy required 
(voltfl). 

Li 

i 

Li+' 

1 

Li++ 

Remove valence oloetron 

5*35 

Remo VO K -electron.. 

1 75-3 

Put back 1 valence oleotroii 

-181 

(K -ionised) 

. . 1 

! 

i 

02-56 

1 


It is seen that the only assumption involved is the identity (from the point 
of view of the valence electron) of the Li"^^ ion with the twice ionised Be atom 
. It is assumed that nucleus of charge 4 screened by two electrons is 
equivalent to the nucleus of charge 3 screened by 1. It is thought that the 
result 62*5 volts should certainly be correct to 1 volt. 


♦ * 2. Physik/ vol. 54, p. 347 (1929). 
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The value of the energy corresponding to the IS 2S switch in Li may also 
be calculated. If we add one more electron to the K-ionised Li atom, the 
work done will be approximately that of the first ionisation potential of Be, 
namely 9*5 volts. The result is therefore 63*0 volts. 

The K-ionisation potential of the Li atom has been calculated by Braunbek 
(loc. dt..) as 64 ’6 volts. Efiectively, he subtracts a value equal to 3 X 5‘ 36 
or 16 volts in place of our 18-1 volts. The subtraction of this amount of 
energy can hardly be justified. 


The Passage of a- and {:!> -Particles through Matier and Born's Theory 

of Collisions, 

By E. J. Williams, MancdicHter University. 

(Communicated by W, L. Bragg, F.R.S. — Received October 1, 1931.) 

In a recent paper’*' the present writer considered the relation between the 
results of observations on various phenomena connected with the passage of 
P-particlcs tlirough matter and the requirements of the quantum theory. A 
close quantitative comparison of the new quantum theory with experiment was, 
however, not made, bei^anse the theoretical requirements were not known with 
sufficient accuracy. The theoretical estimates were mainly based on calcu- 
lations made by Gauntf in 1927, and in his calculations the effect of close 
collisions with impact parameter less than atomic dimensions were not 
adequately dealt with. These close collisions contribute appreciably to such 
phenomena as the stopping-power and ionisation, and in order to allow for 
them in such cases somewliat arbitrary assumptions concerning their effect 
had to be made. The differences between the theoretical values arrived at 
and the experimental values were not so large that they could be definitely 
dissociated from these assumptions, and for this reason no fundamental 
significance was attached to them. A treatment of collisions more complete 
than that of Gaunt was given recently by BetheJ on the basis of Bom’s theory 
of collisions. Bethe’s calculations de.al with the effect of aU collisions, and the 

♦ * Proc, Roy. Soc.,* A, vol. 130. p. 32B (1931). This paper will be referred to as W2, 
aud a paper by the wiiter on stA>pping-powar (‘ Proc. Roy. 8oc.,' A, vol. 130, p. 310 (1931) ) 
as Wl. 
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formulee obtaiued by him for the stopping power, primary ionisation, etc., 
enable us to make a closer comparison of the new quantum theory with experi- 
ment than was possible before. This is done in the first part of the present 
paper. It is satisfactory that the now formute, whilst agreeing in a general 
way with those previously used as a representation of the quantum theory, 
are in better quantitative accord with experiment. The present position 
is, however, not completely satisfactory. In some cases there are still large 
discrepancies. These discrepancies, if real, are, of course, more serious than 
those found in previous discussions because there is much less room for 
ascribing them to incompleteness or approximation in the theoretical 
calculations. 

The main assumptions made in Bethe’s calculations are that the velocity, v, 
of the moving particle is large compared with the Bohr-orbit velocity, w, of 
the atomic electrons traversed, and that it is small (jompartid with the \'elooity, 
c, of light ; quantities of the order of and being neglected. A third 
simplification which we must not overlook, especially in dealing with many- 
electron atoms, is the representation, in Bethe's calculations, of the atomic 
electrons by hydrogen-like wave-functions. As regards the first two assump- 
tions, being roughly equal to the ionisation potential, J, the corre- 

sponding conditions of applicability of Bethe’s results may be formally written 

r.:: < 1, (1 a) 

< 1. (1b) 

These conditions are adequately satisfied in most of the cases considered in 
the first part of this paper. The test of Born’s theory of collisions under these 
simplifying conditions is very desirable, especially in view of the considerable 
contemporary work which is being done ou slow electrons which do not 
satisfy (1a). 

The second part of the present paper (§ 2) is devoted to a discussion of the 
relativity region. By comparmg Bethe’s non-relativity formulm with experi- 
mental results for particles with velocities comparable with c we can deduce the 
nature of the actual relativity efiect. A direct application of quantummechanics 
to the problem has not been made, and there are therefore no theoretical 
formtilas with the same generality as those derived by Bethe for the non- 
relativity case. A correction for the relativity efiect in the case of distant ” 
ooHisions was, however, deduced recently by the writer.* This correction can 


♦ W2, loc, ciu 
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be incorporated into Bethels non-relativity formulse. The requirements of 
these coCTected formulse are compared with experiment. The conclusions 
arrived at regarding the relativity effect are applied in § 2 (c) to the ionisa- 
tion produced by high energy p-particles such as those associated with 
penetrating radiation.* 

* It may be well to give an indication of the bases of the respective calculations of Bethe 
and of Gaunt. Bethe uses the theory of collisions developed by Born in 1927. Bom’s 
theory is essentially a statistical one, the progress of individual collisions not being dealt 
with. In the case of one electron atoms the problem is to find a solution of the wave 
equation for 2 particles (the ** moving ” particle (a or |i) and the at/omic electron) in each 
other’s field and the field of the atomic nucleus. The wave^eq nation in such a case niay 
be written 

Vr®4^/M + + (Hnyh) (H - V) -- 0, (A) 

M and m are the respective masses of the moving particle and atomic electron ; li and r 
their respective co-ordinates with rospt'ct to the atomic nucleus which is asHurned fixed ; 
H is the total energy of the system and is equal to whore v is the “ initial ” 

velocity of the moving particle and Ej is the negative energy of the undisturbed atom ; 
V is the potential energy of the systcmi and is oq ual to 

(- KWI^I) f (EE7!H|) 4- (- h>/|K r|), 

whore E', e and E are the liuclear charge, the electronic charge and charge of the moving 
particle respectively. The p.*rturbation term is (EE'/IBl) — {Ee/|R rj ). Without 
this term the equation is. of course, satisfied by a wave-function, representing the atom 
in its ground state and a free moving particle. In Born’s theory the effect of the perturba- 
tion teriu is found by succeHsive approximation. In liis calculations Bethe goes no further 
than the first approximation, t);/, whitth may be found in the usual way by substituting 
^0 4 for ^ in (A), and neglecting the term containing the product of and the per- 
turbation potential. The error in the first approximation is of the order of where u 
is the Bohr-orbit velocity of the atomic electron — this leads, together with oeiliain approxi- 
mations made by Bethe in inU^grating for the total loss of energy, etc. (pp. 357-359 of 
his paper), to the condition of applicability (1a) of Bethe’s formula. In the case of 
u-electron atoms the potential field of the nucleus is replaced by the field of the nucleus 
and (tt — 1) electrons, a pnwedure which, though not rigorous, is in general fairly accurate. 

The method used in Gaunt’s oaloulationa is radically different from the above. His 
calculations deal with distant coUisions in which the moving particle may be assumed to 
move undisturbed in a straight line with a definite impact parameter relative to the atom 
encountered. Its passage by the atom gives rise to a perturbing potential varying in a 
known manner with the time. The result of this perturbation is found by solving a wave- 
equation (inchuling the time) for a single particle, via,, the atomic electron. 

Though Gaunt’s results are expressed in terms of impact parameter it is possible to com- 
pare them with those of Bethe at least in one respect, viz., the relative probability of exoita* 
tion of different states, and of ionisation, in collisions for which the deffeotion of the parricle 
is snmli. It is found that the two theories lead to identical results. There is little doubt 
that the appreciable difference between Gaunt’s final formula for the stopping power and 
that of Bethe, is due to the arbitrary assumption regarding close collisions made in Gaunt’s 
work. 
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§ 1, Comparison of Theory and Experiment for Slow Particles, 

§ 1 {a). Stopping-power , — The formula obtained by Bethe for the average 
rate of lose of energy, d^jdx, by an electric particle with charge ^ X e, and 
velocity v, is 

(dT/dx) jmv^) log {(2) 

NZ/mv*) log {(2) mt)2/E}, , (2) 

N being the number of atoms per unit volume of the material traversed, and 
Z the munber of electrons per atom. is an energy relating to the rth 
electron in the atom, and is very nearly equal to the ionisation potential. B 
is the geometric mean value of for the whole atom.’*' It will be hereinafter 
referred to as the “ average excitation potential ” for the atom. The factor 
2 inside brackets in the log. term is to be used for a- particles but not for 
P-particles. 

The comparison of theory and exi>eriment may be made (utlu'r by calculating 
the theoretical range from (2) and comparing with the observed range, or by 
deducing, from the observations, the rate of loss of energy for a given velocity 
and comparing with (2) directly. A better idea of the validity of (1 a) may be 
formed if the latter method is adopted. This will be done in most cases, the 
velocity being chosen so as to satisfy the condition (1) aa well as possible, 

(2) is of the same type as previous theoretical formula), and differs from them 
only in respect of the argument of the log. term. It will therefore be con- 
venient to compare the stopping-power according to (2) with experiment, and 
with previous formulee, in terms of the value of this log. term, or, more pre- 
cisely, in terms of (dT/dx) -i- (27rzVNZ/mt;®). This quantity was denoted by 
P in a previous paper by the writer (Wl).f Its value for a-particles according 
to (2) is ^ 

2 log (2>mj^/E). (3) 

In bis calculations for p-particles Bethe does not take into account the fact 
that the electron with the greater energy after a collision is of necessity taken 

• Tho value of E for the hydrogen atom is 15 volts, and it« values calculated by Bethe 
for air and copper are 35 and SO volts respectively. The atomic numbers of all the elements 
oiEmtdered in th© present paper come within this range, and since E occurs in a log term its 
value for any case may be determined with sufficient accuracy by interpolation from the 
above values. Th© interpolated values for oxygen, mica and argon are 87, 42 and 50 volts 
respectively. The value adopted hero for molecular hydrogen is 1*1 x 16 volts, in con- 
formity with the value for atomic hydrogen, via., 1*1 X its ionisation potential. 

t hoc, ciU 
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aa the ^-particle, nor that the frequency of violent colliaions is, as shown by 
Mott,* appreciably affected by the application of Pauli’s exclusion principle. 
The correction of (2) for these effects can readily be made for the cases con- 
cerned here in virtue of the fact that the energy of the ^-particles is large 
compared with the ionisation potentials of the atomic electrons traversed. 
In such cases we can, in making the corrections, use the formulss derived by 
Mott for collisions of pS-partioles with free electrons. The corrected value of 
P# is 

= 2 log — log (8/e). (4)t 

The new term represents a correction of about 10 per cent. 

The observed and theoretical values of P, for a- and p-particles traversing 
light elements are given in the following table. Only light elements and, in 
the case of a-particles, the highest velocities, are included in order that the 
condition of applicability, (1a), of Bethe’s results may be best satisfied. The 
order of magnitude of the values of (which (1a) requires to be < 1) are 
given in the fourth column. Apart from the case of a-particles traversing 
oxygen the condition is adequately satisfied, especially when we consider 
that the A:-electrons, to which the highest value of m*/v* refer, constitute 
only a small fraction of the total number of electrons. The observed values 
of Pg and its values according to the Bohr-Qaunt formula are quoted from Wl. 
The observed values of P. have been deduced from the observations of Mrs. 
Harper and Mrs. Salamanijl on the ranges of a-particles, and of Gumey§ on 
the relative stopping-power of different gases for a-particles.H 

♦ ‘ Proo. Roy. Soc.,' A, vol. 126, p. 269 (1930). 

t Treating the atomic electrons as free, the frequency of collisions in which energy Q 
is lost, according to the results arrived at by Mott using the exoluirion principle, is 
= Is/Q* ■+■ ife/(T — Q)* — l!/Q(T — Q), where h 2irNZ e*/»ae*. This applies up to 
Q »= mii^/4 * T/2. above which ij), (Q) = 0. The formula used by Betho is ^ (Q) - ife/Q«, 
which is applied up to Q = T. «|>,{Q)and4.,(Q)agreeforqi<T. The difference between 
the corresponding rates of loss of energy is therefore 

^o(Q)QdQ— I (Q)QdQ=«* log (8/*) «• (27 cNZ «*/«»*) log (8/s). 

t ‘ Proo. Roy. 8oc„’ A, vol 127, p. 176 (1930). 

i ‘ Proc. Roy. Soc.,’ A, vol. 107, p. 840 (1926). 

11 The writer has mode a fairly careful analysis of the results of observations on the rate 
of loss of eijergy by «.particles. The results of Mrs. Harper and Mrs. SsJaman for tibe 
rangM are given to three and four significant figures, and the agreement of their Msults for 
air with those of Geiger (‘ Zeit. fttr Phys.,’ rol. 8, p. 46 (1921) ) and of He n dAt^np (‘ pidl. 
Mag.,’ vol. 42, p. 688 (1921) ) would seem to justify tikis. However, the values of PdUuoed 
from their observations (calculated from the values of *B/8e where 8E is the differenoe to 
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Table I. — Stopping-power. 






P (er/dx) (2ffNZ*V/mw*). 


Moving 

particle. 

vie. 

Gfts. 

H^lv\ 


Theoretical.* 


1 

i 


Observed. 

Bohr- 

Gaunt. 

Bethe. 



j5-particIo . .. 

i * 

1 O' 130 

H. 

0*001 I 

11*7 

17*1 

11-5 

1 

0*98 

1 0*230 

0, 

: 0 001^ 0*07 , 

10*6 

18*0 

12*2 

M4 


! 0*230 

A 

0*001 ->0-2 

10 0 

10*3 

11*2 

1*12 

a-partiolo . . 

0*064 

H. 

0*01 

U 1 

12*9 

10 -ft 

0*98 

0 004 

He 

0 02 

9*3 

12*1 

9*9 

1 107 


0*004 

O, 

0 01 y 0-5 i 

15 1 

10*0 

! 9*4 

; 1*25 

1 


- 

... 

J 

i 

i 

1 

1 


range l>etween a-particles witJi initial velocities difFering by sJiow an irregular variation 
with velocity of the order of 5 per cent. Thk indicates either errors of the order of 1 per 
(rent, in the observed ranges, or errors approaching J per cent, in the relative velocities of 

particles from different sources, as recently determined by Briggs (‘ Proc. Roy. Soc./ A, 
vol. 118, p. 649(1928) ) and Laurence (‘ Proc, Roy.8oc.,’ A, vol. 122, p. 543 (1929) ). The 
fact that the irregularities in the variation of F for different gases roughly correspond 
suggests the latter. Laurence claims an accuracy of about 0 * 1 per cent, for the velocities. 
His results for a-particlos from TbC, RaC, RaC and RaF are 2 '054, 1 -923, 1'709 and 
1'592 X 10® cm. /sec. ro8{>activeIy. The closest values to these which give a uniform 
variation of P with velocity (for hydrogen) are 2*066, 1*927, 1*702 and l*5i91 x 10^ 
cm. /sec. It might be pointed out that in dealing with the results for ranges a small 
correction is applied for the difference between the observed “ extrapolated ” range and 
the average range. This difference is greater, the greater the initial velocity. As it 
increases uniformly with velocity it camiot, of course, be a source of the above-mentioned 
irregular variation of P with velocity. 

The experimental value of P for helium is deduced from the value of P for Hg and 
Gurney’s determination of tlie relative stopping-power of Hj, and H,.. The latter was 
obtained by observing the pressure of gas required to reduce the energy of a-particles of 
given initial energy to a certain value, which was fixed by the ionieing power of the a-particles 
after traversing the gas. The relative stopping -powers obtained by Gurney for selected 
portions of the range differ, in some cases by as much as 5 per cent., from the values 
required by the work of Mrs, Harper and Mrs. Saloman. Even if we attribute all this 
discrepancy to the ranges, it does not however mean a serious error, since it concerns 
differences between ranges. In the case of hydrogen, e.g., an adjustment of the ranges 
of only 1 or 2 mm. (i.e., about 1 per cent.) brings agreement with Gurney’s values. 
This is of importance in connection with the signiffoanoe of Table (2) for ranges. 

Taking into account all the evidence, we conclude that the observed values of Pa in 
Table (1) are accurate within about 2 per cent, but not more so, 

• In the case of the larger velocities involved, the relativity terms in the relation 
between energy and velocity are not inappieoiabJe. A complete relativity expression for 
dT/dx has not yet been deduced, but in all probability the correct procedure to a first 
approximation, and the procedure adopted here, is to use T as variable on the L.H.S. of 
(2) and v os variable outside the log. tmun on the R.B.S. 
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The table shows that for both ot- and (3-part ides Bcthe’s formula is in much 
better agreement with e3q)eriment than the Bohr-Gaunt formula. In the case 
of p-particles the requirements of the latter exceed the experimental values by 
as much as about 60 per cent,, whilst the average difference between the 
values given by Bethe's formula and those observed is only about 10 per cent. 
The latter is probably within the errors of* experiment and the errors arising 
from known sources in the theoretical calculations. The case for which the 
discrepancy between Bethe’s results and experiment is largest is that of 
a-particles traversing oxygen, and this is the case for which the condition of 
applicability of the theoretical formula is least satisfied. The Bohr-orbit 
velocity of the it-electrons in this case is comparable with the velocity of the 
a-particle, and this violates (1a). We must also remember that owing to Bethels 
approximate method of dealing with many-electron atoms, viz., the use of 
hydrogen-like wave-functions, the error in the computed value of the average 
excitation potential E may be quite appreciable for oxygen. 

We shall now consider the variation of the stopping-power with velocity, 
and in view of the nature of previous discussion on this subject, we shall do 
so in terms of the index n of v in the range-velocity relation 

R -- jfcr”. (6) 

All theories require P to increase with the velocity, and this means a departure 
from the Thomson- Whiddington range- velocity law according to which n = 4.'*' 
The theoretical value of n for particles with initial velocity is 

( 6 ) 

wliere ^ is the index of v in the theoretioal log. expression for P, and P' is the 
absolute value of P for a velocity of about The interest lies in the depar- 

ture of n from 4, and since this is small it is necessary to make very accurate 
determinations of n in order to give significant results. In the case of 
^-particles, existing data give only a rough indication of the value of 4 — ». 
According to the results obtained by the writer for oxygen, the value of n for 
p-particles with energy of about 10,000 volts traversing oxygen is 3*7 ± O’ 1. 
The value requited by Bethe’s theory is, from (4) and (6), 4 — 4/10 = 3’6. 
The results obtained by Nuttall and the writer for somewhat slower ^-particles 
traversing hydrogen give w ss 3’3. The theoretical value in this case is also 

• By definition of P, (dTIdx) * P/»*, ».e., « P/r’, so that if P is constant R ae e*. 

t The theoretical range- velocity law for all velocities cannot, of course, be represented 
by a single term m in (6), and the theoretioal value of n refers only to a small region of 
velooitiee. 
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3*6. In neither case is the difference greater than the possible experimental 
error. The experimental values of n for a-particles are known more accurately* 
In the case of moderately fast a-particles (l-S — 2-0 X 10® cm./sec.), tra- 
versing Hj, the value of P' in ( 6 ) is 9-7, so that according to Bethe's formula 
n ™ 4 — 4/9 * 7 = 3 • 59. The observed value of n for this case according to the 
experiments of Mrs, Harper and Mrs, Salaman is 3 * 35 . For air the theoretical 
and observed values are 3*3 and 3*1 respectively. The observed values 
appear to be systematically greater than the theoretical. These differences 
cannot be removed by adjusting the value of P' in ( 6 ) because this is fixed 
within a few per cent, by the absolute stopping-power at high velocities. The 
differences rather indicate the necessity for a higher power of v in the log. expres- 
sion for P than that given by Bothe’s formula — a serious modification. A closer 
consideration of the position shows, however, that there are no grounds here 
for questioning the validity of Bethels theory. We must remember that in 
dealing with n the whole range of the a-particle is involved, and towards the 
end of the range, in the first place, the condition (1a) of applicability of Bethels 
formula ceases to l>e satisfied, and secondly, the capture and loss of electrons 
by th(? a-particles — ignored in Bethels calculations — must appreciably affect 
the rate of loss of energy. The position can be best considered in terras of the 
ranges, the values of which for hydrogen are given in the following table. 
The observed range for the loudest velocity has been obtained from Briggs’ result 
for the velocity that gives a range of i • 4 cm. in air, and Gumey^s determination 
of the relative stopping-power of hydrogen and air for this range. To make 
the table more complete the results obtained by Nuttall and the writer for 
^-particles are also included. In calculating the theoretical ranges the value 
of the theoretical excitation energy E used here (as in Table I) is 

MX 16 volts. 


* Table IL— Ranges in Hydrogen (at 15^ C., 76 cm. pressure). 


Partiole. 

Initial velooity 

X 10-*. 

Thoorotioal average 
range (om.). 

Observed range 
(om.). 

a partiole 

2 -004 

.19 2 

40-9 


1-923 

31 0 

32-7 


! 1709 

30-3 

21 6 

. ** 

! 1'592 

1 15-8 

173 

** 1 

»» 

1 -082 

4-1 

5-7 

jS-partiole 

! 811 

0 77 { 

0-7« 

»» 

1 4-08 

i 

0-84 ! 

0-87 
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It will be seen that the theoretical distance travelled by an a-partiole in 
losing velocity from 2*064 X 10* to 1*692 X 10* is 23*4 cm. The observed 
distance travelled in this interval is 23*6 cm., or 23*2 after correcting for 
straggling. The agreement is very good, and is, of course, to be identified 
with the agreement between the observed and theoretical values of P already 
given in Table I, Whilst the difference between the ranges is thus well repre- 
sented by the theoretical formula, the ranges themselves differ sensibly — 
the theoretical ranges are 1*7, 1*7, 1*3, 1*6 and 1*6 cm. respectively less 
than the observed ranges. These differences correspond to the difference 
found between the observed and theoretical values of the exponent n in the 
range-velocity law. The significant result is that these differences are nearly 
the same for th(i different velocities*. This means that the source of the 
discrepancy is to be found towards the end of the range in each case. The 
agreement elsewhere is excellent, and in terms of the excitation energy E in 
the log. term it shows that within about 10 per cent, the theoretically expected 
value, vi«., 1*1 x 16 volts, is the best value of B which represents the experi- 
mental results. The discrepancy towards the end of the range can be explained 
if the effects mentioned above (capture and loss of electrons, and w*/v* terms) 
can cause the a-particle to travel about 1*4 cm. more than Bethe’s formula 
requires. The distance an a-particle travels as He^ in Hg is about 2*0 cm. 
The phenomenon of capture and loss of electrons will therefore give the 
a-partiole au extra range of the order of 1 cm. provided the stopping-power 
for is about one-half that for an a-particle, which is not unreasonable. 

We conclude from the evidence put forward that, as regards rate of loss of 
energy, Bethe's results agree satisfactorily with experiment, the case of 
hydrogen, for which the uncertainties in the calculated and experimental 
values are least, being very well represented by the theoretical formulae. 

§ 1 (6). Primary lonisaiion* — Bethe’s formula for the number of primary 
ions, I, produced per centimetre of its path by a j3-particle traversing hydrogen- 
like atoms is 

I = (27tNe*/?rw;*J) 0*286 log (42 (7) 

J representing the ionisation potential. The classical value of I is 

1^2 = 27rNe^/mt?*J. (8) 

We shall assume that (7) is applicable to molecular hydrogen provided we 

* Ooirectetl for straggling, the differenoes are about 1*3, 1*4, 1*2, 1*4, azkd 1*6 om., 
respeotively. 
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substitute for J the appropriate value, viz., 16 volts.* Observations on the 
ionisation in hydrogen were recently made by Williams and Terroux-t These 
apply to velocities ranging from 0»6c upwards. The discussion of relativity 
effect in § 3 (6) shows that for (5 == 0 • 6 the relativity correction can be neglected, 
so that for this velocity we can legitimately use the non -relativity formula 
(7). According to this the number of primary ions produced per centimetre 
by a p-particle with velocity 0*5c, traversing hydrogen (at N.T.P.), is 12 '6. 
The observed number is 14 * 7, and the agreement is satisfactory. It is interesting 
to note that the number according to the classical formula is only 3* 6* The 
numerical failure of the classical theory here is therefore much greater than 
in the case of stopping-power, a state of affairs emphasised in W2. 

§ 1 (c). Total Ionisation. {Primary + Secondary.) — The outstanding 
features of the experimental residta are : — (a) the ratio, dT/dN, of the rate of 
loss of energy, dT/da;, to the rate of production of ions, dN jdx, is httle dependent 
on the velocity of the ionising particle ; (6) the total ionisation in the inert 
gases, in relation to their ionisation potentials, is abnormally high compared 
with that in other gases such as hydrogen, nitrogen and oxygen ; as an example 
of this the observed average energy spent per ion-pair in helium is actually 
less than that in hydrogen though the ionisation potential of helium is more 
than 1^ times that of hydrogen. The new quantum theory adequately accounts 
for (a), In so far as it has been applied up to the present it gives, however, 
no indication of (6), and we find here the most serious discrepancy between 
theory and experiment, (b) is discussed in the recent book on Radiations 
from Radioactive Substances,” by Rutherford, Chadwick and Ellis. An 
explanation of it on the new quantum theory which is there anticipated is not 
forthcoming. However, as we shall see later, at least part of the discrepancy 
is due to systematic error in the experiments. 

A general explanation of (a) follows from the theoretical result that the 
relative numbers of excitation collisions and of light ionisation collisions (in 
which the energy losses are of the order of the ionisation potential) are practically 
independent of the nature and velocity of the moving particle. $ The relative 

* Sinoe in (7) J occurs outside as well as inside the log, term tins assumption may involve 
more uumerioal error than the corresponding assumption in the case of stopping-power. 
In the latter case a variation of 50 per cent, in J, for example, affects the stopping-power 
by only about 5 per cent. 

t * Fmo. Roy. Soo./ A. voL 126, p, 289 (1930). 

X From B©th6*B paper the probability that a collision, in which the momentum transfw 
is raises an atomic electron from its undisturbed state to a state represented by a 

wave-function proportional to the matrix element [ 4#o4*n r being the 
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number of violent collisions, resulting in comparatively high-speed secondary 
electrons, does, of course, depend on the velocity of the primary part^icle. 
The frequency of these violent collisions is, however, not of much consequence 
to the ultimate total ionisation. The reason for this is that neiirly all the dis- 
sipation of energy takes place ultimately in the form of light collisions, and 
since the partition of energy between different excitations and ionisations in 
such collisions is independent of the nature and velocity of the moving particle, 
it little matters whether it is the primary particle that is concerned in them, or 
fast secondary electrons which have derived their energy from the primary 
particle. It follows that for a given energy loss by the primary particle the 
total ionisation is nearly independent of its nature and velocity. 

We shall now consider the absolute value of the energy ex])ended per ion 
pair, viz., dTfdN, in the case of a- and p-particles traversing hydrogen and 
helium. These gases afford a good example of the experimental result (6), 
whilst they are also the ones for which the theoretical requirements can be 
most accurately estimated. Even in these cases the total ionisation can only 
be roughly evaluated. The difficulty is that an appreciable fraction of the 
ionisation is produced by slow secondary electrons the behaviour of which as 
regards rate of loss of energy and primary ionisation may not be even approxi- 
mately given by Bethels formute for these effects, on account of the condition 
of applicability (1a).* It is, however, possible to make estimates of the total 
ionisation which are sufficiently significant without having to deal with the 
detailed behaviour of the slower secondary electrons. It will be safe to assume 
that if J/^v^ is less than 1/10, the condition (1a) is adequately satisfied. In 
that case we can deal with all secondary electrons with energy greater than lOJ, 
and the dissipation of energy can be traced up to the point when all further 
ionisation that is produced is due to secondary electrons with energy less than 

co-ordinate of the atomic electron. For the light colliHions considered, q is nearly parallel 
to the velocity of the moving particle (a? axis, say), and qr is also small, is therefore 

approximately equal to 1 4* t (<?(«;, and the above matrix element reduces to t|^| |* 

This is independent of the nature and velocity of the moving particle, and the result 
mentioned follows. 

* In his paper Bethe makes a rough estimate of the total ionisation by assuming the 
applicability of his formula for primary ionisation and stopping-power to aU secondary 
electrons, and also making one or two other approximations. He does ncrt give an estimate 
of the possible error due to these approximations, so that his result has no definite signifi- 
cance. Bethe compares with experiment in one case only, viz., 80,000 volt P-pairticles 
traversing nitrogen. The good agreement found gives a false indication of the position 
regarding total ionisation. 
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lOJ. This further ionisation cannot be definitely evaluated, but we can fix 
limits to its value corresponding to zero and 100 per cent, efficiency respectively,* 
It is found in this way that for a- and ^-particles with velocities of the order of 
1000 electron-volts, traversing hydrogen or helium, the theoretical energy 
expended per ion pair produced lies between 2-2J and 3‘2J.f For hydrogen 
fj = 16 volts, so that the limits are about 35 and 60 volts ; for helium J = 26*4 
volts and the limits are about 55 and 80 volts. The cases dealt with have 
been investigated experimentally by Gurney (a-particles):j: and Lehman§ 
(p“particlea). The experimental values for hydrogen are 35 and 37 volts for 
a- and fi-partioles respectively, and for heliiucn 29 and 31 volts respectively, 1| 
We notice that there is little dependence on the nature of the primary particle, 
in accordance with theory. The actual observed values for hydrogen are just 
within the theoretical limits. For helium, however, even th(i lower limit to 
the theoretical energy per ion pair is nearly twice the observed value. If we 
accept the experimental results we must simply conclude that the distribution 
between different kinds of collisions, of the loss of energy by a- and ^-particles 
traversing helium, is very different from that required by Bethels theory— 
so much so that the success of the theory in accounting for other phenomena 
must to a large extent be of the nature of an accident. It is difficult to accept 
this position. The alternative is to question the low exp^^rimental values of 
the energy per ion pair, especially in helium. There are, in fact, several reasons 

* By 100 per cent, efficiency is meant that a secondary electron with energy between 
«*r and (n -h 1) J produces n ions, 

t Estimates were made for particles with different velocities, viz,, 400 and 1000 electron- 
volts, The differences of 2 or 3 fjer cent, between the limits in the two cases was within 
the error of their evaluation. 

In the calculations the number, liNg, of primary ions is first obtained using Bethe’s 
formula. The energy, dTj, expended by the secondary electrons with initial energy 
greater than lOJ, before their energy is reduced to lOJ, is then calculated. dTg is divided 
by the average energy per primary ion for the velocities concerned. This gives a number 
dN*.* Some of these tertiary electrons have energy greater than lOiJ and the energy they 
lose in being reduced to lOJ is dealt with in the same way as leading to a number 
dN* of quaternary ions. This number is, however, almost negligible and it is tinneoesaary 
to follow the process further. dN, 4- dNg -f . . . gives the lower limit to the total ionisa- 
tion. Of the number dNg -f dNg -f . . , a number dN' of the electrons have entsrgy greater 
than J. The energy distribution of these is known, and the upper limit to the ionisation 
they produce is obtained by assuming 100 per cent, efficiency as mentioned. 
t * Proc. Boy. Soo.,* A, vol. 107, p. ?S2 (1925). 

I ‘ Proo. Boy. Soo.,* A, voL 115. p, 624 (1927). 

It The values for oc-partides also involve Geiger’s absolute determination of the energy 
per ion pair for air, vi*., 35 volts (see * Radiations from Badioaotive Substances,’ by 
Eutherfead, Chadwick and EUis, p. 81), 
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for doing so, though it romains to be seen whether they are sufficient to bring 
about agreement with theory. 

A spuriously low value of the energy per ion pair means that the ionisation 
current measured in the experiments exceeds that which corresponds to the 
rate of production of ions by the moving particle. This cannot be due to 
ionisation of the gas by collision because an ionisation current independent 
of the applied voltage is realised in all the experiments. The recent experi- 
ments of M. L. E. Oliphant* and others on the interaction between positive 
ions of He and a metal electrode show, however, that there are effects at the 
electrodes of a first order of magnitude, and which would in all probability 
escape detection in experiments of the kind which have been carried out on the 
ionisation produced by a- and f^-particles.t In the experiments referred to 
it is found that positive helium ions, attracted to an electrode, liberate electrons 
from it ; the number, liberated per incident ion being, within experimental 
error, independent of the incident kinetic energy of the ion, provided this 
energy is less than about 200 volts. In all experiments on the ionisation by 
a- and p-partioles the ions reaching the electrodes never have energy approach- 
ing this magnitude, so that the electrode effect does not prevent a satura- 
tion current being reached. On account of this effect, however, the actual 
saturation current overrates the rate of production of ions in the gas by a 
factor 1 + ^, and the true energy, S, expended per ion pair is equal to the 
apparent value, S^, X (1 + $). The effect occurs for positive ions of neon as 
well as of helium, and this fits in with the fact that an abnormally low value 
of S is also found for neon. The actual value of though of a first order of 
magnitude, is however, not large enough to bring the corrected value of 8 for 
helium within the theoretical limits. The value of 5 for helium according 
to Oliphant is 0*25, which gives a corrected value of S of about 30 x 1 *25 = 37 
volts per ion pair. In a letter to the writer Oliphant, however, points out that 
in all the experiments which have been carried out on the ionisation by a- 
and fi-particles, there are sufficient impurities in the gas owing to the presence 
of unclean surfaces, grease, etc., to give rise to another effect similar to that 
which occurs at the electrodes. The atoms, excited and ionised by the moving 
particles, iindergo a process of exchange of energy with the impurities, resulting 
in the latter being ionised. As a consequence more ions arrive at the electrodes 

• ‘ Proc. Roy. Soc.,’ A, vol. 132, p. 631 (1981). 

t The suggestion of this “ electrode ’’ effect in ionisation meaeureiUents is due to Mr. 
R. W. Gurney, and I am indebted to Mr. Gurney for drawing my attention to the results 
obtained by Oliphant and others. I am also grateful to Mr. Oliphant for a letter in which 
he discusses the effect and suggests estimates of its magnitude. 
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than are genuinely produced. In so far as excited as well as ionised atoms are 
able to take part in this effect it is more powerful than the electrode effect. 
The exchange of energy involved in the process has been shown by Klallman 
and Rosen* to go on with great efiBiciency in a large number of cases. Though 
the process is pre-eminently effective in the monatomic gases, it also takes 
place to a smaller extent in all the ordinary gases. In this connection we might 
mention the remarkable discrepancies between the results of different observers 
for the energy expended per ion pair by ^-particles in air — ^the case most 
extensively investigated. Apart* from any theory of spurious effect these 
discrepancies show that there must be a source of considerable error somewhere 
in the measurement of the total ionisation by electric particles. Osgood and 
Lehmann, t using p-partieles with energy between 200 and 1000 volts, find a 
value of S independent of the voltage and equal to 46 volts. W. ShmitzJ 
finds practically the same value for the range 1000-9000 volts. E. Buchmann§ 
and H. Eisl,!! on the other hand, find constant values close to 32 volts, the 
ranges investigated being 4000-13,000 and 9000-59,000 volts respectively. 
If these discrepancies are due to the ionisation of impurities in the gas by 
excited and ionised atoms, tlien the value of 46 volts is the one nearer the true 
value, the effect of impurities in the other experiments increasing the ionisation 
by nearly 60 per cemt. This is more than we would expect in the case of air, 
and there are probably other sources of error. We shall not consider the 
matter further. Sufficient evidence has been put forward to show that the 
hitherto accepted values of the total ionisation, by a- and ^-particles may be 
•considerably in error. The validity of the theoretical requirements regarding 
this phenomenon must therefore be left open until the experimental position 
is more definitely established. 

§ 1 (d). Straggling . — The phenomenon of straggling arises from the statistical 
fluctuations in the energy losses suffered by a moving particle in travelling 
a given distance. The straggling is contributed to mostly by the violent 
ooUiBionB, and in the case of a-partioles the extent of the fluctuations as calcu* 
fated by Bohr^ is measured by the integral 

QV{Q)'^Q. (9) 

JUi 

• ‘ Z. Physik,’ vol. 64, p. 806 (1930). 
t ‘ Proo. Roy. Soc.,’ A, vol. 116, p. 009 (1927). 
t ‘ Phy». Z.,' vol. 29, p. 846 (1928). 
ii ‘ Ann. Physik,’ vol. 87, p. 609 (1928), 

It ‘ Ann. Physik,’ vol. 6, p. 277 (1929). 

^ ‘ Phil. Mag.,* VO.'. 30, p. 631 (1916). 



122 


E. J. Williama. 


^Q) being the probability of a collision in which eniwgy Q is lost. On the 
new quantum theory, as on the classical theory, the value of ^(Q) for a-psrtioles 
traversing free electrons (NZ per unit volume) is 

<f>5 (Q) = &7tc<NZ/»»»*Q* (10) 

the limits Qj and being 0 and respectively. The corresponding value 
of or is 

<jo = 16:tc*NZ. (11) 

For a-particles traversing free electrons the problem is, of course, the same as 
the scattering of electrons by a-particles, and there is enough circumstantial 
evidence that such scattering is correctly given by theory. An explanation 
of any departure from (11) must therefore be sought for in the efiect of atomic 
binding forces. 

Many investigations have been made on the straggling of a-particles, the 
most e xh austive being due to G. H. Briggs.* Briggs finds that for fast 
a-particles (v = 1 - 9 X 10* cm. sec.) traversing mica the actual value of or is 
about 1 - 9 Oq. On the classical theory the direct effect of binding forces is to 
reduce a but, indirectly, in giving rise to motion of the atomic electrons, the 
effect is to increase a above cr„. This increase is, however, small compared with 
the factor of 1 • 9 required to give agreement with the observed value. On the 
new quantum theory the effect of binding forces on er is certainly greater than 
on the classical theory. As described in W2, the average value of ^ (Q) on the 
quantum theory greatly exceeds the classical value for values of Q of the order 
of the ionisation potential, J. The excess of a over Oq required by Bethe’s 
theory, due to this concentration of energy losses near the ionisation potential, 
is approximately represented by a term of the form 

Alog(»m)*/J) X (J/mti*) X Oq. (12) 

A is a niunerical constant of the order of unity, its actual value depending upon 
the level of the electron in the atom< For the actual values of v and J con- 
cerned the log. term is also of the order of unity. The magnitude of the con- 
tribution to a represented by (12) is therefore of the order of (J/mu*) x Oo* 
Now fractional errors of the order of J/mc* are involved in all of Bethe’s results, 
because of the application of Bom’s theory of collisions only as far as a first 
approximation (see 1 a). It follows that the exact coefficient of (J/«m)*) X 
representing the full contribution of binding forces to the straggling, cannot 

* ‘ Proo. Roy. Boo.,' A, voL 114, p. 318 (1027). 
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be obtained from Bf^the’s cabmlations. Wo are therefore, at present, only 
able to express the order of magnitude of the effect of binding forces. This 
is 

{1 + 0 (J/mv2)}. (12 a) 

The average value of J for mica is about 250 volts, so that for fast a-parfcicles 
traversing this substance, the average value of Sjmv^ is 0'12. It follows that 
the coefficient of in (12a) must be very high in order to account for the 
observed value of cr, viz., 1-9 The value of this coefficient deduced from 
Bethe’s first approximation formulae (see (12) ) is certainly much too small, ♦ 
Tlie position regarding struggling is thus not very satisfactory. The exptiri- 
mental results may, of course, be questioned on the grounds that nearly all 
errors enhance the observed straggling. However, if the errors are small, as 
appears to be the case in the work of Briggs, it little matters whether they are 
systematic or not. Accepting the experimental results, we must conclude 
either that the correction to Bet he’s formulse to allow for the assumption (1 a), 
made in his calculations, is exceedingly large, or that there are other appreciable 
sources of straggling. The capture and loss of electrons by a-particles is 
certainly one other source of straggling, but unless there is a systematic differ- 
ence between the frequency of capture and loss by individual a-particles, f 
the extra straggling this phenomenon givtjs rise is negligible for fast 
a-particles. For such particles the independent straggling due to ' capture and 
loss * is only about one-twentieth of the straggling according to The 

fractional increase in the straggling produced by ‘ capture and loss ’ is 
therefore only about Vl + 1/20* ^ 1*(K)1. 

♦ Added proof , — In a recent letter to the writer, Bethe agrees with the form of (12) 

for the extra straggling due to binding forces, and he also calculates the exact value of A, 
which was not done by the writer. For hydrogen -like atoms in the ground state Bethe 
gives A =«e 4j3. Assuming this ooefficiont for all the electrons in mica, we find o =*= 
which Is appreciably less than the observed value of 1 • Ooo* 

t Kapitza, ‘ Proc, Roy. Soc.,’ A, vol. 106, p. 002 (1924). 

} A rough estimate of the straggling due to ** capture and loss can readily be made* 
Let Xt and X, be the respective mean free paths for capture and loss. Consider a-partioles 
after travelliug a distance x. Since X, <X, the average number of captures is xj\ and 
the distan(>«, y, travelled as is, on the average, {xjXi) X Xj^. The probable variation 
in the individual free paths, as Ho+, is of the order of X^. Assuming no departure from the 
average number of existences as He'^, this leads to a probable variation in y of 
X X|* X X,. Assuming all free paths as He+ to be the same 

{ «= X,), the probable variation in y due to fluctuations in the nuimhet of existenoes as He^ 
is V®Ai X 5 V375^ behig roughly the probable variation in the number a/Xj. The 
order of magnitude of the probable variation in the distance travelled as He+ is therefore 
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In concluding this section, it might be pointed out that theve is no evidence 
against the form of the general expression {12a) for or, though it would seem at 
first sight to be refuted by the results obtained by Briggs for different velocities* 
According to these the ratio of the straggling at different distances from the 
beginning of the range of the a-particles, to the calculated straggling corre- 
sponding to cr = Oq, is nearly constant. Actual calculation shows, however, 
that though v occurs to a second power in (12a), the systematic increase in 
o^/oo with decreasing velocity which it requires is too small to make itself 
evident above the experimental irregularities. 

§ 1 (e). Production of Branches , — The production of branches by slow 
^-particles and its satisfactory relation to the new qxiantum theory have been 
discussed in another paper.* In the experiments described there the energy 
of the branches is large compared with the ionisation potentials of the electrons 
traversed, so that the results are a test of the theory of collisions between 
free electrons. 

§ 2 . Relativity Effects, 

Li Bethe*s treatment of collisions no account is taken of relativity 
effects, so that the results do not necessarily apply to particles with 
velocities comparable with that of light. In this section we shall con- 
sider in the fijst place the relation between the non-relativity formuke of 
Bethe and the experimental results for such fast particles. Assuming that 
Bethels formulee give the correct velocity variation apart from relativity effect, 
we can in this way deduce the nature of the actual relativity effect. Experi- 

^ (dHjdx) be the rate of loss of energy by the at>partiolf», and r (dT/dx) the 

difference between the rat© of loss of energy by an a-particle and He+. Then the fractional 
probable variation, S^ in the energy lost in travelling a distance x, due to capture and 
loss ' ' is rXf \/x^ In close collisions with impact parameters much less than the electron- 
nucleus distance in He^ (dT/dx) He+ -- (S/4) (dT/dx) On the other hand, for distant 

collisions, the perturbation produced by He+ is nearly the same as that due to a particle 
with a single electronic charge, so that for such collisions (dT/dx) He^ (1/4) (dT/dx) 

(see also end of § 1a). Evidently the order of magnittide of r is not > 1 so that 
S' xXx, For a-parfcicles with velocity ^1*9 x 10* cm. /sec,, traversing air, 

Rutherford (‘ Phil* Mag./ vol. 47, p. 277, 1924) finds Xj =- 0-0011 cm., X, 0-22, so 
that for a: 1 cm., S' r: 0-002. The Bohr straggling, S, under these cmiditions is 
0-04, and is therefore about 20 times the independent straggling produced by “ capture 
and Joss.*’ As for variations with velocity X^ ac t* and Xj x v so that S' x tr*. 
S X ^/o^KdT /dx)^ X V, S'/S is therefore x l/v® x 1 /range, B* It follows that at I cm* 
from the end of its track the rate of straggling due to capture and loss becomes com- 
parable with the Boiu straggling. Towards the end of the range the capture of 2 
electrons to form neutral helium also becomes important. 

♦ ‘ Proo. Boy. Soc./ A, vol. 128, p, 459 (19S0). 
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mental reaults for liigli velocitiee are only available for ^-particles, and among 
the phenomena which have been investigated are the rate of loss of energy 
and primary ionisation. We shall proceed to consider these phenomena. 

§ 2 (a). Stopping-power , — ^In Wl the writer deduced from the observations 
of White and Millington* on the passage of fast ^-particles through thin foils, 
values of the rate of loss of energy, suffered by a p-particle due to 

collisions for which Q is less than a certain value, W. If (f> (Q) is the frequency 
of collisions in which energy Q is lost, then 

dwT/dx- rQ^(Q)dQ. (13) 

Jo 

If we represent ])y dT/dx the rate of loss of energy due to all collisions, then 

Q<f> (Q) dQ. (13a) 

w 

The actual value of W for which the experimental results are given is 1500 
volts, the substance traversed being mica. In mica the ionisation potentials 
of the great majority of the electrons are much less than 1500 volts, and for the 
purpose of deriving the theoretical expression for d^T/dx we may assume that 
W/J> 1. In that case. ^ (Q) for Q> W is negligibly affected by binding 
forces, and to evaluate the integral in (13a) we can use tAie value of ^ (Q) for 
free electrons. We find 

(hiT/dx = {2nW^lmv^) [2 log - j rfQ/Q| 

= (27tNZc*/»«)®) log (2»»t)®W/E*). (14) 

The experimental values of rf^T/eia: (quoted from Wl), and the values required 
by this non-relativity formula of Betho are given in the second and fourth 
(solumns of the following table.f In thus table all the velocities for which there 
aie data are included in order to show the extent of the experimental irregu- 
larities. 

Tlie consideration of the variation with velocity, which follows, shows that 
for the smallest velocity represented in the table there is little relativity effect, 
and the absolute value may be legitimately compared with Bethe’s zum- 
relativity formula. We see that for this velocity the difference between the 
requirements of this formula and the experimental value is about 20 per cent. 
The fl^eemeut is satisfactory. (14) is certainly a vast improvement on the 

* ‘ Proo. Boy. A, vd. 120, p. 701 (1028). 
t The value of E for mioa is 42 volts (see footnote*, p. 111). 
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coiiesponding Bohi-Gaunt formula, which differs from the experimental 
value, for the above velocity, by nearly a factor of 2. (This oonoborates tl^ 
results for slow ^-particles in § 2a.) The difference of 20 per cent, between the 
new formula (14), and the observed value, may partly be accounted for by 
the existence of a few electrons in mica with ionisation potentials of the order 
of the value of W, i.e., 1500 volts. In deducing (14) from Bethe’s formula for 
dtjdx we assumed that J < W for all electrons. 

It will be noticed that (14) is expressed in terms of the vdocUy of the 
P'particle, and not its energy, or momentum (Hp). Expressed in this way we see 
from the table that this non-relativity formula gives with remarkable accuracy 
the observed variation of d^fT/dx with velocity, up to p = 0*96. The formula 
requires a decrease of 63 per cent, in d'^Tjdx for the velocity-range concerned, 
whilst the observed decrease is 43 per cent. This result shows conclusively 
that there cannot be a relativity factor such as Vl — P* outside the log. 
term in the formula. For the range of velocity concerned V I — p* varies by 
a factor of nearly 3, whilst the results do not permit a correction greater than 
about 20 per cent. 

The absence of a correcting factor outside the log. term is in accordance with 
the theory discussed in W2. In that paper it was shown that we must, 
however, introduce a correction inside the log. term in the quantum theory 
formula, in order to allow for the increase in the radius of action of the 
P-particle due to the Fitzgerald contraction of its field. This increased radius 
of action gives an extra loss of energy 

(dT/da5)B = (2TCNZ«*/mc*) log (1 - p*)-^ (16) 

This is practically all spent in energy losses less than W = 1500 volts, so that 
the new value of d^T/dz is 

• (dwT/dz)K = (27:NZe^/»M^) log {2mt>*W/E* (1 - p*)}. (16) 

It is not proposed here to discuss the theory of this correction. We shall 
proceed to consider its relation to experiment. 

The values of d^T/da! according to (16) are given in the sixth column of 
the above table. In order to show more clearly the variation with velocity 
the values of the ratio, r, of d^Tjdx to the value of d^TJdx for the smallest 
velocity, are given in the table. It will be seen that the relativity correction we 
have introduced into Bethe’s formula definitely improves the agreement with 
the experimental variation with velocity. In view of the importance of this 
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question of relativity correction, we shall also consider the results in terms of 
(d^T/dx) -f- (27rNZc*/OTC*), a quantity denoted by in Wl, In view of the 
slight discrepancies in the absolute values, it is the variation of this quantity 
with velocity that is the most significant. Its non-relativity value, and 
relativity-corrected value according to (16), are respectively given by 

Pw, N.H. === log {2m^/W) + log {5® (14a) 

I, log {2rri^lW) + log p* + log (I 

The experimental and theoretical values of P^r are given in the last three columns 
of the table. The increase in the experimental value of P^ as (3 increases 
from O' 64 to O' 90 is 3 '2 i 0*6. The increase according to (23) is O' 8, and 
according to the corrected formula it is 2*9. Thpugh the irregularities in tlie 
experimental values are large, we may at least conclude that the correction 
we have introduced is of the right order of magnitude. 

§ 2 (6). Primcmf Ionisation . — The existing data for the primary ionisation 
due to fast p-particles refer to the gases oxygen and hydrogen. The require- 
ments of theory can be most accurately ascertained for the latter so that we 
shall not consider the case of oxygen. The formula obtained by Bethe for the 
primary ionisation in atomic hydrogen is 

I = (27re*N/wv*J) 0*285 log (42mvVJ) = hi 0*285 log (i2mv^lJ). (7) 
The value of I corrected for the extra relativity energy loss (16) is 

Ir -= {2n^Z^/mv^) 0*286 log - ^8) J). (17) 

The theoretical values of I according to these formute, and the observed values 
of I, are given in the following table. The observed values are taken from the 
smooth “ I — Hp ” curve through the experimental results obtained by 
Terroux and the writer.* They refer to at N.T.P. 


Table IV. — Primary Ionisation at High Velocities. 


iS. 

Ol-werved, 

Non- 

relativity. 

Relativity- 

corrected. 



^R* 

I. 

1/14-7. 

1. 

1/12-6. 

I. 

1/12 •«. 

0*50 

U-7 

100 

12-6 

100 

12*8 

1*00 

14*8 

! 

12*7 1 

12*9 

0-76 

8*0 

0-64 

5-9 

0*47 

6*8 

0*50 

18-2 

13*6 

14*4 

0-96 

6-5 

0-38 

3-8 

0-80 1 

1 

4*6 

0-36 

20*6 

1 

14*0 

10*6 


* Loc, ciL 
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The agreement between the absolute values for the smallest velocity is 
satisfactory and has already been referred to in § 1 (6). 

The relation of the observed values of I for the highest velocities to the 
requirements of the non-relativity formula shows, as in the case of 
that there is no jKJSsibility of a relativity correction of the type (1 — p®) outside 
the log. term in the formula. At the same time the necessity for some cor- 
rection is indicated, and since this must be put inside the log, term we shall 
now consider the values of 

L I ~ 0-286 (27rNs*/mv*J) 1/0*285 I.i.. (18) 

The theoretical values of L corresponding to (7) and (17) are 

== log {42mc2/J) + log ps* (7a) 

Lb - log (42wc»/J) + log + log (1 ^ p*). (17a) . 

The observed values of L and those required by these formate are given in the 
last three columns of the table. We see that the relativity correction intro- 
duced into the fonnula accounts for a large fraction of the increase in L as p 
approaches imity. The whole effect concerned is rather small, and it requires 
greater accuracy in the values of the primary ionisation than was aimed at in 
the experiments of Terroux and the writer, to decide whether the correction 
is adequate.’*' We might incidentally point out tlxat the classical value of L 
is a constant equal to 3*6. 

♦ In addition to the stopping-power and ionisation, observations have also been made on 
the number of branches produced by fast p-partioles (Williams and Terroux, loc, c^.). A 
reference to the results obtained may be made. They show that the frequency of branch 
collisions is about 1 *6 times the non-relativity value required by the quantum theory for 
0*6 c p < 0*8, and about 2*4 times the non -relativity value for 0*8 < p < 0*96. The 
total number of branches involved in the results is only 44 and the statistical errors are, 
therefore, fairly large. Nevertheless, it is fairly certain that a relativity correction of 
a first order of magnitude is required. This is in contrast with the state of affairs for 
and primaiy ionisation, and two important differences between the oases may be 
pointed out. In the first place the maximum defiootion of the p-partioles in the case of 
dwT/efa? and pdmaxy ionisation is only 1 or 2 degrees, as compared with defiection of the 
order of 10® produced by branches. Secondly, binding forces play an important part in 
dwT/dx and primary ionisation, but have negligible effect in branch ooUiaions. The 
writer is Inclined to bdievo that it is the greater angle of scattering that brings about the 
greater relativity effect. If that is the case, we may infer that the relativity expression 
for ^ (Q) for p-partioles traversing free electrons is of the form 

ViQ)^ <t»o(Q) {1 A X F(Q) X /(p)}* (i). 

f(m) and F(») both increasing with x, (Q) non-relativity value of <[> (Q),. 

A ponaotkm of this form might arm from the spin interaction between a p-pwrtiole and a. 
*Vknodied electron. 

VOU tJXXXV,— A. 


K 
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§ 2 (c). Application to Very High Energy ^-pariidee . — ^The p-particlea 
associated with penetrating radiation, and the “runaway** electrons from 
thunderstorms, have energy of the order of 10® volts. There is no experi- 
mental data at the present time for the behaviour of such {^-particles, and it 
may be of interest to apply to them the relativity formute put forward in the 
preceding sections. As we have seen, these formulae appear to give satis- 
factorily the relativity effect at 10* volts. We shall only consider the ionisation. 
The theoretical primary ionisation according to (17a) is proportional to 
“f- log + log (1 — For hydrogen this quantity passes 

through a minimum value of 4*5 primary ions per centimetre at (3 — 0*97 
(1*5 X 10* volts). It then increases with increasing velocity and reaches a 
value of 8 ions per centimetre at (3 — 0 * 970 * (10® volts). The value of k* 
in the above expression is nearly constant for light elements, so that the 
percentage changes in the ionisation are nearly the same for oxygen and air as 
for hydrogen. For oxygen the observed number of primary ions per centi- 
metre produced by p-particles with velocity of 0*97c. is 22. The theoretical 
number produced by (i-particles with energy of 10® volts is therefore al>out 40. 
There is little difference between the primary ionisation in air and in oxygen, 
so that about the same number of primary ions would be produced in air. 
The numbers given refer to the gases at N.T.P. 

The theoretical total ionisation produced by the high energy p-particles under 
oousideration will similarly be about 70 per cent, greater than that due to 
million volt |3-particle. The observed probable total ionisation per centi- 
metre in air due to the latter is about 40, so that the probable number of ions 
produced by 10® volt electron will be about 70.t 
It is interesting to notice that when p is close to unity, the formuhe (16) 
and (17) depend only on (1 — (3*), so that a p-particle with T volts produces the 
same ionisation as a proton with 1840 T volts. A proton with 3 X 10® volts 
energy therefore produces the same ionisation as a ^-particle with about 
1| million volts. 

§ 4, Svmmary and Conclusion. 

The non-relativity theory of the passage of electric particles through matter 
developed by Bethe on the basis of Bom’s theory of collisions is compared 
with experimental results for the stopping-power, primary ionisation, total 

* On p. 126> Table III, last line, this is inadvertently shown as 0*07^, 
t The most probable ionisation is referred to becfause it is the most likely quantity to 
be measured if individual particles are dealt with as in the Wilson cloud method. In 
that case the abnormally high ionisation when a ** branch '' is produced is lOcety to be 
left out. 
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ionisation, straggling, and production of branches, by a- and ^-particles. Some 
of these phenomena, which have long resisted a quantitative theoretical 
explanation, are found to be accounted for by the new theory. For instance, 
in the simple case of the stopping-power of hydrogen for slow ^-particles — 
simple because there is only one energy level and because the velocity of the 
p-particles concerned is large compared with that of the hydrogfen electrons 
traversed and small compared with that of light — ^neither the calculations of 
Bohr on the classical theory, nor of Henderson on the old quantum theory, 
nor of Gaunt on the new quantum theory, give results within 40 pet cent, of 
the experimental value. Bethe's formula (corrected here for exclusion principle 
effect) gives the observed value within the experimental error of a few per cent. 
Again, in the case of the primary ionisation produced in hydrogen by 
moderately fast ^-particles, the value given by the classical theory is four times 
less than the observed value. The value deduced from Gaunt’s calculations 
on the quantum theory is nearly twice the observed value. Bethe’s formula 
for primary ionisation gives the observed value within cxperimejxtal error 
10 per cent.). It would seem from these cases that the passage through 
matter of electric particles, with moderate velocity, was at last solved — ^to 
establish further the non-relativity quantum theory. That state is, however, 
not reached. The total ionisation in the monatomic gases, and the straggling 
of a-particles in light elements, present difficulties to the theory of Bofche as 
they do to previous theories. The positions regarding these effects are closely 
considered and, though they are disquieting, it is found that the results 
do not necessarily mean a refutation of the theory. Further experiment and 
calculation is necessary to make the situation clear. 

In the second part of the pap.r the experimental results for fast p-particles 
are discussed. The non-relativity formulas of Bethe for stopping-power and 
primary ionisation, when expressed in terms of velocity, represent to within 
20 per cent, the variation with velocity up to P = 0*96. At the same time the 
experimental results indicate fairly definitely the necessity for a small relativity 
correction. The introduction into Bethe’s non-relativity formulae of a 
correction deduced in a previous paper by the writer is in the right direction 
and of the right order of magnitude. The paper concludes with an extension 
of the results obtained for the relativity effect to high energy ^-particles, such 
as those associated with penetrating radiation. 

In ccmciusion, I wish to thank Professor W. L, Bragg lor his continued 
interest in this work, and also express my appreciation of discussions with 
Br. Bethe on the subject. 
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By P. M. S. Blackktt. 


(Communicated by Lord Rutherford, F,R,S. — Received October 15, 1931.) 


1. Recently Betbe* haB given a comprehensive treatment of the passage of 
fast particles tlirough matter using Born’s collision theory. The approxi- 
mation should be valid so long as the velocity v of the particle is large compared 
with the orbital velocities of the molecular electrons. Bethe’s result (p, 375) 
for the loss of energy of a heavy particle of mass M, and charge zc, in a gas 
containing N atoms per unit volume is 


dT 47re*2*N « , 


( 1 ) 


where m is the mass of an electron and E is the mean excitation potential of 
the atoms, defined by 

ZlogE=S„,/„,logA„j. (2) 

The summation is over all the Z electrons in the atom and A„{ is the mean 
excitation potential of a shell and f„i is the corresponding generalised oscillation 
strength. If we substitute T =5 JMv* and « = — 2 log 2rm^fE we obtain for 
the range R between velocities and o,, 


where 

and 


R = 


ME* (•-‘'•e- 


327 re* 2 *ZmN u 


■ du 


MB* 


325te*2*ZjwN 


[E.(y,)-E.(y,)]. 


yi = 2 log 

— 2 log 2mo^fE. 


( 8 ) 


The values of the exponential integral E, (») have been tabulated by Glaisherf 
and Bretschneider.t 

When V is large or E small, so that the variation of the logarithmic term can 
be neglected, equation (1) integrates directly to R « v* + const. For lower 
V or higher E, the effective exponent n in the relation between R and v, when 
expressed in the form R « v", becomes smaller. This is known to be in 
general agreement with facts relating to the variation of stopping power both 
with velocity and with the mean excitation potential of the absorbing atoms. 

* Bethe, ‘ Ann. Physik,’ vol. 5, p. 326 (1980). 

t Johnke and Bmde, ‘ Funktion Tafeln,” 1928. 

X Bretsobneider, ‘Z. Math. Phys.,’ vol. 6, p. 127 (1861). 
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The expression derived by Bohr* trom classical theory differs from (1) only 
in the argument of the logarithm, in which 2 wt^*/E is replaced by a term pro- 
portional to where v is the classical dispersion frequency. It can be 

seen from a consideration of dimensions that no other argument for the 
logarithm is possible on classical theory. It is the introduction of Planck’s 
constant in the quantum theory which leads to the replacement of the term 
in by one in v*. 

Salaman and Harperf have compared the observed relation between the 
range and velocity of alpha-particles in hydrogen with a theoretical relation 
derived by GauntJ. 

The difficulty in making a direct comparison of Bethe’s theory with experi- 
ment Lies in the uncertainty of the values of and A„j and so of E, Bethe 
has estimated these quantities on the assumption that the wave function 
of a complicated atom can be considered as the sum of hydrogen wave functions 
of the same quantum number.§ In this way he obtains agreement to within 
about 10 per cent, between the calculated and observed stopping power for 
light elements. Since, however, E enters the expression for the stopping power 
( 1 ) only as the argument of a logarithm, it would require a large change in E 
to remove a 10 per cent, discrepancy in cTT/dcc. In spite of this, it is of interest 
to assume that an expression of the form of (3) does represent the variation of 
R with V and to solve for E and Z, treating them as constants to be determined. 
To do this it is necessary to know the velocity at three points along the range. 
Let R 33 and Rji be the ranges traversed by a particle as its velocity falls from 
V 3 to Vjj from Vj to Vj. Then from (3) 

^82 ^ 

Rji 

Using the observed value of Ra^/Rai equation (4) can be solved for the mean 
excitation potential E and the number of effective electrons Z. 

2 . The Loss of Energy of Alpha-particles in Hydrogen, Helium and Air. 

For alpha-particles in hydrogen it is to be expected that Bethe’s theory will 
be approximately valid at least down to velocities of about 8 X lO'* era, per 

Bohr, ' Phil. Mag.; voL 24, p. 10 (1013) ; vol. 30, p, 581 (1915). 

t Salaman and Harper, * Proc. Roy. Soo.,’ A, vol, 127, p. 175 (1028), 

} Gaunt, ‘ Proa. Camb. Phil Soc.; vol. 23, p. 732 (1028). See also Betha, loc. cil., 
p, 372 j Mott, ^ Proo, Camb. Phil. Soc.; vol. 2T, p. 553 (1031) ; and Frame, 'Proc, 
Camb. Phil. Soo.; vol 27, p. 511 (1031). 

§ Thifl assumption exoludcM» all dotible excitation processes from consideration. 
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second, since the orbital velocity of the electrons is only about 2’b X 10*’ cm. 
per second. The conditions are nearly as favourable with heliuia, but in air 
where the orbital velocities of the inner electrons reach 1*6 X 10* cm. per 
second, the approximation should be less good. To solve for S and Z we 
require three pairs of values of v and R. These are taken from Briggs’s* results 
for air and are given below. 

Uj = 1 '922 X 10* cm. per sec. Rj — 6*90 

R„ = 3-61 j. 

= 1-600 Rj = 3-29 ^ = 1-710 

R„ = 21l ^81 

Cl = 1-000 Ri = l-18 

The corresponding ranges in hydrogen and helium are obtained from Gumcy’st 
measurements of the mean differential stopping power. These are given for 
the relevant ranges in columns (2) and (3) of Table I. Using the values of 
Rgi/Rgi given in column (4), equation (4) is solved for E graphically, by evalu- 
ating its right-hand side as a function of E. In this way the values given in 
colxunn 6 were found. 

Table I. 


OaB. 

MeAu stopping power. 


r 

E, j 

z. 

E. 

i 

1 7 

1 /*, 

1 


aa,. 


Calculated. 

i 

Bx|)eoted. 

Hydrogen H, 

0*211 

t 

(>■217 

1-760 

DO 

(40) 

3 0 
0-8) 

16 

2 

Helium 

0174 

O’ 176 

1-730 

116 

(70) 

2-8 

(2-4) 

30 

2 

Air 

1000 

1000 

1-710 

127 

(80) 

161 

(U-8) 

60 
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The corresponding values of Z obtained from (3) are given in column 6. 
Finally, in the last two colunms are given the approximate values to be expected 
theoretically. Since the R.H.S. of (4) varies only slowly with E for the velocities 
used, the accuracy of the determination of £ is not high. The discrepancy 
between the calculated and expected values of E and Z is surprising. 

In brackets in column 5 are given alternative values of E and Z obtained in 
the following way. There is some evidence that Briggs’s velocity determinations 
may be slightly in error. For the now accepted value for the extrapolated 

* Briggs. ‘ Proc. Roy. Soo.,’ A, voL 114, p. 341 (1M7). 
t Gurney, ' Ptoo. Roy. Soo.,’ A, voL 107, p. 340 (103&), 
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range* of the alpha rays from polonium (3*87 cm.) is about 0*06 cm, less than 
that obtained from Briggs’s results. In accordance with this Bg| should have 
a value about 3*24, instead of 3*29. If Briggs’s ranges are too high at this 
range, they are probably also too high at lower ranges, but by how much it is 
difficult to say. If, however, we assume that they are again correct at lower 
ranges, so that we take 1 • 18 as before, we get the largest value of R3J 
which need be seriously considered, namely 3-66/2*06 — 1*775, for air. The 
values of E and Z in brackets, so obtained are therefore the smallest possible 
values, and ore almost certainly too small. Though nearer the expected values 
the discrepancy is still very marked. 

The values for E and Z for air depend only on Briggs’s velocity measure- 
ments, but the values for hydrogen and helium depend also on Gurney’s 
measurements of their differential stopping powers. These lesults had been 
considered by the writer to be accurate to about 1 per cent, till, while this 
paper was in proof, it was pointed out to him by Mr. E. J. Williams that 
there is a 5 per cent, discrepancy between Gurney’s values for the differential 
stopping power of hydrogen and the values that can be deduced from the 
total stopping power tneasurements of Harper and Salaman. Taking the 
latter results, we get 0 • 200 instead of 0 • 21 1 , for the value of hydrogen. 

This gives to E and Z very nearly their expected values of 15 volts and 2*0 
electrons. In a paper dealing with this matter, which will appear shortly, 
Mr. Williams therefore concliuhis that Bethe’s theory is in agreement with 
the results for hydrogen. It is now considered by the writer that the weight 
of the evidence is in favour of Harper and' Salaman ’s results and of Mr. 
Williams’s conclusion. I am indebted to Mr. Williams for allowing me to 
discuss this matter, in anticipation of his paper on the subject. For air and 
helium the discrepancy between theory and experiment remains. For the 
former, differential stopping power measurements are not involved, and for 
the latter, no other but Guniey’s measurements are available. 

The main approximations used in the derivation of (1) are that the orbital 
velocities are small compared with that hydrogen wave functions have been 
used, and that all processes involving double excitation or the capture of 
electrons have been neglected. A more refined calculation taking these factors 
into account might certainly change somewhat the values of E and Z, but it is 
haxdly possible to see how the values found for air and He could be explained. 

Whatever may be the form of the true theoretical relation between the 
range and velocity of a fast particle, it cannot in practice differ much from 
Rutherford, Wiwd and Lewifl, ‘ Proc. Roy. Soo.,’ A, vol. 131, p. 684 (1031). 
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equation (3), with the empirically determined constants. For such an expres- 
sion does represent satisfactorily the observations on alpha-particles in 
hydrogen between out equivalent ranges of 0-6 and 8*6 cm. Though this 
variation of velocity, from 0*7 to ‘2-05 X 10^ cm. per second is not very great, 
it will be shown in Sections 3 and 4, that the same expression represents the 
probable velocity-range relation for H-particles in hydrogen down to ranges of 
0*2 cm., and up to ranges of 190 cm. Thus even if the true relation is of a 
different functional form it is still worth while to discuss the possible origin of 
the divergence, for low velocities of the observed ranges from those predicted 
by (3) with empirically determined constants. Part of this divergence is 
certainly to be attributed to the phenomenon of capture and loss of electrons 
by the moving particle. 

3. The Effect of Capture mid Loss of Electrofis on the Rate of Loss of E^iergy, 
la fig. 1, curve 1, is shown the experimental values of the velocity of an alpha- 
particle in hydrogen along the Last 6 cm. of its range.* Curve 3 shows the 

^urv^e 1 a part icies in hyd r<»^et i f f 

2 H-particles « | ! 

'• 3 Theoretical curve for H particles in livdiogen^E-SO 

n 4 M r .. M 



Range in hydrogen at 760 mm and 15’^C. 

Fio. 1. 

♦ See Table. Blackett and * Proo. Roy. 8oc.,’ A (in the prens). 
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theorotioal relation given by equation (3), using the values 90 volts and 3 
for the constants E and Z ; those values are those required to fit the observed 
curve for velocities 10, 16 and 19 *22 X 10^ cm. per second. Curve 4 represents 
equation (3) with E equal to its expected value of 15 volts, and with Z chosen 
so as to make the ranges correct at velocities of 16 and 19*22 X 10^. If the 
stopping power data of Harper and Salaman is used, the theoretical curve 
with E 15 volts will be nearly coincident with curve 3. 

In fig. 2, curve 1, is shown the mean charge of an alplia-particle in hydrogen 
obtained from Kapitza's**' measurements of ejv, using the values of v from 



Fia. 2. 

curve 1. It will be seen at once that the mean charge begins to difier markedly 
from 2e at a range of about 20 mm., that is just where the divergence between 
the experimental and theoretical range velocity curves becomes appreciable. f 

The problem of the loss of energy by an alpha-particle which is capturing 
and losing electrons, so that its mean charge differs considerably from 2e, is 
not yet solved. Brinkraann and KramersJ have used a method due to Oppen- 
heimer§ and have found a theoretical expression for the rate of capture in 

♦ Kapitza, ‘ Proc. Roy. Soo.,’ A, vol. 106, p. 602 (1924). 

t It is interesting to note that if from Kapitsa's measurements, is plotted against 
the velocity instead of against the range, that the points for alpha- particles both in hydrogen 
and in air lie on the same curve, ^Thna the mean charge of an alpha* particle of given 
velooUy is the same in air as in hydrogen. The values are as follows : — 


Velocity of alpha-partiolcH, cm. per see. X 10-® ... j 2 j 4 

6 

8 

10 

j ^ t 

Moan charge in atomic units - 0 25 j 1*10 

1-60 

! 

1-85 

1*05 

1 


Since Kapitza's measurements were made with a Wilson chamber, the hydrogen was 
not pure, owing to the water vajjour present. The results for pure hydrogen might be 
somewhat different. 

f Brinkmann and Kramers, * K. Acad. Wetens. Amsterdam,* vol. 38, p. 073 (1980). 

§ Oj^penheimer, * Phys, Rev,,* vol. 81, p. 66, 349 (1928). 
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fair agreement with observation, but have not considered the effect on the rate 
of loss of energy. It is, however, very probable that the average rate of lose of 
energy by a particle will decrease as its mean charge decreases as a result 
of the capture and loss of electrons.* 

This argument allows certain conolusions to be drawn as to the differenct; to 
be expected in the range velocity curves of apha^particles and H-particles. 
From (3), the range of a fast H-particle will be very nearly the same, actually 
1*008 times greater than that of an alpha-particle of the same velocity. This 
is well known to be approximately true. The range velocity curves for the two 
particles will certainly not differ by more thaii this small factor from each other, 
while the theoretical assumptions, on which the derivation of (3) are based, 
are valid. The main cause of the eventual divergence of the two curves may 
be expected to lie in the different behaviour of H-particles and alpha-particles 
as regards capture and loss of electrons. Now an H-particle captures electrons 
much less readily than an alpha-particle of the same velocity. In curve 2, 
fig, 2, is shown the mean charge of an H-particle in hydrogen as measured by 
RUchardtf using positive rays. The full curve shows the actual measurements 
and the dotted line is a rough extrapolation. From this curve it is clear that 
the capture and loss effect will not affect appreciably the energy loss of an 
H-particle in hydrogen above about 5 mm. residual range, while for an alpha- 
particle the effect will be appreciable up to 25 mm. residual range. 

If an alpha-particle and an H-particle with the same high initial velocity 
ore considered, the curves, which represent their velocities plotted against 
their distances in hydrogen from their starting point, will both lie together till 
a velocity of about 7 X 10^ cm. per second is reached. After this the mean 
charge of the alpha-particles will fall below 2e owing to the capture and loss 

* For heavy atoms such as oxygen or argon, wo may expect, from (1), that the rate of 
loss of energy will be roughly proportional to the square of the mean charge. However, 
for H-partioles and alpha-partioles, a somewhat greater energy loss may be expected For 
consider an H-partieJe of mean charge e/2. It will spend half of any small interval of time 
as a naiced H ion and half as a neutral H atom. During the former period it will lose an 
atuount of energy proportional to while in the latter it will still lose some energy in 
spite of the fa^ that its charge is xero. Thus the mean energy loss will correspond to a 
mean charge somewhat greater than the root mean square charge. A rough test of this is 
afforded by comparing the rate of energy loss dT/da? for curves (1) and (3), fig, 1. We can 
define the effective mean charge of an alpha-particle as equal to twice the square root of 
the ratio of its actual rate of loss of energy (that is along curve 1) to that which it would 
lose along curve 3. The effective mean charges are found to be larger than the measured 
mean charges, in agreement with this argument, 

t Rttohardt, ‘ Ann. Fhysik,’ vol, 71, p. 377 <1^23) ; also Jacobsen, * Phil. Mag,/ vol, 10, 
p. 401 (1930). 
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eifacti with the result that the rate of loss of its energy will be reduced and its 
velocity will fall less rapidly than that of the H-particle^ The alpha-particle 
will therefore travel farther and attain a final range greater than that of the 
H-particIe. To find this extra range D, it is necessary to know the exact 
ranges of the two types of particles for some velocity greater than 7 X 10® 
cm. per second. Unfortunately, sufficiently exact measurements do not exist. 
But D can be estimated from the data shown in fig. 1. Now curve 1 gives the 
velocity of an alpha-particle at a given distance from the end of its range in 
hydrogen. Curve 2 gives similarly the velocity of an H-partiole in terms of the 
distance from the end of its range in hydrogen. The method of obtaining tliis 
curve has been described in 8e(jtioii 4 of the paper by Blackett aiid Lees {loc, 
ciL). 

If the assumption is correct that, for small ranges, the curve, giving the 
velocity of an H-particle at a given distance from the source, must lie below the 
corresponding curve for an alpha-particle, then it follows that the curve, which 
gives the velcKuty of an H-particle at a given distance from the end of its range, 
must lie above that for an alpha-particle. This is seen to be true of the curves 
in fig. 1. Further, if the two kinds of particles behave identically when 
sufficiently fast, the curve 2 for the H-particle should, for longer ranges, run 
parallel to, and at the constant distance D from the corresponding curve 1 for 
alpha-particles. This is not quite true of the experimental curves as the 
horizontal distance between the two curves decreases for velocities greater 
than 8 X 10® cm. per second. But the curve for H-particles is only roughly 
determined for such relatively large velocities and the discrepancy can be 
removed by tlie reasonable assumption that the last two points on the measured 
velocity curve are about 3 per cent, and 5 per cent. low. 

On this assumption we find that the curve 2 for H-particles must l)e displaced 
to the right by a distance D = 8*5 mm. of hydrogen, in order that it should 
lie below the alpha-particle curve for low velocities and that it should touch it 
for high velocities. On this assumption an alpha-particle therefore always 
travels 8*5 mm. farther in hydrogen than does an H-particle of the same 
velocity, provided this velocity is greater than about 7 X 10® cm. per second. 

The points obtained by displacing curve 2 by this distance D to the right are 
shown by circles. The complete curve which passes through them and which 
then joins the observed alpha-particle curve at a velocity of about 7 X 10* 
cm. per second should, therefore, represent the velocity along the whole length 
of a fast H-partiole track. Since the capture and loss effect can have little 
influence on the energy loss of an H-particle till the last few millimetres of its 
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range in hydrogen, one would expect this complete curve for an H-particle 
to agree olosely with the theoretical curve. Actually it is seen that the 
transferred points do in fact lie very close to the curve (shown dotted) given 
by (3) using the empirically determined constants for alpha-particles. 

The relation between the range velocity curves for H-particles and alpha - 
particles in air are very similar to the relation just described for those particles 
in hydrogen. The distance D by which the H-particle curve must be shifted 
is 1 *8 mm. of air. The ratio of this to value of 8'6 mm. found for hydrogen, 
is very nearly the ratio of tlie ranges in the two gases. 


4. The> IjOwj Range AlpJm-jKirticks and Fast H-pa/rticle^. 

In spite of the discrepancy between the expected and the experimentally 
determined values of E and Z, an expression of the form (3), that is 

K-C[E.(t/,)--E.(j/i)J, (5) 

where Vi == 2 log etc., does in fact represent the distance travelled 

in a gas by a particle ha its velocity falls from to very much better than 
any simple power law, and, owing to its theoretical justification, is to be 
preferred to any purely empirical rule such as that employed by Rosenblum* 
or Rutherford, Ward and Lewis.f Unfortunately, it is inconvenient to use 
owing chiefly to the lack of adequate tables of the integral GlaisherJ tabulated 
Et (x) for values of a: up to 6*0 at 0-1 intervals and thence to 16, at unit 
intervals; Bret8chneider§ had previously tabulated the same function at 
0 • 1 intervals up to 7 • 6. Unfortunately, the values required in this work extend 
up to a; = 11. In the region of x = 7*5 to 11, values of E, (a?) accurate to 
about i per cent, can be obtained by interpolating graphically on graphs of 
log E, (a:) against x, but this accuracy is hardly sufficient for the purposes 
required. 

Consider the range velocity relation for an alpha-particle in air. It has been 
sliown that (5) represents the results if E is taken as about 127 volts. Taking 
this value, any two velocity determinations serve to determine C. We find 
from the same velocity range data that C = 0*08440. 

With this value (6) represents the observations so well for ranges from 1-5 
to 8*6 cm. that it can be extrapolated with some confidence to still higher 

♦ Rosenblum, ‘ Phys. Zeit./ vol. 29, p. 787 (1928). 
t ‘ Proo. Roy. Soc.,* A, vol 181, p. 084 (1931). 

% Loc, eit, 

§ IjOc, ciL 
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ranges. For instance, the mean velocity of the 11-62 cm. long range group 
of alphas from ThC measured by Nimmo and Feather* is found from (6) to 
be 2*260 X 10® cm, per second. Recently Rosenblumt has measured this 
velocity directly and has found 2*259 X 10® cm, per second. The errors in 
the calculation due to the lack of adequate tables are of the same order as the 
experimental errors so that no useful table can be made of the residuals. 

The range of fast H-particles can also be estimated by this method, for 
according to equation (3) and the argument of Section 3, the range R 0 of a fast 
H-particle in centimetres of air is given in terms the range of an alpha- 
particle by the expression Kh = 1*008R„ — 0*2. There are three easily 
made determinations of the ranges of fast H-particles with which to compare 
the calculated values ; these are the ranges of the H-particles projected by a 
head-on coUisionJ of alpha-particles from polonium, RaC' and ThC'. Table II 
gives the measured ranges and those calculated from (5) with C = 1*008 X 


0*03440. 

Table 11. 


1 

iSouro© of alpha- 
particlfttt. 

Velocity 
of alphas 

Velocity 
of H-partioles 

Range 

ol»erv(M.l 

Range 

calculated, 

cm. per sof*. j 

cm. per sec. 

cm, air at 15® C, 

om. air at 15® C. 

RaF 

l-691xl0» 

2 •644x10* 

i 

17 

17*3 

RaC' 

1-922 

3 071 

32 

32*6 

ThC' 

2-055 

3'2»1 

i 

40-5 

41-3 


The measured range8§ are somewhat uncertain owing to the difficulty of 
defining a definite end point on the absorption curves. They are also extra- 
polated ranges and so are not directly comparable with the calculated mean 
ranges. The agreement between the observed and calculated ranges is thus 
certainly within the experimental error of the former. Failing a new and 
careful re-determination of the observed ranges, the calculated values may> 
perhaps, be considered as the more reliable. 

It is important to note that the extrapolation of (5) to these long ranges is 
not very dependent on the exact choice of the constant B. Any value from 

• Nimmo and Feather, ‘ Proc. Roy. Soo.,‘ A, voi. 122, p. 668 (1929). 

t Roeenblum, 'Oomptee Rendus/ voL 193, p. 848 (1931). 

J For a head-on collision vufva «= 2M/(M -h w) — 1 *698. The effects of relativity have 
been neglected, both in the calculation of vb and in the stopping power formula. 

§ Chadwick, Oemstafale and Pollard, *Proo, Roy. Soo.,’ A, vol. 130, p. 468 (1931). 
Rona, ‘ Wiener Ber.,* vol 135, p. 117 (1926). I am indebted to Br. Chadwick for the range 
when using ThC as source. 
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80 to 160 volts gives the same extrapolated values, within the error of calcula- 
tion,* but a value of 40 volts would lead to ranges about 6 per cent, higher. 
It is only due to this comparative insensitivity of (5) to the value of E for the 
higher velocities, that gives the extrapolation any justification. Table III 
gives the range and velocity of an H-partiole obtained by this method. The 
values given are obtained by graphical interpolation, but they are probably 
more reliable than those obtained in the usual way by assuming one of the 
three determinations of Table II, together with a simple power law with 
exponent between 3 and 3-5. 

Table III. 


Range, cm. air 15"^ C. 
Velocity, cm. pttrHco. 

14-8 

19-8 

1 

24’8 

i 

2»’8 , 

i 1 

34-8 

30-8 

1 

49-8 

r>9-8 

79-8 1 

99*8 

X 10“* 

2-45 

2-87 

2-85 

3*00 ; 

315 

3-28 

3-47 

3-67 

3-97 

4-24 


As it may be legitimately assumed that the measured ranges of the fast 
H-particles in hydrogen would agree with the ranges oalculated from (5) as 
well as they do in air, one can conclude, in view of the argument of Section 3, 
that an expression of the form of (6) represents the variation of the range of an 
H-particIe in hydrogen from 0'2 cm. to 190 cm., tliat is, a range of distance of 
1000 to 1. The corresponding velocities are 3 x 10* and 3*3 X 10* cm. per 
second, a range of 10 to 1. 

Sumnuiry. 

(1) The observed variation of velocity of an alpha-particle along its range in 
hydrogen, helium and air is compared with the theoretical expression (3), 
given by Bethe’s theory of the loss of energy by fast particles. 

(2) The difference between the velocity-range curves for slow alpha-particles 
and H-particles is shown to be probably due mainly to the effect of the capture 
and loss of electrons by the alpha-particle. A curve is constructed in a semi- 
empirical manner to represent the variation of the velocity of an H-particle 
in hydrogen along the whole of its range. 

(3) An expression of the theoretical form but with empirically determined 
constants is used to extrapolate the alpha-particle range-velocity curves to 
give the ranges of fast H-particles. The values so obtained agree wdl with the 
few measurements available. 

* The error of oalouktioa of the range is about 1 in 300 for mngee up to ISO ent. This, 
of Qoutae, could easily be reduced by evaluating the integral numerically for intermediate 
values of the argument. 
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A Theory of Eddy Diffusion in the Atmosphere, 

By (). G. Sutton, B.Sc. 

(Communicated by G. C. Simpson, F.R.8,— Received October 19, 1931,) 

1 . Introductory. 

The theory of eddy diffusion in the atmosphere put forward almost simul- 
taneously by G. I. Taylor’*' and L. F. Richardsonf in England and by W. 
Schmidt J in Austria is a direct generalisation of the classical theory of molecular 
diffusion. It is assumed that the mass effect of the eddies is entirely similar, 
except for a scale difference, to that of the molecules ; thus we find an eddy- 
diffusivity of the order of 10* to 10^^ cm.^/sec. replacing a molecular diffusivity 
of the order of 10“ ^ cm.*/8ec. in entirely similar differential equations. Recent 
researches, § however, have shown that the difference between the eddy 
structure of a turbulent fluid and the molecular structure of a fluid at rest is 
more than one of scale, and it is now clear that thei‘e is need of an extended 
theory to express this difference. 

The failure of the earlier theory to account for the phenomenon of atmo- 
spheric diffusion has been made evident by the enormous variations found in 
K, the eddy conductivity. Richardson has evaluated K for the diffusion of 
smoke over short- distances, for the distribution of volcanic ash, and for the 
scatter of small balloons, and has found K’s varying from 10* to 10*^ cm.*/8ec. 
Other writers have given estimates varying from *10* to 10^^ cm.*/8ec., and in 
general it has been found that K increases rapidly with the scale of the 
phenomenon* The present paper is concerned with an attempt to define a 
new diffusion coefficient which is constant over a field of a few hxmdred metres 
to hundreds of kilometres. The basic idea, that the rate of diffusion is 
governed by what is termed the effective eddy ’’ is not entirely new ; it is 
inherent in much of Richardson *8 work. In the earlier theory it was assumed 
that the suse of the effective eddy remained constant ; here it is assumed that 
it varies with the distance travelled by the diffusing cluster. 

♦ ‘ Phil. Trwis./ A, vol. 216, p. 1 (1916). 

t L, F. Eiohardson, ** Weather Prediction/* Cambridge, 1922. 

I W* Sohmidt, Der Massenaustausoh in frier Luft,** vol. 7, ** Frobleiue der Kosmisoheii 

Phyrik/* 

§ For an aooount of these researches the reader is referred to an article entitled ** The 
Present Position of the Theory of Turbulent Motion in the Atmosphere/' by E, Li. 
Davies and 0. G. Sutton, ‘ Q. J* Roy. Met. Hoc./ October (1931). 
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Th« Taylox theory was first applied to the problem of the scattering of smoke 
in the atmosphere by 0. F. T. Roberts, ♦ who obtained expressions for the 
density distributions from instantaneous and continuous point soun^es of 
matter, and for long line cross wind sources. The only comparisons made by 
Roberts with actual observations were with the clouds obtained at great 
heights from anti-aircraft shell bursts, and the only two examples available 
to him at the time of writing the paper gave moderate results, JLater, a long 
series of observations became available, and it was then evident that, if we 
accept Robertses opacity theory, the Taylor theory could not givti a true 
representation of the facts of diffusion even in regions well away from the 
disturbing effects of the earth’s surface. 

The density of suspended matter, ^ gui. per cubic centimetre, must satisfy, 
according to Taylor and Schmidt, the differential equation 



where x is measured down wind, y across wind, and z vertically upwards, and 
V and w are the corresponding components of the mean velocity of the 
wind. This “Fickian” equation, with K^, and constant, was the 
basic equation of Roberts’s work. When the inadequacy of this treatment 
became evident, the device of putting K* proportional to a power of z, and 
allowing for the variation of the wind with height was tried, but, whilst some 
iirq)rovement was found, the modified ciiuation still failed to give an adequate 
representation of the observed facts. In view of these failures an entirely new 
theory was sought. 

2. Theory. 

The mathematical basis of the present theory is to be found in the researches 
of 6. I. Taylort on the problem of diffusion by continuous movements. In 
this contribution to the subject, Taylor has extended the researches of Pearson, 
Rayleigh and Kluyver on the problem of “ Random Flights,” ie., the problem 
of the scatter caused by uncorrelated movements in a fluid, to the case when a 
correlation exists between the motion of a particle at one instant and its 
motion at some subsequent time. The methods employed are entirely 
statistical, and no appeal is made to the physical properties of the fluid. 

Let R{ be the correlation coefficient betwieen the motion of the air for a 
particle at any instant and the motion for the same particle after a lapse of t 

♦ ‘ Proo. Roy. Boo./ A, vol. 104, p. 640 (1023). 
t ‘ Proo. Lond. Math. Soo.,* vol 20, p. 106 (1922). 
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seconds. If now [u^] represent the mean energy of motion of the fluid (assumed 
invariant with time), Taylor deduces, by purely statistical methods, the 
remarkable equation 

[X*1 = 2K1 r fRtdPdt. (1) 

Jo Jo 

where X is the distance travelled by the particle in tim(^ T. If cr denote the 
standard deviation of the particles from their mean position we find 

o-- \/ i 2[M*] (' f (2) 

J 0 J 0 

The r<^8triotions laid on arc simply — 

(1) Rf is an even function of 

(2) I R^ I ^ 1, since R is a correlation coefficient* 

We have now to consider the form to be adopted for R^ which will make this 
work applicable to the problem of turbulent motion in the atmosphere. 

A natural assumption is that 0 as ^ > qc . This means that after 
sufficient time the final motion of the particle bears no resemblance to its 
initial motion. In this way the efle<?ts of the larger and different eddies which 
the particle encounters are brought into play. It is clear to evt*ry one who has 
watched smokc' diffusing that the particles start, off at first under the influence 
of small local eddies, but that at greater distances from the source the sciatter 
is such that the relative motion of the particles is dominated by the larger 
eddies. Thus, in considering the relative motions of the particles in a diffusing 
cluster, the final motion of a particle may be entirely different from that which 
prevailed initially. The outstanding weakness of the older theories of eddy 
diffusion lay in their inability to express the fact that, owing to the various 
sizes of eddies encountered, diffusivity in a turbulent fluid such as the atmo- 
sphere must be regarded as a function of the distance apart of the particles. 
This difficulty was pointed out by Richardson* in a recent paper, and his 
** Distance-Neighbour Graph ** is an attempt to overcome this obstacle. 

In the atmosphere we have a state of affairs in which the agents of diffusion 
are eddies of all sizes, ranging from the minute convectional whorl to the 
cyclonic depression, but not all size eddies are effective at the some time in 
the life history of the cluster. When the particles are closely packed together 
the large scale eddies will have little or no influence upon the rate of diffusion, 
but when the stage is reached that the particles are widely separated the 

♦ * Proo. Roy. Soc.,’ A, vol. 110, p. 700 (1926), 
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influence of the smaller-sizsed eddies will become less and less, and the relative 
motion of the particles, and thus the rate of growth of the cluster, will be 
detemainod solely by the larger eddies. We thus arrive at the idea of an 

effective eddy ** governing the rate of diffusion at each distance, the diameter 
of the effective eddy being the m(?an diameter of the eddies which at that time 
in the life of the cloud are most concerned in the process of diffusion. The 
size of the effective eddy increases with the size of the group of particles, until 
ultimately the panicles are so far apart that their relative motion is determined 
only by the general circulation of the atmosphere. It will be shown later 
that there is evidtmce of a j)erfectly determinate law of increase of the size 
of the effective eddy for diffusion near the earth’s surface and also at gieat 
iHughts in the atmosphere. 

In applying Taylor’s work we shall make the additional assumption tliat 
[wj is indej)endent of time. For short periods of time an inspection of anemo- 
meter records makes it clear tliat there is a mean velocity which varies 
mainly with the pressure system, and which may therefore be regarded 
as invariant when compared with the rapid fluctuations of the eddy velocity. 
For observ'ations dealing with diffusion over a matter of days it seems 
justifiable to assume that in taking the mean of a large number of observa- 
tions the variations in the pressure system tend to cancel out, and tliat we 
are dealing with what is virtually a steady mean motion. 

We have thus to assign a mathematical form to which shall take into 
account all these factors. We assume that behaves like ([u]^)“”, n > 0, 
and since clearly the correlation between the motion at one instant and that at 
a time ^ seconds earlier must also be. ([w.]^) " ” we may define R^ as 


Hi 


/ a 


if l«^l > 1. 


Rf 1 afs ^ -> 0, but always remaining less tlxan unity. 


The quantity a hero is a constant length. 

The exact analytical form of R^ is not of immediate importance ; all that 
matters is that it should behave like ([mIC'"- 
This definition of R^ renders it an even integrable function, and it is easily 
verified that (2) now yields 


2 «'‘ 


if we put 


(1 _ n) (2 - w) 


([„]T)*-" = ic«([«]T)»-", 




4a” 




» 9^ 1 or 2 (3) 
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The quantity C thus introduced takes the place of K in the ** Fickian " 
theories of diffusion, and the constancy of C is a test of the truth of the present 
ex|K)sitioif. 

An expression similar to (3) has been obtained by Richardson*** who found, 
for particles subjected to the Fickian law of diffusion, i.e., the type of diffusion 
considered by Taylor and Schmidt, 

2KL (4) 

To obtain this form from Taylor's equation we must make a different assumption 
concerning If we assume that 

lim I — A, 

whore A is finite, we find 

wfien T is large;. This, of oourse, is simply Richardson’s formula with 
K = A [‘m®]. W(; also find, oii the above hypothesis concerning R(t 

[Xw] = A [m*] = constant. 

We may thus identify [XmJ with Taylor’s K, and if, furthermore, we compare 
[Xm] with the original expression for K, viz., ^wd, where w is proportional to 
the mean wind velocity and d is the moan diameter of the eddies, we arrive 
at the result that the Fickian law of diffusion implies that the size of the effeotwe 
eddy does not vary no matter }yow widdy the particles are separated. In other 
words, the Fickian law of scatter only applies to the very special case where 
all the eddies are of the same size. On the other hand, if we consider the special 
form of Rf proposed above for the atmosphere, we find 

[X] = = i (2 - n) 0» (mT)>-” (5) 

and interpreting [XJ as before we have, for n 1, the result that the size of 
the effeotwe eddy increases with the distance of the diffusing duster from its source. 
This is much more likely to be true of atmospheric diffusion than the assump- 
tion that all the eddies concerned in the process of diffusion are of the same 
size. 

In the case of a fluid at rest, the eddies are replaced by the molecules as the 
diffusion agents, and since the molecules are equally distributed over the space 

• ‘ PhlL Trans.,’ A, voL 221, p. 1 (l»81). 

t ‘ Ptoo. Load. Hath. Soo vol 20, p. 208 (1922), equation (21). 
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occupied by tbe fluid and are all of the same size, we may expect the Fickian 
law to hold for molecular diflEusion. Einstein,* in his work on the Brownian 
movement, has deduced the formula * 


a* 


RT 

SirNTjr 


. t 


( 6 ) 


(where R is tlie gas constant, T is the absolute temperature, N is Avogadro’s 
number, whilst the term 37njr is derived from Stokes’ expression for the terminal 
velocity of a sphere of radius r iii a fluid of viscosity vj) for the scatter of ultra- 
xnicroscopic particles due to the agitation of the molecules. This, of course?, 
is the Fickian law, and the researches of Perrin and others have shown that 
this law is very well supported by experiments on colloidal suspensions. We 
may consider the presem^e of dust, smoke or water vajx)ur droplets in the air 
as analogous to a colloidal suspension, but in this case tlu* a(5tiou of eddies of 
varying sizes causes the breakdown of the Fickian law. It should be noted 
that the Taylor-Schmidt theory does not differentiate betweiMi the case when 
the fluid is at rest and the only forces causing diffusion are molecular, and the 
case when the fluid is in turbulent motion, except in the matter of scale, 
whereas the present theory suggests that the fundamental difference lies 
rather in the contrast between equations (3) and (4), Observations have 
shown that K increases very rapidly with the scale of the pheriomena under 
consideration, and this is to be expected if the effective eddies really are 
increasing in size. It will be shown in the latter part of ,this i>aper tliat the 
assumption of the law^ of increase in the size of the effective eddy is well con- 
firmed in that experiments which show an increase in K from 10^ to 10^ cm,*/»‘*c. 
yield C’s of the same order. 

One important consequence of equation (2) should be noted. If Ji^ 0 (S**") 
then o* 0 (T*"*"), i.e.y the more rapidly that 0, the slower is the increase 
in CT. If R( = 1 throughout the motion we find 

a* = (uT)\ (7) 

i.c., C ~ \/2. The case B “ 1 clearly corresponds to streamline motion or 
no turbulence, but it is also possible that if we average out our observations 
on the scatter of particles in turbulent air over a sufficiently long period, the 
variations in the motion tend to be smoothed out, and we are then really 
dealing with a pcrfet^tly correlated motion instead of a motion which tends to 


♦ Ann. Phyaik,’ voL l7, p. 182 (1905). 
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become more random a» time proceeds. Hence, in considering observations 
on diffusion we must take into consideration the duration of the sampling period. 
An illustration will make this clear. If we consider the cloud from a continuous 
point source, a sf/ru's of photographs taken from a point vertically above the 
(doud will show a narrow “ ribbon ** of smoke swinging over an arc. lustan- 
tan<H>us cross wind samples of the density in the cloud at a fixed distance from 
the source would show a narrow cross wind density curv(», hut if the samples 
were taken <^ontin\iou.sly over a period of, say, an hour, the cross wind density 
<;urve w^ould b<‘ considerably wider owing to the swinging of the cloud. Diffusion 
in a turbulent fluid has thus to be considered not only in terms of the distance 
travelhHi by the particles, but also in terms of the time taken in sampling. 
This asj>ect of the problem will b(* refoiTed to later in the section of the paper 
devoted to comparison of the theory with observations. 

We shall now proceed to derive expressioiis for the density distributions 
from various t}’}>es of sources. The application of Roberts’s opacity theory 
to tint case of the instantaneous point source will also be made, in order that 
the values of C at great heights in the atmosphere may bo found from the rate 
of growth of the visible outline of the cloud produced by the burst of an anti- 
air<'Taft shell. 


3. The Density Exjn^essions. 

(1) The ImUmtaneous Poini Source. — ^Let Q gm. of smoke be generated, and 
let X be the density of th(^ smoke in grams per cubic centimetre at any point 
in space. Wo take axes moving with the mean velocity of the wind, u ; let 
the x-axis be down wind, the y-axis across wind, and the e-axis vertically 
upwards. Let t be the time as measured from the instant of generation. 

We require a function x 2/» which has the following properties 

(1) X i oc . 

(2) X 0 as i 0, except at the origin. 

3) The standard deviation of the particles from their mean position must 

(4) The total amount of matter is constant (=:= Q) at any instant. 

Such a fimction is given by 

X („)*/« ( " C» (u<)«) ■ 

where r® =a sc* + y® + a®, and wi = 2 — n. It is clear from inspection that 
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conditions (1) and (2) are fulfilled, and it is easily verified that conditions (3) 
and (4) are also satisfied, remembering that 


r® 

o J t> 

Xdr 

J 0 

OD 

Q= ^^^ida^dydz. 

— QC 

ThiiJ expression gives the distribution of density in a pjifi of smoke. Differenti- 
ating (8) with respect to time we have 




ninn 


h 9 , , , 


WI+J. 


imn i 

2 {tU)} ’ 


whence it is easy to see that if we consider a sphere of fixed radius fo centred 
at the origin that the density of smoke on the surface of the sphere is zero at 

I ,2r 

t — 0, rises to a maximum at ^ ) and then decn^ases again to zero 

as ^ 00 . The maximum value of the density on the surface of the sphere is 

approximately 0*07Q/ro®, and thus varies inversely as the volume of the 
sphere, a result which is otherwise evident. The maximum value is thus 
independent of the rate of diffusion, and variations in C and m only affect the 
time at which it is attained. 

In order to test (8) against data from actual experiments we must employ 
the opacity theory developed by Boberts for this purpose. Roberts (foe. oiL, 
pp. 645-646) concludes that an expression for the visible outline of a cloud 
may be obtained by assuming that a certain number of particles must lie in 
a tube of unit cross section through the observer in order to obtain obscuration 
of the background. If N be this number we have 


N = f 

J - ot 


Q 


exp 






where ^ = - .r* -1- s*. Hence 


_ Q I? I. 

7tC*(v/)*" ^ I C* («()"/ 


{lU)” 
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If now d be the visible diameter of the puff, as measured from a photograph or 
otherwise 


^ 4 'm £!2 (constant) (w() |, 


{^) 


If we plot against log^ (ni) for a given m we should obtain a straight 

line if the theory is at all in accordance with the facts. The slope of the line 
will be 4wC^, thus enabling C to be calculated without any assumptions on the 
magnitude of N. 

The expressions which have been derived above should be compared with 
those obtained by Roberts {ho. cit.y pp. 641 and 647) on the basis of the Fickian 
law. It should be observed that, in virtue of the original definition of n, and 
since diffusion demands that the standard deviation of the particles must 
increase with time, m must lie between 1 and 2. This is an important deduction 
from the theory, since it places a theoretical upper limit to the power of the 
eddies to cause scattering of the particles. Roberts’s formulae are identical 
with those employed in the classical theory of the conduction of heat, and 
they may be derived from the above expressions by putting m ^ I and 
C* — 4K/u. It will be shown later that the observatiotis require that m shall 
exceed unity, so that the present formulse imply a faster rate of diffusion than 
that given by the Fickian law. The two (expressions also show another 
important difference. If we do not assume that K is proportional to the mean 
wind velocity (a relationship which is empirical in the Taylor theory), the 
expansion of the puff is proportional to the time, whereas in the present theory 
the expansion is proportional to the distance travelled, i,e>, a puff will always 
have the same diameter at a fixed distance from the point of generation, 
irrespective of the time taken to reach that distance. In other words, the 
present theory implies that the wind does not merely ciirry the puff l)odily 
along, but also plays a part in its expansion, in that the slower the wind sjKBed, 
the slower the diffusion. 

(2) The Continuous Fowl Source.— In order to pass from the case of a puff 
of smoke to the case of a source emitting continuously at a fixed point at a 
steady rate (Q gm./sec.) in a wind of mean velocity u, we must replace ao in 
(8) by a! Mi, where the new x denotes distance down wind from the point 
of emission, and integrate with respect to t from 0 to x> . That is, we have to 
evaluate 




utf + i 
C^{ut)^ 




The formal integration presents difficulties, but it is possible to treat the 
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expression with sufficient accuracy for our purpose by making use of approxi- 
mations based upon the physical aspects of the problem. The author is 
indebted to Mr. D. Brunt for the following method, in which the assumption is 
made that the spread of the smoke laterally and vertically is small compared 
with the distance of travel down wind. This condition is obviously satisfied 
except when the distance travelled is very great, or when the time of sampling 
is very long. 

Ijet us regard the cloud from the point source as being due to the super- 
position of an infinite number of puffs of ages varying from 0 to oo . Now we 
know from the physical aspects of the problem that, under the above con- 
ditions, the value of x only depend upon those puffs whose 

centres are distant from {x, y, z) by not more than about half the width or 
height of the cloud. In other words, the only effective puffs are those whoso 
ages differ from xju by a small quantity. This, of course, implies that y 
and z are small compared with x. 


We Imve 


'^(1 

n 


■t 


Z = 



exp 


+ T)^f 


A being a constant. 

But, as stated above, the only appreciable contributions to x from puffs 
for which t is small, and consequently the integration need not be taken beyond 
the range t = — ato T^+a, a being some small quantity whose order of 
magnitude is to be determined later. Hence 


But 


(1 + exp { dr. 

C*®" (1 + T)"' C*x"' ' ^ y» + z *' ' ^ 


and BO 


A exp 


f-t 


[ 0*^*" 


UX' 
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Ezpandmg the exponentiai, and neglecting squares and higher powers of t, 
we find 


Aexp-f-^ti'l 
[ CV" j 




0 - .^OTT + 0(T*)}rfT 


UX ' 


2Aaexp ^ 


i 

0%’" ( 

xrr 


UX ' 


Now a will depend upon the dimensions of the cloud at the point considered. 
Its value wiU be determined by the fact that in the steady state the flux of 
matter across a vertical section through th<^ point under consideration will 
be constant, and equal to Q gra./sec. That is 


giving 



Xdzdy = ^ 

M 


« = O 


and at the same time we can determine A, so that the oomplete,d form of the 
continuous point source solution is 


X 


Q 

" TrC^tcr’" 


exp 


Qt^m )• 


(10) 


This expression gives an approximatiojx to* the distribution of density 
throughout space resulting from a steady emission from a continuous point 
source, such as a factory chimney. If we put m — 1 and C* — iKju in the 
above expression, the resulting expression approximates to that found by 
Roberts for the continuous point source, Roberts, however, did not assume 
that y and z are small compared with x. 

The variation of the density across wind is in accordance with the Normal 
Law of Errors. This, of course, is a direct consequence of the assumption of 
equipartition of matter in the puff case, and is the same in both theories. 
The concentration on the axis of the cloud (y = c = 0) is given by 

. Q 

and is thue inversely proportional to the wind velocity. This expression also 
leads to the interesting result that, in consequence of the limitations placed 
upon the range of values of m by the theory, the fall-off of density on the axis 
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of a poimt source cloud caniiot exceed the inverse square law, no matter how 
turbulent the motion may be, 

(3) The Lme Sources , — ^We shall now pass to the oases when the sources are 
in the form of continuous linos placed at right angles to the mean direction of 
the wind. The strength of the source is taken as Q gm./8ec. per centimetre. 

The density at (x, y, z) due to a continuous point source of strength Q at 
(0, 6, 0) is, from (10), 


Q exp I 




CV 




exp 


(0 


Mix 

(?*"• j 


Hence the density at (a;, y, z) due to a continuous line source emitting Q gm./8ec. 
per centimetre from (0, y^, 0) to (0, — yo> ^ 


^ ^ C%"j r*'* ^ f _ (0 

J - 




exii 


e-yn 

C*3:™ J 


dO 


lU + u 


Q exp ( 




and if, in accordance with the usual notation, we put 

Er/ (a;) = -L [ exp ( — <*) df 
V7t Jo 


(Erf (®) being the Error Function), the complete form of the solution for a 
finite line of length 2yp is 


Qcxp^- 


2* 

0^" 


2VtOu3^”' 




( 11 ) 


The infinite line case is deduced from the above by letting yp-* « . The result 
is 

y := _Q exp ( - — i . (12) 

^ VtuCu®*” ^ 

(The values that have been found for C indicate that, as a rough and ready 
rule, a line behaves as an infinite line for distanoes of travel up to four times 
its own length.) 

The formulae that have been obtained above apply only to an isotropic 
atmosphere. Beoent researches by F. J. Scrase* have, however, shown that 
* F. J. Sorose, ' Met. Off. Oeopfaysio. Mem.,’ Na 52 (1930). 
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near the ground the eddying energy is not equally partitioned, and conse- 
quently the above expressions cannot be expected to predict the behaviour 
of a cloud with accuracy near the surface. There is, however, no difficulty 
in extending the theory to a non-isotropic atmosphere. It is easily verified 
that, if C„, C„ and C, are the three diffusion coefficients along the principal 
axes, we have the following expressions : — 

ImUinfaneous Point Sourer. 


Q 


(Trf/ii { uir 


exp 


I _ J 4 

I (V '' C,* f • 


(13) 


Continuous Point Source. 


Q 


7rC,G,(Ma;)' 


exp 


if. 4 


. 1 




(14) 


Continuous Finite Line Source. 


Q exp (— 2^/0/a;”) 
2 v'tt 




y«-y 




yo + y 


ij- 


(15) 


Continuous Infinite Line. Source. 


X = 


Q 


.2 


V'TrC'.Ma?*’ 


e.xp I 


C.V 


(16) 


It is possible further to extend these fonnulse by oouKidering different laws of 
increase of the size of the effective eddies along the principal axes. 


3. Comparismi of the Theory with Observations. 

We shall now pass to consideration of actual experimental data. It is here 
that the need for accurate experimental work on diffusion in the atmosphere 
makes itself felt. The data employed here are probably as reliable as any tliat 
have been published, but in general they are necessarily crude, and really 
close agreement between theory and practice is not to be expected. Never- 
theless, it is felt that sufficient evidence has been amassed to demonstrate that 
the present theory gives a closer approximation to the facts of turbulent 
diffusion than is possible with the Fickian theories. 

(a) Diffusion of Clusters over Ormt Distances . — The only data available on 
the diffusion of clusters over large distances (of the order of hundreds of kilo- 
metres) appear to be that collected by Richardson and Proctor* in their 

♦ ‘ Mem. Roy. Met. Boo.; vol. 1, No. 1 (1925). 
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researches on the scattering of small balloons. The material for their investi- 
gation was obtained mainly from balloon competitions organised on the beach 
at Brighton. In these competitions each competitor blew up his balioou at 
his own discretion, and the balloons were released at intervals during the day. 
In due course the remains of some of the balloons were picked up at distances 
up to 600 kilometres from the source, and by plotting the positions of those 
reported it is possible to form an estimate of the rate at which they had diffused. 

It is not to be expected that any real accuracy can be obtained from such 
data. The most obvious cause of error is the lack of homogeneity in the balloons 
themselves, preventing them from travelling with the uniformity that might be 
expected from a cloud of particles. An equally serious objection in statistical 
work of this nature is to be found in the small number of balloons used. The 
average number of balloons in a cluster was 10, a number which is very small 
for computations of the standard deviation. Nevertheless, the mean of many 
such observations should at least give a fair indication of the order of magnitude 
of the diffusion coefficients. 

If we regard the release of the balloons as corresponding to the case of the 
instantaneous or continuous point source, we have, if a denote the standard 
deviation of the balloons from their mean path 

0:2 ^ 

wiiere u is the mean wind velocity and t is the time of travel, so that td is the 
distance travelled. Richardson and Proctor used the formula 

- 2Kt, 

and thus calculated their K’s on the assumption that the standard deviation 
of the balloons was proportional to the time of travel, whereas the present 
theory requires that the standard deviation be proportional to the distance 
travelled, irrespective of the time taken to reach that distance. We are thus 
rid of the necessity of making any assumptions as to the wind velocities. 

The value of m was determined by plotting log <t against log (ut), and 
measuring the slope of the optimum straight line fitted to the points. In order 
to avoid too many points on the diagram, the observations as recorded by 
Richardson and Proctor were arranged in groups according to the distances 
of the clusters from the source, and the means taken for each group. Pig. 1 
shows the result of this analysis, the groups being taken at 100 kilometre 
intervals. It will be seen that all the points except one lie within a reasonable 
distance of the straight line, the slope of which gives m = 1 • 75. If the Fiokian 
law had been true the value of m would have been unity. 
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Table I gives the results of the computations. The values of o and ut 
have been taken directly from the original memoir, except that two of the 



log- .T- 


Fia. 1. — Variation of o with diatanue. 

observations, which appeared to be. widely different from the others, have 
been excluded. 

It will be seen that there is a considerable scatter in both sets of coefficients, 
but that C lies between and 1 and K between 10’ and 10* cm.*/8ec. 

On consideration of this set of observations alone there is little to choose 
between the two theories, as the roughness of the data precludess any deduction 
but that relating to the order of magnitude of the coefficients. 

(6) Diffusion Over Short Distances . — Very little information is available on 
the spread of smoke over relatively short distances (of the order of hundreds of 
metres), but from the published data it is possible to form an estimate of 0 
near the source in which the order of magnitude at least is reliable. Richardson* 
by observing smoke trails from a continuous point source estimates K at 
10* cm,*/8ec., and Roberts takes K as lying between 10* and 10* cm.*/8ec. 
These estimates were made from short distance diffusion experiments, and no 
great error will be introduced if a is evaluated for a travel of 100 metres by 
taking a mean K of 6 X 10* cm.*/sec. and u as .5 x 10* em./8eo., this being 


* ‘ Phil. lYans.,’ A, vol. 221, p. 1 (1921). 
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Date. 

Wind 
Hpeed 
(m* /aeo.). 

Difltance 
(cm. X 10’). 

Standard 
deviation 
(cm. X 10*). 

0. 

K. 

{om.*/»oo. 

X 10*.) 

9, 1922 

24 

21 

10 

O' 55 

0-57 



2 '82 

11 

0-47 

0*52 



4 20 

4-9 

1-50 

6-9 

May 21, 1923 

24 

1-83 

1-3 

0-87 

M 


4 80 

3-3 

J 10 

2-7 

Muy 20, 1923 

b 

1 30 

10 

I'ti 

0-83 

May 30, 1923 

12 

? 

4 5 

2 1 

4*7 

tluao 1, 1923 

12 

0-86 

0 0 

O-IO 

0*26 

June 30. 1923 

24 

2 Of) 

10 

0*46 

0*45 



0 00 

4 3 

O-0(> 

3*7 

June ao and 21, 1023 .. 

y 

0-30 

0-4 

1 20 

y 



0-9.'> 

0-8 

0-87 

V 



2-50 

14 

0-60 

J 

Augiiafc 4, 1923 

! 't 

0-40 

0 3 

0-71 1 

? 

August 0, 1923 

1 

2-30 

3-1 

1*60 

4*4 

Augiwt; 18, 1923 

1 ^ 

2-80 

1*0 

0*43 

? 

8ttptomber 1, 1923 

1 10 I 

2-30 

1-2 

0*62 

0*31 


3-70 


0*13 

0*04 

Soptembor 3, 1923 

! 

4 80 

31 

0-87 

1 10 

Septomijer 5, 1923 

1 » i 

3o0 

1-8 

0'66 

i 0-42 

SepUmiberT. 1923 

L.,. .J 

3 00 

r ' 

1*60 

j 2-3 

September 14, 1923 

22 I 

1-60 

1 -f) 

1 07 

1 1-5 

) 

September 17, 1923 i 

i 14 1 

1-25 

0-0 i 

1 0*78 

1 0*46 

Soptembor 19, 1923 ! 

^ » ■' i 

210 1 

2'3 

1*26 

: 3*8 


1 

i 

Moan 

■ 0*92 

i 1-93 

I 


about the average wind speed experienced in this country. These figures 
yield c = 1 *4 X 10* cm. at 100 metres from the point of emission, from which 
C 0-6 (cm.)'^**, taking m = 1 *76 as before. This value of C is comparable 
with that found for the scatter of the balloons, in contrast to the large difrerences 
in the K’s. 

(c) Diffusion at Oreat Heights. — Vf e shall now attempt to show that the above 
law of scatter holds at great heights in the atmosphere. 

Taking the value of m previously found, viz., 1 -76, equation (9), which gives 
an expression for the outline of a shell<buist cloud, wae tested against measure* 
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mejits xxxade from pbotograplis of anti-aircraft Bhell bursts at heights varying 
from 900 metres to 5400 metres. The photographs were taken with a special 
camera, and the heights of the bursts and the wind speed at these heights were 
determined by the “ Hill mirror apparatus. It is considered that the 
measurements are fairly reliable. 

Figs. 2 to 6 show the results of some of these exj)erimeut8. In order to 
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ij'lo. «. 

FifiS. 2 TO (5. - Growth of tho visible outline of a puff of smoke. 

>. 'I’liylor's tlieory. Q Present theory. 

[ The figures in parenthesis on the horiaontul axes denote times from the instant of 
generation in minutes ( ') and seconds ('’).] 

oluninate the effects nf distetrtion caused in the shape of the puff by wind 
shears, the mean value of the lateral and vertical diameters was used for d. 
It will be observed that in all cases the first few points lie well above the straight 
line that has been fitted, but that during the greater part of the life of the puff 
the theory is weU ooufirmed. The failure of the. early points to conform to the 
theory is to be expticted ; the explosion which generates the puff will, in 
the first half-minute or so, cause an abnormally high rate of diffusion as the 
particles are blown away from the source. We arc justified in considering 
only those measurements made when the effects of the explosion have died 
away, and the phenomenon is purely atmospherical. In each case the initial 
points have been disregarded for this reason. 

In the graplis as given, da/f™ has been plotted against log.f, instead of 
ag»»«t log. («.<). It is easily seen that this change does not affect 
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the relative position of the points, but merely alters the slope of the line, 
the value of u has to be taken into consideration in calculating C from the 
graphs. This modification, though, enables us to make a comparison between 
the present theory and the Fickian theory by plotting the corresponding points 
(m = 1) on the same scale. It will be seen that in all oases the scatter is 
considerably more than on the present theory, and that in some cases it is 
impossible to fit a straight line to the “ Fickian ” points, whereas the present 
theory gives in all cases a reasonable approximation to coUinearity. 

The values of C found at the various heights are given in the following 
table. 

Table II. 


Number 

of 

round. 

Height 
of burst 
(metros). 

' 

Wind speed 
at burst 
(m./sec.). 

C. 

K. 

(cm.* /sec.). 

1 

2080 

7*9 

0 062 

1 -6 X 10* 

2 I 

2660 ' 

10*0 

0 046 

! 2-8x10* 

3 

6460 

16*2 

0*030 

Not obtainable 

4 1 

3030 

11*7 

0-038 

! 1-6x10* 

i 

lUO 

7*3 

0-079 

Not obtainable 

6 ■ 

6260 

17*3 

0-022 

2-3 X 10* 

7 ' 

046 

8*4 

0-088 

Not obtainable 


The values of C given in the preceding table exhibit a remarkable law of 
decrease with height. In fig. 7 C is plotted against log z. It will be seen that 
the points are almost oollinear, and that, over the range considered, 

C = 0-302 - 0-075 logio 2. 

This equation finds support in that, extrapolating downwards, the value of C 
at a height of 1 metre is 0-30 (cm.)*^^, t.e., of the same order as that found 
directly from smoke measurements at the surface. Thus there is good reason 
for believing that the variation of C with height is approximately represented 
by the above expression. It is clear that the extrapolation cannot be carried 
too far upwards, as otherwise we obtain a zero diffusion coefficient m the 
region of 10,000 metres. This suggests a discontinuity near the base of the 
stratosphere, t.e., the absence of convection leads to a marked difference in 
diffusion. 

The deoreftse of C with height is to be expected, since the atmosphere at 
great heights is almost free from the disturbing influences of the ground, and 
in additiem to the absence of frictional effects, the vertical gradient of tempera- 
ture is small. In other words, conditions are not favourable for the formation 
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of eddies. It is natural to ejqwct that in such an atmosphere diffusion would 
be Fickian, i.e., resemble moleoukr diffusion, but if we accept Roberts’s opacity 
theory we are forced to the conclusion that the Fickian law does not hold 
anywhere up to the base of the stratosphere. It is felt that this conclusion 
should be accepted with considerable caution, as Roberts’s theory, whilst form- 
ing a very useful and fairly reliable first approximation, cannot be relied upon 



to give a complete expression for the screening power of a cloud. The most 
that can be said at present is that there is a certain amount of evidence that 
the law of scatter proposed above holds, not only for the layers of the air near 
the ground, but also for the relatively non-turbulent strata of the free atmo- 
sphere. 

4. IHffusion and Smoothing. 

It has been pointed out above that the dimensions of a cloud must depend 
to a certain extent upon the duration of the sampling period. We may go 
farther, and speak of the “ instantaneous ” and ** time ” aspects of diffusion, 
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the “ time ” here referring to the period over which the observatioiw are 
taken. In taking continuous observations for a long period on the density of 
a cloud we are really smoothing out the random element in the motion — in 
terms of our theory Ef is a function of Ti. the time of observation, such that 
lim (Tj) =:= 1. This suggests that n, and consequently m, are themselves 

Ti-v 00 

functions of Thus 

— n (Ti) 

where n (Tj) is a function of Tj such that 

lim n (Tj) = a' = constant, 
lim n (Tj) = 0 

(possibly forms for n (T^) are a' (I + and a' exp (— 6 and p being 
positive constants). The “ instantaneous ” value of tn will then be 2 — a', 
and if observations are continued over a sufficiently long period, m — 2. In 
the latter case C is a pure number, and 1ms the value 
So far, all this is pure speculation, but fortunately the researches of Defant*** 
upon large scale turbulence enable us to test this hypothesis. I>efant has 
twmted the problem of turbulence in the general circulation of the atmosphere 
by considering cyclones as deviations from the main circulation of their latitude. 
He plotted the trajectories of air masses starting from the southern extremity 
of Ireland over Europe, and thus found their deviations. It is oleax here, 
that since only the main flow is considered, all the eddies except small cyclones 
have been smoothed out. Defont examined over a hundred trajectories, and 
his mean result is : — 

Mean length of trajectory = 1* * 2 X 10® cm. 

Mean standard deviation = 1 *4 x 10* cm. 

This gives, for m = 2, C = l*68. which is in good agreement with the 
thecnreticid value, 1*41. It appears that the hypothesis is amply oon- 
finned. 

The writer has also been allowed to inspect some long period sampling 
xesolts, which are shortly to be published under the auspices of the Atmoi^hetio 
Pcdiutkm Committee, f cm the distribution of smoke in the immediate neigh* 

* ‘ Sits. Bar. Akad. Wiss. Wien/ vol. 130, p. 41 (1921 ). 

t “ Investigations of Atmospheric Pollution 16/* * Ann. Rep,,^ App. II. (1929), 
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bourhood of tbe city of Norwich. The object of the investigation was to deter- 
mine the fall ofi of the density of the city smoko down wind, Norwich being 
chosen as it is a more or less isolated city, so that any pollution in the surround- 
ing atmosphere would be mainly that emitted by the city. The observer took 
samples at the centre of the city, and at- various points down wind with a dust 
counter throughout a year. Here again, by taking the mean results for the 
whole year, the smaller eddies are smoothed out, and consequently wo should 
expect that w = 2. 

The city of Norwich may be considered as an area roughly 2 miles in diameter. 
No great error is likely to be introduced if this is considered as an infinite cross 
wind line source for distances of travel up to 8 miles. Reference to the infinite 
line source formula shows that the theory requires tliat the density should 
decrease as i.e., as in this case. It is shown in the Report to the Com- 
mittee that the decrease of density with distance from 1 mile to 10 miles for 
the full year is very accurately given by a formula of the type 

X ^ (1 < ar ^ 10), 

where x density, x the distance down wind, and A the density of non- 
city smoke. This, of course, is exactly the type of relationship predicted by 
the theory. 

(In the case of the balloon experiment, the ** sampling period ” is long 
compared with the short periods used in the case of the shell bursts, but smooth- 
ing out of the eddies cannot be said to have taken place in the former experiment 
owing to the small number of balloons forming a cluster. No real smoothing 
of the eddies is to be expected with a matter of 10 balloons or so spread over 
distances of many kilometres. It is considered that observations for a long 
period on a few objects is somewhat equivalent to short period sampling, in 
that in the one case there are insufficient objects to form a smooth average, 
and in the other case there is insufficient time to smooth the motion.)^ 

♦ When this paper was in the course of preparation the attention of the writer was 
drawn to a memoir, by L. F. Eiohardson amd J. A. Gaunt, entitled “ Diffusion as a 
Compensation for Smoothing” (‘Mem. Eoy. Met. Soc.,* vol, S, No. 30 (1930)), in 
which very similar ideas are developed. Eiohardson and Gaunt state that a different 
law o! diffusion is required for each type of smoothing, and propose a difference equation 
resembling the Fiokian differential equation to deal with the various types of means. No 
explicit rebtionship is, however, given, and the writers state that “ the rebtion between 
the diff uaivities approprbte to the long time mean and those appropriate to other means is 
at itfesent the inner mystery of non-Fiokian diffusion.” The present paper proposes as 
a possible solution the relationships developed in the above paragraphs. 
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5. Summary, 

A theory of diffusion in a turbulent atmosphere is developed, based on the 
assumption that, in following the motion of the particle, the average size of 
the eddies concerned continually increases. It is assumed that the correlation 
between the motion to wliich the particle is initially subjected, and the motion 
which it experiences at some later instant tends to vanish with increasing 
time, and a choice of an explicit form for the correlation coefficient in con- 
jimction with a statistical theorem due to G. I. Taylor enable the theory to be 
developtid, and expressions for the density distributions from various types of 
sources to be derived. It is shown that the formulae fit in well with most of 
the observations, and that the new diffusion coefficient remains approximately 
constant for distances of travel up to 600 kilometres. The theory is also 
applied to observations made on the visible outlines of puffs of smoke at great 
heights in the atmosphere. The suggestion is made that diffusion varies with 
the length of the observing period, and it is shown that the formulae successfully 
predict the results of long period observations on the distribution of winds 
over northern Europe. 
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A New Method for the Determmation of Nitrogen Peroxide. 

By E. J. B. WiiXKY and S. G, Foord, University College, London, and 
Imperial Chemical Industries, Ltd. 

(Communicated by F. A. Preeth, F.R.S, — Received October 19, 1931.) 

The ordinary spectrographic method of estimating a substance from its 
absorption spectrum when photographed under standard conditions has the 
merit of providing permanent records, but sufEers from necessitating the use 
of an expensive instrument as well as Ijeing laborious and as a rule very slow, 
A method will now be described by means of which nitrogen peroxide, a 
substance often determined spectrographically, may be estimated in con- 
centrations of 1 : 100,000 and upwards with high accuracy and in a few seconds 
when once a simple calibration has been made. The method utilises the fact 
that the spectral region in the visible whereover nitrogen peroxide absorbs 
most strongly, is close to that at which a potassium photoelectric cell is most 
sensitive and where it can be used to record, with high accuracy, the light 
transmitted by the gas imder consideration (fig. 1). 

The optical basis of the method may first briefly be discussed. If a beam of 
monochromatic light be passed tlirough a column of absorbent medium, the 
Beer-Lambert law gives 

logio (loA) = e • • o'. (J) 

where 

lo = intensity of light transmitted at zero absorption, 

1 = intensity of light transmitted at measured absorption, 
c = the molecular extinction coefficient, which is a constant for the 
absorbent medium at any given wave-length of the light 
concerned, 

c — concentration of absorbent medium, 

i s= length of absorbent column in the direction of the path of the 
light. 

Since for a vacuum photocell with an applied voltage in excess of the saturation 
value (i.c., ca. 40 volts), the photoelectric current varies directly, over a wide 
range, as the intensity of the light incident upon the cell, we may re-write 
equation (1) as 

log i = log to ■— e . c . i, (2) 

where to ~ photoelectric current corresponding to Iq, and t =» photoelectrio 
current correspondmg to 1. 
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Hence there will be a linear relation between log i and c provided that the 
initial intensity of the light and the length of absorbent column are held con- 
Htant. Similarly, if d is not varied, log (iji) and c will be linearly related and 
independent of changes in I, provided that the light does not alter between 
corresponding measurements of and I. 

A description of the apjwratus and of its working may now be given. 


Apparatus. 

The apparatus consists of three main parts : (a) the source of light, (6) the 
absorption tube, and (c) the photocell and associated instruments. 



PlO. J. — Ej emission of photocell in arbitrary units. 


(a) The source of light used by the author has been a 100 c.p. “ Pointolite ’* 
lamp, fed with current from the laboratory supply (220 v.) ; since the voltage 
exhibits a gradual drop during the weekly intervals between charging, a 
resistance is provided in circuit and the voltage adjusted to 210 ± 0*6 v. 
Under these conditions, no appreciable change in the intensity of the light 
has been noticed over several months. The bulb is housed in a blackened 
sheet iron box provided with ample ventilating slits constructed ou the 
Venetian blind principle and a 3-inoh condensing lens is fitted to project the 
light upon the orifice in a spring shutter (which is operated from a distance) 
and thence to a light filter. In the first experiments the band 4900-5260 A. 
was used and the value of s « 10~* (vide infra) refers to this spectral range ; 
values of c for other wrave-bands are given later. 
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(6) The absorption tube is of glass l|-inch in diameter and of length depend- 
ing upon the concentration of nitrogen peroxide to be determined (as a role 
8 inches is a suitable length), and if concentrations of 2 per cent. NO, and ov&c 
are to be measured, with very high accuracy, it must be supported in a g^ass- 
ended thermostat tank ; the reason for this will appear later. 

(c) In all quantitative work a vacuum photocell is to be preferred to one of 
the gas filled type by reason of its much smaller dark current and its greater 
constancy, but since it naturally has a smalls emission, often only ea. 10~* 
ampere, it is essential to amplify the photoelectric current ; a suitable instru- 
ment for this purpose will acxjordingly be described. 

The potassium photocell used by the authors in these experiments was 
mounted in a metal box fitted with a window inches square and covered 
with a soldered-on copper net of J-inch mesh. The cathode lead was brought 
out through a quarts tube covered externally with best quality paraffin wax 
and projecting through a flexible metal tube into the soldered metal box 
containing the amplifier ; this lead is connected direct to the grid of the detector 
valve A. The connection to the anode need not be so highly insulated and is 
led through heavy rubber, similarly waxed, to the 120 v. H.T. positive lead 
on the amplifier. 

The electrical circuit of the amplifier is a modification of that of Wynne- 
Williams,"' experience having shown that this is far better than any of the 
single-valve typesf and provided that adequate precautions are observed in 
its construction and use it is an excellent device. 

The circuit is shown in fig. 2, and needs no explanation save as regards 
details. It has been observed by the authors that unless high amplifications 
with great accuracy and constancy are needed, a condition not essential to 
these experiments, ordinary radio valves may be used and the resistances 
R1 and 112 fixed at a value of the order of the valve impedance 6000 to 
10,000 ohms) ; little difference is to be observed in the anode currents when the 
valves are equally biassed, and after a short trial a well-matched pair may 
generally be found. The potentiometers, Pi and P2, are provided in order 
that the amplifior may be used as a null instrument. In operation, the low 
tension switch is first closed, the switches connected to the battery and s lider 
of Pi being kept open and that on P2 closed. Keeping the photocell 
the switches associated with Pi are closed, the voltmeter brought to zero by 
moving the slider on Pi, and the circuit balanced by adjusting P2 until t^e 

• ‘ Proo. Camb. Phil Soc.,’ vol. 23, p. 810 (1927). 
t Cf. Raxek and Mulder, ‘ J. Opt, Soo. Amer.,’ voL 18, p. 461 (1920). 
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galvanometer shows no deflection ; during these operations this last instrument 
may with advantage be shunted. The advantage of this arrangement is as 
follows. When the photoelectric current flows through the grid resistance of 
the left-hand detector valve, it lowers the effective negative bias of the grid 
and hence increases the anode current through Rl, a potential difference arises 
across G and a deflection follows ; this deflection is then reduced to zero by 
PI and the change in voltage read upon V, which should be an instrument of 
the precision type. The actual change in grid potential induced by the photo- 
electric current is thus measured, whence, if the value of the grid resistance be 


i 

7 CMtTH 

Fio. 2. 

known, the ourrent may be calculated ; but in any case the compensation is 
applied at the same point as the disturbing effect when the amplifier is in this 
way used as a null instrument. The arrangement also has the advantage of 
providing a means whereby the linearity of amplification may be checked, 
although this is not often necessary since, as the highest grid resistance worth 
using with ordinary valves is 10’ to 10® ohms, the changes in bias potential 
induced by the photoelectric currents are of the range 0*1 to 1*0 volts ; if 
large variations in light intensity are expected, with oonsequent large changes 
in grid potential, the initial point of bias should be set towards the lower end 
of the valve ohaxacteristio so that the valve is always worked under conditions 
where its mutual conductance is constant. 

In the form of amplifier finally adopted by the authors all terminals for eon- 
neotioiui are fitted upon an ebonite panel 12" x 8" X J", which, after being 
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mounted with angle brackets upon a base board of the same length and 
breadth, but of J-inch wood, is painted over with molten paraffin wax ; the 
potentiometers, with associated switches, are then mounted near to the middle 
of the panel and are provided with slow motion dials of the usual type so 
that very fine adjustments can be made. The valve holders are also immersed 
in molten wax before being screwed to the base board, but when once two 
well-matched valves have been obtained the holders may wdth advantage be 
replaced by shaped blocks of wax upon which the valves are supported in an 
inverted position, leads to the pairs being soldered in this case ; when holders 
are izsed, the pin sockets must be fitted with metal stops during the waxing in 
order that good contacts may be made when the valve is inserted later. 
The grid resistances are mounted in porcelain holders fixed upon ebonite 
strips supported on sealing or paraffin wax pillars on the base board ; 
when the holders have been fixed in position and the necessary soldered con- 
nections made, all exc(pt the metal parts is painted over with molten paraffin 
wax 08 before, after which the resistances are clipped in and the whole re- 
woxed. The desired overall resistance of 3 X 10’ ohms for ea(?h valve is obtained 
by using 3 ten-megohm grid leaks in series. The resistances Rl, R2, are wire- 
wound coils used in the anode circuits of radio receivers, and it is a good plan 
to support them in their standard holders, supplied by the makers, so that they 
can easily be removed for inspection or in case it is desired to change the 
sensitivity of the amplifier by altering their value ; the holders may be bolted 
to the back of the ebonite panel. 

Component parts used by the authors are as follows : — 

Valves. 

Almost any good quality power valve, preferably a dull emitter ; the 
Mullard PM2 has been found very satisfactory, and using 120 v. as the anode 
potential and a bias of ca. 3*6 volts negative on each grid, the anode current 
is ca. 11 milliamperes. The best results were, however, obtained with special 

aged ** valves supplied by Messrs. General Electric Company, Wembley. 

Remtances, .etc. 

For Rl and R2 use 5000 ohms. The authors have used those made by 
Ferranti. For PI, P2, use 1000 ohms — almost any standard make will serve 
here. For building up the grid resistances, the 10-megohm vacuum type 
resistance made by Loewe has been employed, whilst the switches may be of 
the ordinary push-pull type. 
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In the set-up used by the authors, the galvanometer G has consisted of a 
0-100 microammeter of resistance 1624 ohms and a photoelectric current of 
10“® ampere (measured directly upon a galvanometer) produced a reading of 
60 upon 6 ; hence the effective amplification is ca. 60,000. This circuit is 
quite stable and the zero of the galvanometer does not appreciably change in 
the course of some weeks, provided that the batt<jries are of large capacity 
and properly maintained ; the H.T. supply may with advantage be taken via 
an eliminator ” from the laboratory constant voltage supply, but if dry 
batteries have to be used, as much negative grid bias as possible should be 
applied to hold down the anode current and thus prolong both their life and 
their constancy. 

It is advisable to use units of two accumulators in parallel for the filaments 
and further similar arrangements of cells in series-parallel for PI and P2. 

It finally remains to point out that this circuit is naturally susceptible to 
high frequency electrical disturbances in the vicinity, and if irregularities in 
the galvanometer zero appear, it is advisable to place the whole unit, batteries 
included, in an earthed metal box ; when this is necessary it will probably be 
found also that the use of an eliminator has to be discontinued since the leads 
both to and from it will pick up the disturbances and transmit them to the 
amplifier. 

CalibTatim. 

The calibration which is essential before the apparatus can be used falls into 
two parts : (a) that of the amplifier, and (6) that in which the constant £ 
(equation (1) ) is evaluated in terms of i and c. These will be considered 
separately. 

(a) — (a) If the valves are correctly biassed, a change d\ in the potential of 
the grid of the detector valve, measured upon V, will vary directly as dO, 
the reading of Q, 

(p) When this condition has been satisfied, then since the potential change 
across the grid resistance of the detector valve will be directly proportional to 
the photoelectric current, i, we shall have 

dV oc d6 GC di, 

and as i can be measured directly upon a sensitive galvanometer fitted in 
circuit, a triple calibration can easily be made. It is, of course, not 
absolutely necessary to use the last-named instrument and it may fairly 
safely be omitted, but it is sometimes useful when the amplifier has first been 
constructed and may need adjustments. 
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(b) Before determining e it must bo ascertained that log (»o/*') i* related 
linearly with c, which involves the measurement of i at varying concentrations 
of nitrogen peroxide ; this may very conveniently be done by the apparatus 
shown in fig. 3. Dry air is blown at a speed of ca. 4 litres an hour through the 



Hmall bulb A into which are sealed two electrodes whose tips are ca. 2 mm. apart 
and between which a small spark discliarge is maintained from a transformer. 
The nitric oxide generated in the spark is very rapidly oxidised at atmospheric 
pressure and the gases emerging from A may contain up to 4 per cent, of NOj, 
depending upon the intensity of the spark and the flow speed of the air. A 
certain amount of the sparked air is blown to atmosphere through a long- 
handled adjustment tap B, and the remainder passes through the Venturimeter 
G ; at D it meets another stream of dry, unsparked air admitted through a 
second Venturimeter E, the flow through this being adjusted to make up the 
difference between the gas passing through C and the original flow of 4000 c.c./ 
hour, which is first measured upon 0 with tap B closed so that no air escapes. 
By varying the relative amounts of sparked and unsparked air the concentra- 
tion of NO 2 in the gas which finally enters F, the observation tube, can be 
varied over a very wide range. Since the amount of NOj in the air will vary 
as AH, the reading of the Venturimeter C, a linear plot should be obtained 
between this figure and log (iji) when constant spark and air flow conditions 
are maintained ; that this is so is shown in Table 1, and it will be noticed that 
the curve obtained from these values passes through the origin, from which 
we may infer that the Beer-Lambert law holds down to the smallest concen- 
trations. 

It now remains to measure chemically the concentration of NO, in the air 
at two or three widely spaced points to evaluate the constant log {iji) ? AH 
in percentages of NO|. This was done by passing the mixture of gases for 
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Table I. 


Veuturimeter reading dH 
(oc oonoentratien of NO*). 


log iji. 


i 


! I 


100 

! 0-082 ' 

0-082 

2 00 

i 0-162 i 

0-081 

3 00 

0-245 

0-081 

4-00 

! 0-322 

0*080 


iWRC't'TE 


known times dcponding upon the anticipated concentration of NOjj through a 
trap cooled by liquid air ; the condensed NO 2 was then allowed to warm up, 
after which it was blown by a curreift of hydrogen 
through an absorption bulb containing potassium 
iodide solution, the iodine set free being titrated 
by standard sodium thiosulphate solution. It may 
be mentioned that since the NOg is reduced in 
liberating the iodine, precautions must be taken to 
exclude air both during the absorption and during 
the titration. For this purpose the special bubbler 
shown in fig. 4 may be recommended ; the titra- 
tion is made while hydrogen is bubbling through 
to mix the solution thoroughly, and if the deter- 
mination be made quickly no appreciable loss of 
iodine occurs. 

In Table II are given figures obtained in tliis way, the thiosulphate reagent 
being 0-019 N. 

Table 11. 



Fig. 4. 


Flow speed 
of air 

Duration of 
experiment. 

Burette. 

Foroent»go 

NO,. 

♦a/*- 

(O.C./hOUT). 

(mins.). 



4000 

30 

6*6 

0-26 

115 

4000 

10 

8*4 

Ml 

2 00 


log »o/» 
percentage 
NO*. 


0-25 

027 


Other experimente with smaller percentages of NO, gave a value of 0-27 for the ratio 

log t,/i -f- percentage NO,. 


In a final experiment, oxygen containing nitrogen peroxide was led through 
the absorption tube and the preceding measurements repeated ; the NO, 
was obtained by allowing pure NO (from acidified ferrous sulphate and sodium 
nitrite) to leak into the oxygen through a capillary connected to the gas 
burette where the diluent was stored above mercury. 
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Table III shows the results of this experiment. 


Flow spftod 
of oxygen 
(e.c./hour). 


4000 


Table m. 


Food of 

Porexintago 

Percentage 


log ‘o/* -r 

NO 

NO» , 

NO* 

i^li. 

percentage 

. 0 , /hour). 

calculated. 

1 

of>«orved, 

1 


NO,. 

22-7 

1 1 

I 0-57 i 

! 

0 57 

1-43 

0-27 


The constant log iji -i- percentage NOg is, of course = c , d, and as d is 
known as 27 cm., t == 10"^. 

It may here be pointed out that any photocell may be used for these measure- 
ments provided that the light is confined to a comparatively narrow band in 
order that a mean value for the molecular absorption coefficient may be 
assumed, and if a cell shall in the future be constructed wliich will respond 
very sharply over but a small part of the spectrum within the absorption band 
of NOg, the use of a light filter w^Ul not be necessary since the cell will act as 
one itself. 

Discussion. 

We may first consider to what order of accuracy we may measure NOg by 
this method and also what disturbing factors may have to be eliminated for 
its satisfactory employment. 

(a) We may re-write equation (1) as 


0-4343 log, (Iq/I) ^ c . c • d. 

Therefore 

log (lo/I) — a.c.d, 

where a = e -r 0-4348, 

Hence 

dl/dlo = — Ijj a . d . e^**®"* 


where 

and 




ki — l^.ad — A constant 


I;, ss od » a second constant. 
Since 1 ac , (equation (2) ), we have 


di — do .ki. e"*^, 


( 3 ) 

( 4 ) 

(&) 

( 6 ) 


( 7 ) 


t.e., the change in photoelectric current di for a small change in ooncentratum 
of absorbent do is greatest when o is small. 
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(6) We may also calculate from equation (6), at what length of column, d, 
we can detect the smallest changes in concentration of absorbent. 

Putting the right-hand side of this equation equal to y and differentiating 
with respect to d, we have 

dyidd == --- lo . (1 — acd) (8) 

and equating to zero, the result obtained is 

d=.z:l/ac--0*4343/e.c. 

(Under these <^onditions, since a . c . d — log, (Iq/ 1) 1, it follows that 

Hence at any cxMMjentraiion c the length of column at which the smallest 
changes can be detected, i.c., at which the method is most sensitive is 

d=-()*4343/£.c, (9) 

(c) Although a small change in concentration of absorbent produces the 
largest change in photoelectric current when the overall concentration is 
small, the method is obviously not most accurate under these conditions. 
We may now determine the conditions under which the maximum accuracy 
may be attained. 

Let X be the (vrror in reading I ; then for maximum error we shall read 

log^asloglfi-i-?. 

I 1 — X 

Then we may write 

log, ^ =s o . c . d 
log, = a. c.d, 

where c and o' are respectively the true and observed concentrations of 
absorbent. The error will then be {o' — c) and the fractional error 
B Bs {o' — o)/c. 

Substituting for c' and c and using natural logarithms for the time being, 
we have 

therefore 



( 10 ) 
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E then haa a maximum value when I « 0 (t.e., log IJl a= » ) and a mitiimiim 
value when 



k±f = 

I — X 



( 11 ) 


Solving the equation, we have 

if = f (‘'>8 h rh + ">» *-Sr) 

witliin an error of the first order. Hence 



X 



h 




I + l 

Ho 




I + l,. 

lo 



since when x is small (I — *) may be taken as = I. 

The final condition for maximum accuracy of measurement assuming the 
existence of the fixed finite error of reading, x, is that 

log.(Io/I) = l+I/Io- (12) 

This equation is of the form 

log.y = l + l/y, (13) 

where y ~ IJl, and may most easily be solved graphically ; the results thus 
obtained are tabulated below. 


Table IV. 


y- 

1 

1 + (i/y). 

3-00 

1*009 

1*338 

3*50 

1*263 

1*286 

3*66 

1*307 

1*282 

3*60 

1*281 

1*278 


The solution to the equation is thus y:= 3 * 6 , which gives the value of 
Ig/I and hence also that of iji for the condition of maximum accuracy. 

(d) Nitrogen peroxide consists of an equilibrium mixture of the colonrless 
N1O4 and the coloured and hence absorbent NOj. At small c<moeintration8 
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the position of equilibrium is well over the right-hand side of the equation : 
NjOj 2N0g, but with larger amounts the shift of equilibrium with tempera- 
ture may become very important when a sensitive NOg-measuring device is 
being employed. We may therefore calculate what are the magnitude of the 
errors to be anticipated due to this phenomenon. 

(a) Wourtzel has shown Comptes Rendus,’ vol. 169, p. 1397 (1919) ) that 
the equilibrium constant K, for the reaction 2N0j^T* NgO^ is related to 
the absolute temperature T by the equation 

logio T = - 2810-5/T f 8-9908, (14) 

Kj, being (ialculated with millimetres Hg as the unit of pressure. The equation 
is very similar to that given by Schreber,* viz., 

log K„ = log T - 2866 -2/1 + 9 ■ 13242. 

Using Wourtzel’s equation we have, at 25° C. = 298° absolute, K, — 107-8. 
If p = partial pressure of NOg, p' — total pressure of NOg — NgOg mixture, 
and P = total quantity of peroxide calculated as NOg, then 

p'-p = i(P-p), 

whence 

2p2/(P-|>) = 107-8, 
and 

2pa-f 107-8p- 107-8 P^O. 

The solution to this equation gives 

p =* (_ 107 • 8 -f V11620-8-f- 862-4 F)/4, (15) 

and the following table is calculated from it : — 


Table V. 


p 

0 

2*6 

50 

i 

7*5 1 

10 0 i 

12-6 

16-0 

17*5 

20*0 

22*6 

p 

0 

2-616 

5 '463 

8 *5421 

11-86 1 

16*40 

19*17 

23*19 

27-42 

31*88 

^IP 

10 

1 -046 

1‘Ottl 

1 1 138 

1 

1-185! 

1 

1*232 

1 

1*278 

1*326 

1*371 

1*471 


(P) We may now evaluate the temperature coefficient of K,. Re-writing 
Wourtzel’s equation in natural logarithms and differentiating with respect 
to 1 we have 


0-434S X 2810-6 _ 0-43«T /I dK, K,\ 
T» K, 'f dT T«/' 


( 16 ) 


* ‘ Z. phy«. Ohem.,’ voj. 24, p. 651 (1897). 
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whence 

- |f (2810-5 + T). (17) 

Since Kp — 2p^/(P — p) and P is constant, we obtain 

(2P — p) 
dp ' (P-pf 

upon substituting for K^. 

By inverting equation (18) and eliminating dKj, we obtain, finally 

^ ^ (2810 • 5 + T) (P - p)V2p(2P - p). (19) 

Table VI is constructed from equation (19), 


Table VI. 


T, 

K„. 

! 1 

( Percentaao. 1 

i NOj. ■ 1 

i 1 



dp/dT 

29S 

107-8 

j i 

2-0 t 

15-4 ; 

12 6 

0*07 

288 

t 4916 

1 2-0 I 

15-4 j 

10-7 

0 096 

298 

107-8 

1 0-6 i 

1 J_... 

3-97 1 

j 

3-8 

1 

1 0-0034 


It follows that a degree change in temperature moves the equilibrium by 
only oa, one half of 1 per cent, in 2 per cent, nitrogen peroxide at 25° C., 
and with 0* 5 per cent, at the same temperature by only one-tenth of 1 per cent., 
whence we see that below concentrations of 2 per cent, nitrogen peroxide the 
photometer tube need not be enclosed in a thermostat unless considerable 
accuracy of measurement is desired. For example, taking 2*00 per cent, 
nitrogen peroxide and io IW the value of i, calculated from the equation 

hog 0-27, 
c i 

is 28-84 ; if this value be taken as lower by the error of reading, which is 
± 0*25, the value of i becomes 28-69 and the percentage of NO, 2-02. That 
is, the error m reading introduces an inaccuracy of ± 1 per cait,, while the 
shift in equilibrium corresponding to I’’ C. change in temperature gives rise 
to a variation of db 0-5 per cent. ; hence the maximum divergence between 
the true and observed concentrations will be <w. ± 1 - O per cent. 

It follows from the considerations given above, that when concentrations 
of 2 per cent. NO, and above arc to be determined, it will be advantageous to 
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provide means whereby the sample of NOj-bearing gas can be examined at 
reduced pressure ; by a proper adjustment of experimental arrangements the 
conditions fqr maximum accuracy and maximum sensitivity can be satisfied, 
and, moreover, changes in temperature effects upon the NOg-NjO^ equilibrium 
will be much diminished. 

in conclusion, some practical uses of this new method may be indicated. 

(1) The rate of br(‘akdown of explosives when stored could easily be followed 
by enclosing a small sample in a plane-ended tube fitted to clip into the simple 
optical bench devic(» which this method necessitates ; periodical examination 
of many spi^cimens could thus very rapidly be made. 

(2) The method could be applied to the construction of automatic NOg 
recorders for ammonia burners. The gases here would consist of 4-7 per 
cent. NOg, some NO, HNOg, steam, air, and traces of ammonia, and a sample 
could l>e bled from the main supply and passed through a time vessel in 
which the oxidation of the NO would be completed and thence to a steam- 
jacketed, plane-ended absorption tube fitted for determination of the NOg. 
The calibration could be made in the laboratory before the tube, etc., was 
fitted into the plant. 

(3) The authors have used the method very successfully for detonnining 
oxygen in the presence of other gases which do not react with NOg, e,g.f in 
cylinder nitrogen. In such a case the photometer tube is filled to a measured 
pressure of m. 600 mm. with the gas concerned, after which the tap leading to 
the manometer is closed (to preserve the mercury in good condition) and a 
small amount of nitric oxide added from a gas burette connected to the 
absorption tube by a short piece of fine capillary ; the oxidation is complete 
in a few minutes, as is shown by the constancy of i, and the necessary simple 
calculations may then be made. By modifications of this procedure an auto- 
matic apparatus may be constructed for the determination of air in flue 
gases ; in this case precautions must be taken to eliminate steam, for reasons 
which will be obvious, 

(4) The shift in equilibrium between the absorbent NOg and the transparent 
NgOg might be utilised to measure and regulate temperature and pressure. 
In this case, two stages of valve amplification would be necessary, a ** Thyrat- 
ron being used in the second to operate the necessary relays ; or the anode 
current of this last valve might be employed as part of the beating supply. 

Finally, it may be pointed out that the general considerations here presented 
may be applied to the determination of all light-absorbing substances, gaseous 
or liquid, provided that the Beer-Lambert law holds. 

N 2 
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Sumfmry. 

(1) A method for determining nitrogen peroxide has been devised depending 
upon the measurement, by a potassium photocell, of the light transmitted by 
a column of the gas concerned. 

(2) A valve amplifier for use in this coimection is described. 

(3) It is shown that the Beer-Lambert law is applicable over a wide range of 
concentrations of NOg, and : — 

(а) for a given small change in concentration dc the change in photoelectric 
current is greatest when c is small ; 

(б) the maximum sensitivity is obtained when d = 0'4343/e . caud Ij/I— e ; 

(c) the maximum accuracy is obtained when Iq/I — 3 '6, all symbols having 

their usual significance. 

(4) A number of applications of the method are suggested. 

We have much pleasure in acknowledging the interest of Professor F. G. 
Donnan, F.R.8., and of Major F. A. Freeth, F.R.S. and Mr. Rintoul (of Imperial 
Chemical Industries, Ltd.) in this attempt to devise a new branch of analytical 
technique, which has been used for several months in an investigation upon 
an oxidisable variety of nitrogen, of which an account will shortly be 
published elsewhere. 

Appendix. 

(i) The value of e given earlier refers only to the particular cell used and to the 
spectral region 4900-6260 as modified by the sensitivity limits of the photocell. 
Other values of e obtained with this same cell but different filters (those used 
were made by Messrs. Ilford, Ltd.) are as follows : — 


s Wave band. 

2'1 X 10“® “ Spectrum blue.” 

2'5 X 10~* “ Mercury violet.” 

3*1 X 10”* ” Spectrum violet.” 


The “ spectrum blue ” filter is by far the best for these es^riments, since it 
transmits such a well-defined and narrow band, although it does not make the 
method so sensitive as if a band with a higher c were used. A K.M. cell, 
made by Messrs. General Electric Company, Wembley, gave a value 
c — 1 *46 X 10~* for the band 4900-5250. These values of e will naturally 
differ from cell to ceil. 
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(ii) It ifl noticeable that although the Beer-Lambert law holds only for 
monochromatic light, according to rigid optical theory, these experiments 
show that with not too wide a band it may still be applied. This would 
suggest that in the spectral region wherein we have worked the absorption 
of light by NOj is almost continuous, and that we can, without serious error, 
assume a mean value for e. 


On the Statistical Mechanics of Dilute and of Perfect Solutions, 
By E. A. Guggenheim, M.A., Gonville and Caius College, Cambridge. 

(Communicated by R. H. Fowler, F.R.S. — Received October 21, 1931.) 

§ 1. Introduction and Definitions , — ^In a previous paper*^ the author discussed 
the laws of dilute and of perfect solutions. It was pointed out that the laws 
of dilute solutions take different forms according to the (jonceutration scale 
used, these forms becoming identical only at infinite dilution. Of these 
various sets of laws tliat corresponding to the mole-fraction scale of con- 
centration has in certain respects simpler properties than the others and is more 
symmetrical between solvent and solute. In particular only in this form is it 
possible for the laws of dilute solutions to hold at all concentrations, in which 
case they become the laws of perfect solutions.f It was shown how this set 
of laws of perfect solutions could be deduced by thermodynamic reasoning 
from certain assumptions about the additivity of energies and volumes on 
mixing, but these assumptions were not of a very simple form. Nor was any 
reason found why the laws of dilute solutions should take the particular form 
corresponding to the mole-fraotion scale of concentration, except analogy 
with the laws of perfect solutions. In the present paper an attempt will be 
made to remedy this omission by considerations of statistical mechanics. 

The method used will be that of partition functions described in Fowler’s 
text-book.J This method is more elegant than Gibbs’ method of the canonical 
ensemble, does not suffer from the logical inconsistencies of Boltzmann’s 

♦ K, A. Guggenheim, * J, Physik Chem.,’ vol. 34, p, 1761 (1930). 
t Of, Washburn. ‘ Z. Physik Chem.,* vol. 74, p. 637 (1910). 
t “ Statistical Mechanics ” (1929). 
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method of '' thermodyrianiic probability/' and is more powerful than either 
of these. 

To maintain so far as possible continuity with Fowler's treatmexit, the 
thermodynamic functions used will be the two characteristic functions T 
and O of Planck. As it is more usual for chemists to use the Helmholtz free 
energy A and the Gibbs' free energy F, it is perhaps as well to define these 
various functions and give the exact relations between them. When any one 
of these has been evaluated, the others are, of course, obtainable by pure 
thermodynamics and any one of them is equally utilisable, though not neces- 
sarily equally convenient, with the others for tlie determination of an equili- 
brium. 

Let E denote the energy, T the absolute temperature, S the entropy, p the 
pressure, V the volume of a whole system or a whole phase of a system, then 
we have the definitions 


A = E ~ TS, 


(1.1) 

F E - TS + pV 

A f pV, 

(1.2) 

Y S - E/T - 

- A/T, 

(1.3) 

0 = S - E/T - pV/T 

-- - F/T. 

(1.4) 


Before commencing our treatment of solutions we shall discuss briefly the 
relationships between T* and 0 and their dependence on the pressurt' on the 
one hand for perfect gases and on the other hand for liquid phases, as an 
imperfect understanding of these relationships leads to confusion. For a 
perfect gas containing n molecules, whether all alike or not 

pV = y/lT, (2) 

where h is the gas constant, and so 

0) = 4'* — nk. (3) 

For a liquid phase of given composition and temperature, on the other hand, the 
volume is related to the pressure by the formula 

V = V*{l--^W, (4) 

where V* is the value of V at very low, effectively zero, pressures and k is 
the compressibility, which for all ordinary pressures may be aHmimAH inde- 
pendent of p. The relation between Y and <I> therefore takes the form 




( 5 ) 
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Applying the well-known thermodynamic relation 


V = ( 


we obtain 








dp 

Comparing (7) with (4) we find 


+ V* {1 - «p} - V*Kp. 


and after integrating 


'' It 


I 


Y*Kp, 

T ’ 


T == T* - i 


V*Kp* 
T ’ 


( 6 ) 

(7) 

( 8 ) 

m 


where is the value of T at zero pressure. Combining (5) and (9) we obtain 
finally 

(10) 


From (9) we »ee that for an incompressible liquid 'F like V is independent of 
p. In this case is given by 

<D.-=T-|p. (11) 

where all the quantities on the right, except p itself, are independent of p. 
It is clear that for an incompressible liquid it is not possible to use V instead 
of p as an independent variable defining the state of the system. If the 
liquid is compressible it is indeed permissible to use V instead of p as an 
indepcndei^t vaTial>lc, but not at all convenient, as the formulse would all become 
indefinite when p 0 instead of taking special simple forms. 

§ 2, The Statistical Formidation . — ^The above considerations apply to a liquid 
phase of any comt> 08 ition, whether simple or a mixture. We shall therefore in 
our treatment of liquid phases take as md<?pendent variables the temperature, 
the pressure and the number of molecules of each species. For an assembly 
consisting of nj^ molecules of A and molecules of B, between which no 
chemical reactions are supposed to take place, the characteristic function Y 
is given by 

^ - «A {log ^ + 1 j + % {log + 1 1 + B (T, p). (12) 

Here k ie the gas constant. 0^ and Gg are the partition functions for the 
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kinetic energy and internal energy of the molecules A and B ; the form of 
and Gb need not concern us here ; it suffices to mention that they depend on 
the temperature and possibly the pressure, but otherwise only on molecular 
properties such as mass, moments of inertia, vibration frequencies, etc,, of 
the molecules. Finally B (T, p) the partition function for the potential energy 
of the whole system is given by* 

B (T, = I 1 (do)A)"A ((i(OBr«. (13) 

Here W is the potential energy of the whole system, a function of the space 
co-ordinates of all the % molecules of A and Wb molecules of B, is 

an abbreviation for the product of elements of volume each corresponding 
to one particiilar A molecule ; similarly The multiple integral is 

to be evaluated over the whole of the 3 + %) dimensional phase space. 

The whole problem reduces to the evaluation of B {T, p).* 

Fowlerf does indeed devote a few paragraphs to dilute solutioixs, but the 
treatment there given is open to criticism. For a perfect gas B (T, p) becomes 
simply V”a ^”b. For a dilute liquid solution of B in A (that is Wb 
F owler states that the solute molecules will contribute a factor V”b to B (T, p), 
the remaining factor being independent of This argument seems to be 
due to a false analogy between dilute solutions and perfect gases, probably 
suggested by the popular but false analogy between osmotic pressure and 
gaseoxis pressure. To establish this point it is best to remind ourselves why 
B (T, p) takes the form for a perfect gas. The explanation is simply 

that the volume V of a gas is determined entirely by that of its container and 
we can express this mathematically by setting 

W “ 0 anywhere within the volume V ; 

W 00 anywhere outside the volume V. 

Integration then gives immediately 

B(T,p) = V«A+V (14) 

For a slightly imperfect gas the conditions are 

W is small anywhere within the volume V ; 

W == 00 anywhere outside the volume V, 

• Vide Fowler, loc. p. 307. 

t Fowler, he, c*/., paragraphs 13.2 to 13.4. 
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Thus the integration over the whole of the phase space may still be replaced 
by integration over the hyper-volume This leads to the formulss 

obtained by Fowler for imperfect gases.* 

For a liquid, however, the conditions are entirely different. The volume V 
occupied by the liquid is not at all determined by a containing vessel but by 
the intermolecular forces. Tlie ske of the containing vessel will iherely deter- 
mine how many mole<5uleB will l)e present as vapour in equilibrium with the 
liquid ; we may in any case assume that these are negligibly few compared 
with the molecules in the liquid phase. The behaviour of W for a single liquid 
is better described as follows, W has a pronounced minimum for certain, 
but not; all, configurations in which all the n molecules are packed together in 
a volume V (the actual volume of the liquid). As shown by the large heat of 
evaporation of liquids (compared to ^T) not near the critical point and their 
small compressibility, W will be much greater, effectively infinite, for all 
configurations in which the whole assembly occupies a volume appreciably 
gre^ater or less than V. Since this minimum value of W will obviously be 
proportional to n the number of molecules in the assembly, we may write 

W,„tn-n.i4;(T,p), (16) 

where w (T, p) is independent of n. We thus obtain 

B (T, p) = e-"'"'*'!’ j I (dw)», (16) 

where the integral haa now to be evaluated over all configurations consistent 
with 

W = nw. (17) 

We have now to estimate this hyper-volume of phase-space. It is fairly 

obvious that we need not take into consideration changes of configuration 
corresponding to a mere macroscopic alteration of shape or position of the 
liquid mass. There remain two types of change of configuration. Consider 
the moleooles forming the liquid in one definite configuration satisfying the 
condition (17). Firstly, there are then obviously n ! configurations identically 
similar to this one except that the molecules have interchanged places. Secondly, 
in each of these configurations we may imagine a small compartment of volume 
u assigned to each molecule over which this molecule may move more or less 


* Fowler, he. cit., e.g., formula (486). 
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independently of the other molecules without appreciably disturbing the 
relation (17). Evaluation of the multiple integral then gives 

B (T, p) =- r-""’/*'' n ! u“. (18) 

This gives us for the characteristic function of a single liquid 

j = n I log ~ If + ” w — 1} + « log u, 

= w|logGu~~|. (19) 

As we do not know how w and u dofKind on the temjxjrature and pressure this 
leads nowhere for a single liquid. The argument is, however, readily extended 
to dilute solutions. 

§ 3. The Formulation for Dilute Solutions. — If we define a solution of B in A 
as being ideally dilute wlien there are no long-range electrostatic forces between 
the molecules and Wu//#a small that we may neglect its square, then of aU 
relevant possible configurations the number of them in which two solute B 
molecules are within range of each other's field of force is negligible. In this 
case W will still have a pronounced minimum of the form 

W„an = % . (T, p), (20) 

where Wj, and are independent of the composition, for certain configurations 
in which the molecules are all collected in a space V. We then have 

B (T, p) ^ e *T J j* (dcuB)”», (21) 

the integral to be extended over all that part of the 3 (w ^ dimensional 

phase space in which W has the value given by (20). The determination 
of this hyper-volume proceeds exactly as for a single liquid and leads to 

B (T, p) — e n- («4 + Hb) ! Ua”a u„"b, (22) 

and hence 

I = {log (;a + ”»> - a} + + "»> - gg} . m 

In this formula u, w, G may be functions of the pressure as well as the tempera- 
ture. liCt u*, w*, G*** denote their respective values at very low (effectively 
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zero) preasuroH, these quantities being functions of the t/«?niperature only. 
The second characteristic function O is then according to (10) given by 



( 24 ) 

K may be assumed independent of the pressure, but will generally vary with 
the temperature and composition of the solution. But since iu an ideally 
dilute solution we may neglect the interaction between the solute molecules 
the volume V must be of the form 

V == n,v»’ v (T, j>) + WBr„ (T, jt), (25) 

where % are independent of but depend on the pressure as well as 

the temperature. For equation (25) to hold at every pressure it is easily 
shown that k must dej^end on t)i<» composition according to a relation of the 
form 

«AA+«ltV*B 


where are mdependent of the composition as well as of the pressure ; 

in. particular is the value of k for the pure solvent. Substituting (26) into 
(24) we then obtain 



Having now obtained formulee for T and <I>, it is straightforward thermo- 
dynamics to deduce all the laws of ideal dilute solutions. Thus for the equili- 
brium between two phases as regards A, we have to equate the chemical 
potential of A between the two phases ; similarly for equilibrium as regards 
B, we have to equate the chemical potential Pb phases. The 

chemical potentials ate defined by 



af \ 

Sn^/T, p, Xg 


dnjT> V, «, 


= -T 
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Straightforward difEerentiation of (27) gives 


= log 
jfcT * 

^ = log 
i-T ^ 


r. .1" ^ + (»•» 

^ A ^ A (^A ^b) 

^ - j r + W + - M- {29-2) 

G*bU%(Wa4%) A:T 


^'a |log -f 1 1 + w'g I log + l| . (30) 


For a mixture of the vapours of A and B, considered as perfect gases, we 
have on the other handf 
T' A' 

The functions referring particularly to the gaseous phase are denoted by 
dashed letters and the 6' are functions of the temperature only. Combining 
(30) and (3) we have for O' 

O' F' , , G'^V' , , , G'„V' 

-T == WAlog-j^- + nBlog -3—, 


k kT 

* 1 /G'a ^T *\fi X 4“ \ I * 1 /6*b^1 ^^a 4“ 

= « A log [-j-, M— + ” B log(— f;; - • 

' p w A P » B ■ 

DifEerentiation of (30) at constant V or of (31) at constant p gives 

jfcT ^G\V ^'G'^jfcTn'^ + n'B/ ^G'^ifeT’ 

JiJ ^ log = log ( -£! ) = log 

jfcT ®G'bV ^'G'BjfcTn'.4 + n'B' ^G'ajfcT’ 

where p\, p'g are the partial vapoiu^ pressures defined by 


Pa ■■ 
P'b 


n'A + 




~p 


«'a + «'b ■ 

For equilibrium between liquid and vapour we have the conditions 

IJ-A = R*a> 

I^B = (a'b- 


These lead to 
Pa 


^'a^T exp-[*2!^+£!^A(i_i,Ap)l 

*u*A P I jfcT ^ jfcT ^ 


«A + % Q*aO*A 

% G^BjfcT 


t Fowler, loe. eiU, e.g., formula ( 400 ) or ( 491 ). 


(31) 

(32.1) 

(32.2) 

(33.1) 

(38.2) 

(34.1) 

(34.2) 

(36.1) 

(36.2) 
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So far the foimulad obtained have all been of a form symmetrical in A and 
B. This symmetry is, however, apparent only as it must be remembered that 
0 * 18 , Kj^y kq afc propi^itios of a medium consisting 

essentially of A. Setting ^ 0 in the formula for the vapour pressure of the 
solvent and comparing the equation so obtained with that for the solution 
we get 


Pa 


P\ 


+ Hb 


(36) 


where is the vapour pressure of the pure solvent, Tliis is Raoult’s law 
in the mole-fraction scale. It is to be noted that p\ and depend on the 
pressure p on the liquid as well as on the temperature. There is no corre- 
sponding simplification of the equation for the vapour pressure of the solute 
B. We may write it in the more familar form 


Pb 


K 


% 


% + 


(37) 


where K is independent of the composition. K, liowever, depends not only on 
the temperature but also on the pressure p of the solution according to the 
relation 


aiogK \ 

0 P 


AT 


r (1 - xbP)- 


m 


§ 4. Osmotic Pressure . — The osmotic pressure of a solution of B in A is the 
extra pressure that must b(^ applied to the solution so that it may be in equili- 
brium as regards the solvent species A with the pure solvent at efiectively 

zero pressure. If we denote this pressure by P we have as the condition of 

osmotic equilibrium 

|Xa (T, P, /?,,, hb) - (x^ (T, 0, 0), (39) 

or according to (29.1) 

log ^ (1 - KP) = 0. (40.1) 

or 

P (1 - KP) = log (40.2) 

this is the correct form of the law of osmotic pressure on the mole-fraotion 
scale.f Ignoring compressibility (40.2) simplifies to 

p = .^log«A±JLB. 

V*X «A 

t Fwie Guggenheim, loc. ciU formula (43). 


( 41 ) 
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§ 6. Errors in Fowler’s Discussion. — ^Fowler’s proposed formnUt for Y may 
be written in our notation 

== «a'{'a ( T, — ) + Wb* I log + l| , (42) 


where 6^ is ft function of T only. According to the well-known thennodynanxic 
relation 


P 


('£^1 

SV'T, 


(^■'1 
' av/x. 


( 43 ) 


equation (42) leads to the formula for the pressure, 



which cannot be right, whatever value be assigned to 




( 44 ) 


According to oiu* introductory discussion, Y is for an incompressible liquid a 
fimction of T, only. Any formula for T which contains V explicitly, 

apart from correction terms to take account of compressibility, will therefore 
lead to an impossible formula for p. 

According to Fowler's treatment, formula (42) seemed to lead to a set of 
laws of dilutes solutions not differing greatly from those obtained above. Care- 
ful investigation, however, sliows that formula (42) does not in fact lead to 
Haoult’s law even approximately. From (42) we deduce by differentiation 


T ' dnjr, v, 

iifi = - 

T \dnji, V, B^ 






( 45 ) 

( 46 ) 


Formula (46) is not unsatisfactory for treating equilibria involving the solute 
species B and leads to Henry’s law in the form 


= ( 47 ) 

where is mdej)endent of the composition. At infinite dilution this agrees 
with (37). Fonnula (45), on the other hand, if accurately applied to the 


t Fowler, he, formula (911). 
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eqtiilibriam of the solvent species A leads to incorrect results. Coinbiiwtiou 
of (45) with (32.1) gives for the partial vapour pressure of A in the solution 




while for the partial vapour pressure of the pure solvent we have 

V / \1 


p'\ 


(V/«"a) 


(49) 


where denotes the value of Wa/V in the pun^ .solvent. Combining (48) 

and (49) we find 


P 



nJ-'dYfnj,’ n'>J-\?)y/n\n 


(50) 


This leads nowhere without some assumption about the form of (V /n^). 
To make (50) lead to a result approximating to Raoult's law, we have to 
iinsutm that at given T and p 


_ J. ( 1 - ^a(vm"a) 
k k 


!i (A . )4-ii» 



whore 0(nji/nD^ denotes terms of order (wj,/»a)®- This assumption leads to 
Raoult’s law in the form 

2^ = exp| — f (62) 

P \ »»A > 

There is, however, no physical ju8tifi(?ation for (51) and, as already pointed out, 
neither this nor any other behaviour of makes (44) physically possible. 
A similar criticism applies to the use of (45) for the derivation of a formula for 
the osmotic pressure. Actually (45) leads to 




kT t -4>.>(V/n«A) + 4>A(VMA) 
' k 


nj,k [dY/nJ ^ nV lav/n\// ’ 


( 53 ) 


which transforms to an approximately correct formula only with the help 

of (61).t 

t ProfeMor Fowler has kindly ihlorined me by a private oommunivation that he agrees 
with the present method of treatment, and he recognises that the treatment given in his 
book is fallaoious. He informs me further that the errors in his treatment were first 
pointed out to him by Professor J. D. van der Waale, junr., in a review of his book. 
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In conclusion, we will say a few words about perfect solutions. In the above 
deduction of the laws of dilute solution we had to assume that in the + n^) t 
permutations of the molecxiles amongst themselves the ones leading to con- 
figurations with two or more B molecules in contact were negligibly few. This 
assumption is no longer necessary if such configurations correspond to the 
same minimum value of the potential energy and the same volume occupied by 
the whole phase, Iix other words, it may be dispensed with if the fields of the 
A and B molecules are so similar that the “ average free energy ’’ of a B mole- 
cule (or A molecule) is the same whether it is surrounded by A molecules or B 
molecules. In such a case the above laws will hold for all concentrations. It 
is well known that such perfect solutions do in fact exist*, and for them it is 
only by using the mole-fraction scale of concentration that the observed laws 
can be expressed by simple formul®. 

I have much pleasure in thanking Professor Fowler for his kind and valuable 
criticism of this paper. 


The Exchange of Energy between Oas Atoms and Solid Surfaces. 
IL — The Temperature Variation of the Accommodation 
Coefficient of Helium. 

By J. K. Roberts, Ph,D., Moseley Student of the Royal Society. 

(Communicated by Lord Rutherford, F.R.8.— Received October 23, 1931.) 

In an earlier paperf it has been shown that, by paying careful attention to 
the removal of films of adsorbed gas, considerably lower values are found for 
the accommodation coefficient of helium with a tungsten surface than those 
ordinarily measured. These results for a clean surface, as opposed to those 
given by a surface covered with adsorbed films of unknown constitution and 
arrangement, must form one part of any theory of the interaction between 
gas atoms and a solid surface. The discovery by Stern of the phenomena of 
atomic reflection and diffraction shows that this theory must be treated from 
the point of view of wave mechanics. 

* Fide Lewis and Randall, ** Thermodynamics ” (1923) ; and Hildebrand, Solubility " 
(1924). 

*(" Roberts, * Proc, Roy, 8oc.,* A, vol, 129, p. 146 (1930), Refm^ncea to earlier work 
will be found in this paper, which for convenience will be referred to as Paper I. 
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In the present paper data are given for the variation of the accommodation 
coefficient of helium with a tungsten surface between ordinary temperatores 
and —194° C. The apparatus used was similar to that used in the earlier 
experiments, but in order that the glass-metal seals should stand immersion 
in a bath of liquid nitrogen the experimental tube was made of Pyrez glass. 
The value obtained at room temperature with the earlier apparatus was 
confirmed with the new one. 




cal. om.“* 8ec.-» deg.-i 


VfiT 


( 1 ) 


t 




TO 
tiaUEOD 


General Description of Apparatus, 

The helium was continuously circulated through charcoal tubes immersed 
in liquid nitrogen as in the experiments described in the previous paper, and 
the procedure for baking out the apparatus was the same. 

The only difierence was that the wire from which the ,i 
heat loss was measured was mounted in a Pyrex tube, 
and for convenience it had to be shorter (18 • 7 cm. as 
against 35 cm.) than those used in the earlier experi- 
ments. The wire and tube are shown in fig. 1. The 
tube was immerswid in the constant t(5mperature bath 
to the level shown by the dotted line, and was constricted 
at the top to ensure that the wire should be surrounded 
as nearly completely as possible by walls at the tempja- 
ture of the bath. 

If the tube contains a monatomic gas of molecular 
weight jx (0 16) at a pressure p dynes per square cen- 

timetre, which is small enough for the free path of the 
gas molecule.8 to be large compared with the diameter of 
the wire, Kmudsen* has shown that the heat carried 
away from unit area of the wire by the gas per second 
per degree temperature excess of the wire is given by 






Fra. 1. 


where T is the absolute temperature of the gas molecules 
and a is the accommodation coefficient which we require 
to measure, y, is the quantity we measure experimentally 
ftnd, to deduce the value of a from it, we have to know 
the {Mreasute p inside the tube. Before considering in detail how is obtaiiied 
from the experiments we shall deal with the measurement of p. 

* Knudsen, * Ann. Physik,’ vol. 34, p. 593 (1911). 


yoi« oiacxv.— A. 


o 
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Measurement of the Pressure. 

The pressure at the point P in fig. 1 was measured by a McLeod gauge to 
which the side tube at this point led. Experiments with the gas circulating 
and stationary and using the wire as Pirani gauge allowed that at all the 
temperatures used circulation in itself did not produce any appreciable pressure 
difference between P and the tube containing the wire. Wbm the apparatus 
was at room temperature the measured pressure therefore gave the pressure 
inside the experimental tube.* 

When, however, the point P where the pressure is measured is at room 
temperature and the tube is at a different temperature, the pressure in the 
tube may be different from that at P. This is the phenomenon of thermal 
transpiration which was discovered by Osborne Re 5 niolds.f It occurs when 
the me^n free path of the gas molecules is not very small compared with the 
diameter of the tube. In the limiting case, when two vessels at absolute 
temperatures T| and Tg are connected by a hole which is small compared with 
the free path, Reynolds showed that the ratio of the pressures is given by 

Pi/P* = (T,/T,)‘. (2) 

The phenomenon has been treated in considerable detail by Knudsent vrho 
has dealt with various oases. The simplest is that in which the free path is 
smaller than but not negligibly small compared with the diameter of the tube 
in which the temperature gradient occurs. In this case Knudaen§ has obtained 
an expression for the pressure difference which is equivalent to 

Pi- Pt= (Ti - T,) dynes cm. '* (3) 

where Xq is the mean free path at atmospheric pressure and at 0® 0. and d is 
the diameter of the tube. He has verified this result by some experiments. 
From the point of view of the present apparatus, in which the tube where 
the temperature gradient occurred was made larger than the free path, it was 
important to find just within what limits Knudsen's formula (3) is applicable. 

* Oalcuktions based on the experiments about to be described showed that in all the 
expenmenie on which the final results are baaed, the pressure drop due to thermal 
transpiration in the liquid air trap between P and the McLeod gauge was small enough 
to be neglected. 

t Osborne Reynolds, * Phil. Trans.,’ voL 170, p. 727 (1879). 

X Knudson, * Ann, Physik,’ vol. 81, p, 306 (1910). 

} Knudsen, ioc. eit., p. 216. 
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If the pressure is too low (free path too long) relation (2) is approached^ while 
if it is too high (free path too small) the gas near the wall tries to establish the 
relation (3) between the pressures, but the gas in the centre of the tube cannot 
maintain the difierence and so there is a circulation of gas in the tube and the 
pressure difference — Pg approaches zero. 

The apparatus used to test formula (3) was similar to that used by Knudsen. 
Two similar McLeod gauges constructed to be capable of measuring a wide 
range of pressures were connected together through the system of glass tubes 
shown in fig. 2. The tubes were immersed in a bath of 
liquid nitrogen to the level shown by the dotted line so 
that the temperature drop from room temperature to the 
temperature of liquid nitrogen took place in a capillary 
tube of diameter — 0*0757 cm. on one side and in a 
wide tube of diameter dg ~ other. In 

order to avoid having too long a capillary a water-cooled 
spiral tube was waxed on to its top as shown. A U-tube 
was provided which short circuited the part of the ap- 
paratus shown in the figure and with this tube open the 
readings of the McLeod gauges were equal When this 
U-tube was closed by mercury so that the only com- 
munication between the gauges was through the system 
of wide and narrow tubes immersed in liquid nitrogen, 
a pressure difference was in general established between the two gauges. 

Let us consider pressures at which the free paths are comparable with the 
diameter of the capillary tube. Applying formula (3) to the wide tube we 
have for a temperature difference of 210'' and for helium, for which 
Xq = 28*5 . 10 '® cm,, pj — p' = 0*003 cm. of mercury, since 1 dyne cm.”* 
= 7*5. 10”* mm. of mercury. The remark at the end of the last paragraph 
but one shows that this pressure difference, which is in itself practically 
negligible, is an upper limit for the pressure difference in the wide tube, Apply- 
mg formula (3) to the capillary tube, we have p^ — p' = 0 • 082 mm. of mercury. 
Thus for the range of pressures for which the formula is applicable to the 
narrow tube the calculated value of the pressure difference between the two 
McLeod gauges is 

Pj Pj = 0*080 mm. of mercury, 

with an uncertainty due to the wide tube not greater than 0*002 mm. 
of mercury. The experimental values are given b Table I and it will be 
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Been that, provided pi is greater than 0*389, (p| — Pt) is appreciably oonstant. 
Xj is the mean free path at the end of the capillary which is at room 
temperature. 


Table I. — Helium. 


Pi 

A, 

<i,/A,. 


Pi “ i>»* 

miu. meixury. 

om. 


mm. meraury* 

0 070 

1 

0*329 

1 

0-23 


0-023 

0 002 

0-260 

0-30 


0 030 

0X10 

0*209 

0-36 


0*036 

0 142 

0*162 

0*47 


0*046 

0181 

0-127 

0*60 


0-056 

0 249 

0-0926 

0-82 


0-071 

0-291 

0-0791 

0*96 


0-076 

0*389 

0-0692 

1-29 


0*090 

0-480 

0*0479 

1-69 


0-088 

0-877 

0*0340 

2-24 


0-088 

M12 

0-0207 

3-67 


0-091 

1-472 

0-0166 

4-86 


0-080 

1-854 

0-0124 

6-13 


0*094 


Similar experiments were carried out with argon for which X^ = lO-O . 10“* 
cm. and the value of (p^ — pj) calculated from formula (3) is 0*029 mm. of 
mercury. The results are given in Table II. 


Table II. — Argon. 


Pi 

mm. mercury. 

cm. 

i 

i 

Pi -P% 
mm. mercury. 

1 

oon 

i 1 

0*474 

0*16 

0*006 

0-032 

0-262 

o-su 

0*010 

0-041 

0*197 

0 38 

0*012 

0-063 

0-162 

0*60 

0*016 

0*066 

0*122 

0*62 

0*018 

0*079 

0-102 

0*74 

0-020 

0-093 

0*087 

0-87 

0-022 

0*107 

0-076 

1 00 

0-024 

0-128 

0-063 

1*20 

0*026 

0-176 

0-0468 

1*66 

0-030 

0*220 

0*0367 

2-06 

0-030 

0-291 

0*0277 

2*73 

0*031 


The results for both gases are plotted in fig. 3, and it will be seen that in 
both cases the limiting constant value of (pi — p,} is reached when di/\ is 
equal to about 1-5. In the case of helium the difference remains constant at 
least until dJ'Ki = 6. The measured limiting values agree well with those 
oalculated from formula (3) and are for helium 0*090 mm. of mercury and for 
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argon 0*030, as compared with the theoretical values of 0*080 and 0*029 
respectively. 

In the experiments to measure accommodation coefficients at liquid nitrogen 
temperatures the pressure measured on the McLeod gauge lay within the 
limits 0*026 mm. (free path — 0*88 cm.) and 0*080 mm. (frtje path = 0*29 
cm.). The diameter d of the tube at P (fig, 1) where the temperature drop 



between the low teraixirature apparatus and the McLeod gauge took place was 
1*8 cm., so that d/X lay between the limits 2*0 and 6*2. Knudsen^s formula 
(3) can therefore be used to calculate the difference between the measured 
procure and that in the part of the apparatus containing the wire. The 
difference so calculated is 4*7 dynes cm.'* or 3*5. 10 mm. of mercury. 
This correction was applied in all oa8(*.s to the measured pressure. 


Measuremmt of the Temperature. 

In the experiments at ordinary temperatures the method of measuring the 
temperature T of the gas and the temperature excess of the wire was that 
described on p. 160 of paper L 

In the experiments at the temi>erature of liquid nitrogen a similar method 
was used with an oxygen vapour pressure thermometer replacing the mercury 
thermometer. The vapour pressure thermometer was evacuated and baked 
and then filled with oxygen by heating potassium permanganate, A table 
given by Henning and Heuse* was used to obtain the temperature from the 
vapour pressure. To determine the temperature coefficient of the wire, baths 
at two different temperatures were required. These were obtained by using 
first the purest liquid nitrogen available and then liquid air containing a high 
proportion of oxygen. 


* Henning and Heuse, ‘ Z. Phyaik,’ vol. 28, p, 113 (1924). 
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The measured rt^sistance of the wire at room temperature, at the temperature 
of solid carbon dioxide, and at the temperature of liquid nitrogen was plotted 
against the temperature. The relation between rtjsistanoe and temperature 
over the whole range was very nearly linear, the mean temperature coefficients 
from 0 to C. and from 0 to —192^ C. being 4-39 and 4 *34 . 10" These 
coefficients agree closely with the values 4-45 and 4*39, 10""* obtained 
respectively for the same ranges by Holbom.* The nearly linear relation 
made it possible to deduce accurately the temperature coefficient at the 
temperature of solid carbon dioxide from the slope of the curve at this point. 

The Temperature of an Electrically Heated Wire. 

The wire from which the heat loss was measured was fine (0*0068 cm. 
diameter) and was made as long as was practicable (18'7 cm.) so that end 
losses should be relatively as small as possible. It has been pointed out in 
paper I that for a given temperature excess the end loss depends to a certain 
extent on the surface loss. With this shorter wire and particularly at low 
temperatures where the thermal conductivity becomes greater such end losses 
are more important than in the earlier experiments. To eliminate accurately 
from the final results the effect of these losses we shall consider the temperature 
distribution along the wire. We shall assume for the moment that the two 
ends of the wire are maintained at the temperature of the bath in which the 
tube containing the wire is immersed, which is also the temperature of the 
gas surrounding the wire. 

Consider the element of the wire between x and x-\-dx (fig, 4). In the steady 



Fio. 4. 


state when the net rate of gain of heat by the element of wire is zero we have 

Kk^dx + (1 + od) ^ 27vrqt dx = 0, 

where the first term represents the rate of gain of heat by conduction, the 
second the rate of gain of heat due to the current, and the third the algebraic 
rate of gain of heat at the surface, and where K = the thermal conductivity, 
A = the area of cross section, i = temperature excess at x above the ends and 
* Holbom. ‘ Ann. Physik,* vol 69, p. 164 (1919). 
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BttrroonduigS) i ^ current in amperes, Po specific resistance at the bath 
temperature, a = temperature coefficient of resistance, r = radius of wire, 
and q = heat loss per unit area per degree temperature excess of the wire. 
We may write ? = ?(, + q^, where is due to the gas and is due to radiation. 
The above equation may be written 


where 


(Pt , , ^ 


4-2 KA* 


inrq 

m = -=rf — aw 

IvA 


If I is the length of the wire, then for » = 0 and a; == ? we have t = 0, and 
provided m is positive the solution of the equation is 




e-*''") + 1 — e- 


1 

The mean temperature excess < ie 7 I tdx and is given by 

I Jo 


f, , 2 - 1) - 1) 1 

t iVm — c“‘ J 


and {dtldx)^ the temperature gradient at the end, which determines the end 
loss, is given by 

/dt\ n f, . 2(e-‘'^-l)) 


^dx/Q Vw ^ (c^ 


(1 + 


If m is negative we shall write 


' m = a» • 


KA./’ 


and we obtain 


T _w_ ( sin 1 Vw' I (1 — QOS I 'v/m')* _ 
m' I l\/m' Binl\/rn' ' 


/^\ iL (I — 008 1 Vm') 
\dx 0 sin I\/w' 


The mean temperature excess I was measured experimentally, but it was not 
possible by substituting the measured value in equation (7) or (7a) to deter- 
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mine the value of q (aee equation (5) ). It was therefore necessary to calculate 
from equation (7) or (7a) the values of f for certain assumed values of q and to 
obtain the actual value of q by interpolation to the measun^d value of 

Determimtion of Radiation and E^id^ Losses. 

To carry out the calculations just mentioned it is necessary to know the value 
of K, the thermal conductivity. Determining the value of K is in effect 
equivalent to determining the end loss. Further, to obtain the loss duo 
to the gas per unit area per degree temperature excess, we have to subtract 
the radiation loss per unit area per degree temperature excess, from q. In 
this section we shall consider the determination of the values of K and of 
The measurement of all the quantities occurring in equation (5) except these 
two has been dealt with earlier or in paper I. 

The experimental procedure at all temperatures for determining K and 
was to evacuate the apparatus until the pressure read on the McLeod gauges 
was below lO""® mm. of mercmry and to measure the mean temperaturii excess 
of the wire produc^ed by a given current. 

In reducing these results we must also consider the effect of the temperature 
drop in the molybdenum spring which held the wire stretched * This 
spring was 15*6 cm. long and 0*03 cm. in diameter. Its surface was quite 
black by oxidation. In the case of the experiments at ordinarj^ temperatures 
the temperature drop is shown to be unimportant ; in the experiments at 
liquid nitrogen temperatures it is calculated ; and in those at the temperature 
of solid carbon dioxide the greatest effect that it can possibly have is calculated 
and a probable value for its effect given. We shall consider in brief outline 
the experiments in the above order. 

At ordinary temperatures let us first, neglect the effect of the temp<;rature 
drop in the spring. The value of Kf was taken as 0-40 c>al. cm.*^ sec.“^ deg.“^, 
and the value of q ^ was deduced from the measured temperature excess 
with no gas present using equation (7) to be 8 ' 6 . lO”"* cal. cm. sec. deg. 
Using these values of K and of q we obtain from equation (8) the value 
{dtjdx)^ — 2-1 deg. cm,“L and this gives for g,, the heat flowing into the spring 
per second, q^, 2*9 . 10^* cal. secrL Let us as a first approximation which 

is sufficient assume a linear temperature gradient in the spring and let x be 
the temperature difference between the ends. We have, if be the heat loss 

^ The temperature drop in the heavy tungsten wires used for the seals was neghgihle* 

t See, for example, Kannuluik, ‘ Proc. Boy. Soc./ A, vol, 181, p, 3S0 <1^^S1). 
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per aecoud per unit area per degree temperature exceae from the molybdenum 
surface and be the themml conductivity of molybdenum, 


or 


.7T. 

15*5 


X f 


.7c.3.10“a.l6'6 


■ 


X 




4-54.1() + 7-31.10 » q,f 


(9) 


Tlje value of is 0-35* and, if we assume that </,„ has the value 8*5 . 10“** 
found above as a first approximation for tungsten, we obtain x ^ 1 *3 degrees. 
Now, if the surface loss from the wire were zero and if the teraptuature of each 
end were raistMl x degrees, the mean temperature excess t would be raised x 
degrees. If only one end is raised x degrees the mean temp<^rature excess 
can l>e assumed to be raised xj*! degrees. With an appreciabh* surface loss 
from the wire the mean temperature will be raised less than this, but we shall 
not take this fact into account as we are seeking an upj>er limit. We therefore 
assume that we have to add to the calculated value of / an amount 0*7 to 
obtain the measured value whicdi was 6*1 degrees. The value = 12 . 10"*'* 
is required to give a calculated value of / of 5*4 degrees and the diffen^rice 
between tliis and 8*5 or in round numl>ers 9 . 10 ® obtained by neglecting th(^ 
drop of tiunjH^rature in the spring is 3 . 10“®, which is only 5 per cent, of the 
total loss 6-3 . 10“^ in the exj>eriment with helium in the apparatus, /,c.. the 
value of the accommodation coefficient i« only altered by 5 per (?ent. Actually 
the correction for the temperature drop in the spring will be mindi smaller 
than this owing to the fact that it is blackened by oxidation so that will be 
considerably larger than the value used in the calculation.f We are thendore 
justified in this case in negUjcting the temperature drop in the spring and taking 
the value of the radiation loss determined above , 10“® cal. cm."** sec. 

deg*^ 

In the experiments at the temjierature of liquid nitrogen the radiation loss 

from the surface of the tungsten wire is quite negligible, so that we may 
assume to a first approximation that when the containing tube is evacuated 
one-half of total heat generated in the wire flows from each end of it. In 
an experiment in which the mean temperature excess was 8 degrees the 
total heat generated in the wire was 10-8 X 10"® cal sec."^; this gives 
the value of in equation (9) as 5-4. 10"® cal. sec. "I We may take the 
value of at the temperature of liquid nitrogen as 0*6 (compare the value 

* See Kannuluik, he. ciL^ p. 333. 

t For a black body at 300'’ K. it has the value I • 5 . 10-* cale., etc. 



202 


J. K. Robertfs. 


for tuugsten found below). The value of can be neglected, since, even if 
the spring behaved as a black body, it would only be 2*8 . 10*®. Thus we 
obtain aj == 1 * 8 degrees. The value of K, the thermal conductivity of tungsten, 
must therefore be such that with the current used the calculated temperature 
excess is 7*1 degrees. In this way we obtain from equation (7a) that 
K — 0*63. As already mentioned is equal to zero, 

At the temperature of solid carbon dioxide we proceed in a similar way, 
first obtaining the value of K by interpolation between the above two values. 
Owing to uncertainty about the radiation loss from the molybdenum spring 
the temperature drop in it cannot be calculated exactly ; but the calculations 
show that the accommodation coeflScient is 0*050 if this drop is neglected 
altogether, and that the maximum possible effect it can have (i.e., assuming 
zero radiation loss from the spring) is to reduce the accommodation coefficient 
to 0*045. If, on the other hand, it is assumed that the spring radiates like a 
black body the accommodation coefficient is 0*047. The value adopted, 
0*046, is certainly not more than 6 per cent, in error owing to the effect in 
question. 

It may be mentioned here that in the experiments with the gas present the 
calculations show that the temperature drop in the molybdenum spring is 
negligible. 

Method of Carrying out an Experitneni, 

In order to clean the wire it was flashed to a high temperature and then 
allowed to cool to the temperature of the bath in which the containing tube 
was immersed before measuremeuts were taken. It will be convenient to 
write down the equation for the rate of cooling of unit length of an infinitely 
long wire with a current flowing tlurough it. It will be assumed that the rate 
of loss of heat from this portion of the wire is proportional to the temperature 
excess t above the surroundings and is equal to qit per unit length. Let r* 
be the resistance of unit length when the temperature excess is t, and c be the 
thermal capacity per unit length. Let the temperature inoreaae by A/ in 
time At. We have 

cA< + qit At =3= ^ 1% At, 

where t is the current through the wire. We may write (I + cU), 

where r^ is the resistance of unit length at the temperature of the surroundings. 
The solution of the equation is 


{ 10 ) 
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where 


P 


4-2 c 


is the initial temperature excess and if is the final steady temp^^rature excess. 
The quantity p determined the rate of cooling. Now at room temperatures 
and with the currents used is always small compared with 4 but at 
liquid air temperatures and with the necessary currents this is no longer so 
and the rate of cooling is appreciably affected by the current. The experi- 
mental procedure described on pp. 16() and 151 of paper I was, therefore, 
modified as follows. 

The wire was disconnected from the bridge and with the gas circulating was 
heated to u tt^mperature well above 2000® C. to remove all adsorbed gas. The 
zero of time was taken when this flashmg current was switched off. The wire 
w’as reconnected to the bridge and a very small steady current passed through 
it. This current was only large enough to make it possible to measure the 
resistance accurately and the small tempuature exam produced by it made 
the measurements insensitive to any time variations in the aocx>mmodation 
coefficient due to the gradual adsorption of gas. When the resistance had 
In^come steady showing that the thermal disturbance due to the flashing had 
died out, the current through the wire was increased to a value sufficient to 
produce a temperature excess of 10 or 20 degrees and the sensitivity of the 
galvanometer was suitably diminished. Resistance-time measurenicnts were 
taken and it was checked that the current and pressure remained (constant. 
The resistance first increased rapidly owing to the increased current and then 
started to fall slowly owing to the gradual increase in the accommodation 
coefficient due to the slow contamination of the surface. For each point on 
this part of the resistance-time curve a value of the accommoda.tion coefficient 
was deduced and the results so obtained were plotted against the time. A Sjcnall 
extrapolation over a time of about 5 minutes to zero time gave the accom- 
modation coefficient for a clean wire. 

After sufficient observations had been taken the current through the wire 
was reduced to a small value and from the resistance measured with this small 
current the resistance at the temperature of the bath was deduced. This 
was required for the calculation of the temperature excess. 

The apparatus was then evacuated to a pressure less than 10“^ mm. of mer- 
cury as read on a McLeod gauge in order to determine the radiation and end 
loss. 
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RemiUs, 

The value obtained for the aecommodation coefficient at 295*^ K. (22^ C.) 
was 0*057. This agrees with the values obtained in paper I which lay between 
the limits 0*05 and 0*07. It may bcs mentioned that in one experiment at 
this temperature the helium was so free from adsorbable impurity that an 
almost steady value of the accommodation coefficient was obtained and that 
therefore practically no extrapolation was necessary. 

The value at 79° K. (—194° C.) was the extraordinarily low one of 0-02& 
and the actual extrapolation is shown in fig. 5, 



At 196° K. (-78° C.) the value was 0-046. 

The results given wert‘ those obtained in the steadiest and most satisfactory 
exptu*iments at each of the temp(^ratures concerned. They were all confirmed 
by other experiments. The only uncertainty that remainis is whether irregulari- 
ties in the surface are sufficient to make the measured accommodation 
coefficients all appreciably higher than would be obtained with a surface which 
is smooth from the micro-crystalline point of view. Since the measurements 
at all temperatures were made on the same wire such effects are not of great 
importance, as the results so obtained give the shape of the curve connecting 
accommodation coefficient and temperature. The results for a smooth surface 
would be obtained from those for a rough one by reducing all the values in 
the same proportion, t.c., by merely altering the scale of ordinates in fig. 6. 

The results are plotted in fig. 6. They suggest, if the same law continues^ 



Fia. 6. 
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that a8 the absolute zero is approached the accommodation coefficient 
approaches the value zero ; that is, that as the absolute zero is approached the 
collisions of the gas atoms with the solid become more and more nearly per- 
fectly elastic. No doubt, however, at sufficiently low temperatures adsorption 
of helium would begin and ultimately condensation in bulk would take place, 
so that the lowest portions of the curve could not l>e realised in practice. 

Summary. 

In an earlier paper it has been shown that the accommodation coefficient of 
helium with a clean tungsten surface is very much lower than those ordinarily 
obtained with surfaces covered with films of adsorbed gas. In this paper the 
technique necessary to extend this work to low temperatures is discussed and 
results are given for the variation of the accommodation coefficient of helium 
with a tungsten stirface between 22° and —194° C. At the latter tem|)erature 
the very low value of 0d)25 is obtained and the results indicate that, if the 
observed variation continued down to the absolute zero, the accommodation 
coefficient would approach zero. Effects due to adsorption and condensation 
of helium would make it impossible to realise in practice the lowest parts of 
the curve. 

In conclusion, it is a pleasure to thank Lord Rutherford for his advice and bis 
interest in this work, and the Council of the Royal Society for the Studentship 
which has made possible its continuance. I should also like to thank Mr. 
R. H. Fowler for his continued interest. 
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The Abnormal Absorption of Heavy Elements for Hard y-Rays* 

By C. y. CHAO.t 

[Communicated by Lord Rutherford, O.M,, F.R.8. — Received October 23, 1931.) 

IfUAToduction. 

By absorption measurements of the hard y-rays from ThC", which are the 
most homogeneotis type of y-rays obtainable, we can now, in the case of light 
dements, prove the validity of the theoretical scattering formula of Klein and 
Nishina, and for heavier elements find the existence of an extra-absorption 
which is not yet accoimted for in,tihat formula.^ There are several factors 
wliich might contribute to the abnormally large absorption coejficient of hard 
y-rays in heavy elements, and at present we know fairly definitely that at 
least two of them do exist- They are ; (1) the photo-absorption of the shell- 
electrons ; (2) nuclear absorption. L. H. Gray has elBewhere§ given the 
evidence for the first effect. The existence of the nuclear absorption in the 
case of heavy elements has been confirmed by the discovery of a new scattered 
radiation, II that is, a secondary radiation which is other than that predicted 
by the Klein-Nishina formula. It is not the intensity of the new radiation 
that establishes the nudear absorption, but the change of wave-length, 
which could hardly be explained in any other way. This change of wave- 
length suggests immediately that the nucleus is jrahaps first left in an excited 
state by the interaction, which might be a disintegration or merely an excitation, 
and then the emission of one or more new quanta follows. Should such 
a mechanism exist we should also expect the existence of a nuclear excitation 
potential or a disintegration potential. Now, the investigation of excitation 
potentials (or disintegration potentials) requires a continuous range of wave- 
lengths which is not easy to obtain. This can, however, be secured by the use 

♦ Chao, ‘ Naturwiss./ vol. 19, p. 752 (1931), 

t Research Fellow of the ChxoB. Foundation. 

t G. T. P. Tarrant, * Proc. Roy. Soo.,’ A, vol. 128, p. 345 (1930) ; L, Meitner and H. H, 
Hupfeld, ‘ Z. Phyeik,’ vol. 67. p. 147 (1931) ; J. 0. Jaoobeen, ‘ Z. Phyeik,’ vol. 70, p. 145 
(1981) ; Ohao, * Proc. Nat. Acad. Amer./ vol. 16, p. 481 (1930), he, cit, 1. 

5 L, H. Gray, ‘ Proc. Oamb. Phil. Soo.,* vol. 27, p. 108 (1931). 

II G. T. P. Tarrant and L. H. Gray, ‘Pmo. Roy, Soo,,* A, voi 182, p, 344 (1931) ; L. 
Meitner and H, H. Hupfeld, * Naturwiee.,* vol. 19, p. 775 (1931) ; Chao, ‘Phys. Rev.,* 
vol. 36, p, 1519 (1930), loc. cit, 2. 
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of the scattered rays when a beam of homogeneous y-rays from ThC'^ falls on 
a light soatterer. From Compton-Debye^s theory we have 

X — Xq + — (f — cos 0), 
me 

where \ and X are the wave-length of the primary and scatt^ered rays, and 0 
is the angle of scattering. In tliie way we have an available range of X from 
4-7 to 4-7 -|- 48 ‘6 XU, and we can measure the absorption coefficient of a 
heavy element for different wave-lengths within this range. As we pass from 
the short to the longer wave-lengths we should find a sudden change of the 
absorption coefficient if there exists a sharp excitation (or disintegration) 
potential, t.e., if the nuclear absorption suffers a sudden change at a certain 
wave-length. Although it may be that no sharp nuclear excitation potential 
exists, a point of view which is not unreasonable when wC consider the con- 
tinuous nature of the fi-ray spectra, such experiments are nevertheless impor- 
tant fox two reasons ; (1 ) it is interesting to know the variation of the nuclear 
absorption with X ; (2) the same experiment gives information on the magni- 
tude of the ordinary photo-effect for short X. The difficulty of such an experi- 
ment lies in the weak intensity of the scattered rays, and in the lack of a high 
degree of homogeneity, since a narrow range of the scattering angle results in 
an enormous loss of intensity. By the use of a pressure ionisation chamber 
and a sensitive Hoffmann electrometer measurements have, however, been 
made which lead to interesting results. 

The Experimental ArrangemerU, 

A Bd-Th preparation of 6 mg. Ba-equivalent was used in this experiment. 
It was set in a block of Pb 10 X 10 X 24 cm. in size as shown in fig. 1 a. This 
block was again surrounded by other Pb blocks 10 X 10 X 20 cm. in size as 
shown in fig. 1b, so that the radioactive source was screened in the forward 



Pjo. 1a. 


Fig. 1b. 
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direction by 20 cm, Pb and in the other direotiom by 16 cm. Pfa approximately. 
The conical canal which defined the y-tay beam had, at the external end, a 
diameter of 2-4 cm. The scatterer was an Al-block (4 cm.)® ; Ai wafi chosen 
in order to avoid any scattered radiations other than the Compton scattered 
rays. It was set at about 40 cm. distance from the source at small scattering 
angles and 35 cm. at gnmter angles, "The ionisation chamber, filled with CO^ 
at 30 atmosphere pressure, was 5 cm. in external diameter and 10 cm. in length, 
with a cylindrical net of 4 cm. diameter in order to eliminate the majority of 
the wall effect. The chamber was mounted on the Hoffmann electrometer at 
about 32 cm. away from the centre of the scatterer in the case of small scattering 
angles and 30 cm. for greater angles. The range of the scattering angle was 
indeed fairly wide at such a setting, but one could not make it much narrower 
owing to the limited strengtli of the source. With the above setting we have 
at small angles an average deviation from the mean scattering angle of about 
±3-5°. Since the complete homogeneity of the y-rays from ThC" is not very 
certain (see discussion at the end of this paper), the primary rays were first 
filtered through 3 cm. Pb to secure a fairly homogeneous beam. The effect of 
the surrounding radioactivity and of penetrating radiation was avoided to a 
certain extent by screens of Pe and Pb blocks 10 cm. thick. The distance 
between the screening and the ionisation chamber was kept sufficiently great 
to make the effect of the tertiary rays negligible. Naturally, the side of the 
screening towards the scatterer was open and also an opening was left to allow 
the free passage of the primary rays. 

The Memwrement, 

Even at small scattering angles the ionisation current due to the scattered 
rays in the above arrangement was not more than one quarter of the normal 
effect, due to surrounding radioactivity and penetrating radiation. Such a 
weak intensity could only be measured by observing the ionisation current 
alternately with and without the scatterer in position. Since the Hofbnann 
electrometer is exceedingly sensitive and stable, the difficulty of measurement 
was due not to the small magnitude of the ionisation current but to its fluctua- 
tions. To make a measurement the electrometer system was allowed to charge 
up to a certain deflection by means of the ionisation current after being dis- 
connected from earth, and the time was recorded. The inverse of this time is 
a measure of the ionisation current. Readings were taken at about 20-30 
minute intervals. Ten readings with and ten without the scatterer in position 
were grouped into one set, the readings being, of course, taken alternately in 
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order to elixoinate the time change of the normal effect. To make one measure- 
ment of the intensity, three or more such sets of readings were taken. From 
the mean deviation of the result of each set we can find the probable error of 
the final result due to statistical fluctuations, by assuming that the relative 
error Al/I ^ l/V^j where N is the numbei* of observations made. Even if 
the nuclear absorption of a heavy element does suffer a sudden change for a 
certain value of X, it would not be very easy to detect it by measuring the 
absorption coefficient of the heavy element alone owing to the fact that the 
scattering power of the shell“ele<‘tron8 increases with X. Furthennort*, it is 
a wiill-known fact that a narrow beam of rays is essential in order to determine 
the absolute value of tlie absorption coefficient accurately. If this condition 
were to be satisfied rigorously, the present experiment would be hopeless 
because of the weak intensity of the scattered radiation. To overcome these 
difficulties, it is desirable to use a differential method. This depends on the 
measurement of the absorption coefficient of a heavy element relative to that, 
of some light element which is known to have very little extra-absorption. 
We take the difference of the absorption coefficients per shell-electron (i.e., 
the measured absorption coefficient divided by the number of shell electrons 
per cubic centimetre) between the two elements and call this quantity the 
extra-absorption A(ji, (pjj — (p,Ja. Then, in this quantity, the increase 
of the scattering power of the shell-electrons with X does not enter, and the 
error introduced in the measured absorption coefficient by radiations re- 
scattered from the absorber is to a large extent cancelled for wave-lengths 
which are not too long. There is also the advantage that any error which 
might be introduced by the tertiary radiation from the screening around the 
ionisation chamber is also largely reduced. The absorbers of different elements 
were (6 cm.)* in area and their thickness was chosen so that each absorbed 
almost an equal amount of radiation. Pb was chosen to be the heavy element 
investigated, and A1 and Mg to be the light elements. The absorption 
coefficient was measured by first determining the initial intensity of the 
scattered rays and then the intensity of these rays after having passed through 
the absorber, which was set approximately in the midway between the 
Boatterer and the ionisation chamber. 

ResuUs, 

The measured intensities represented by the ionisation current are given 
in Table I, where I® is the initial scattering intensity, Ipt, the intensity of the 
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rays after having passed through the Pb-absorber and so on. The thiolatMs 
of the absorbers together with the densities are also given below. 


Table I. 


Scattering angU). 

18^ 


30^ 


X 10^*(amp4 

«-70 

S12 

5 23 

3*18 

ipb „ 

' 4-17 

3-19 

2*80 

2*32 

Iai a* ! 

i 4-39 

310 

3*03 

1*75 

aa 

i 5'22 

3-82 

3*80 

2-24 


AI)»orbei*8 ; 

( 

Pb. 

A!. 1 

Mg. 

Deiwitv 

1 

! 11 -36 

2-7() 

1 1-715 

Tiuoknesa 


0-98 

4-24 i 

1 

i 4-00 


The intensities at different angles are not comparable because the j)oaition 
of the scatteror was not always the same. The value Ipi, at was measured 
with an absorber of thickness 0-496 cm. 

In Table II, the first line gives the angle of scattering, the second line the 
mean wave-length of the scattered rays expected from the homogeneous 
component X = 4-7 XU, (!x,)pb gives the measured absorption coefficient per 
shell-electron in Pb, etc. ; Ap, (Pb- Al), Ap, (Pb-Mg) are the difference of the 
absorption coefficient per shell-electron between Pb and Al, and Pb and Mg 
respectively, t, is the estimated photo-effect of shell-electrons from the 
extrapolated empirical law deduced by L. H. Gray. After 2*7 cm. Pb- 
filtration of the primary rays the extra-absorption of Pb against Al was found 
previously to be 0-61 X 10“*® per shell-electron, which was greater than the 
corresponding value 0-46 x 10“*® after 6-8 cm. Pb-filtration.* For the 
absorption coefficient of the primary rays, the old values determined after 
2-7 cm. Pb-filtration are used in Table II. Although the present work on the 
scattered rays was carried out with 3 cm. Pb-filtration, this small difference 
produces a negligible effect in the present experiments. Strictly speaking, 
the value Ap, given in the table does not correspond exactly to the value X 
in each column owing to the small amount of inhomogeneity of the primary 
rays stdl existing, therefore at least an amount of the order of magnitude of 
(0-61 — 0*46) X 10“*® = 0-06 X 10"*® should be deducted therefrom. 


* Chao, he. eit. 1 and he. ait. 2. 
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Table II. 


10 “ 


A 

*» 

J/ig (Pl>-Mg) 

X 10» 


►f 

^ j 

Primary 

ray«. 

j 18 °. 

u 

o 

1 

30". 

1 

i 

j 36°. 

1 


4-7 

5ft 

f ! 

B * 0 

1 

7*9 

9*8 



IKO 

1-77 ^ 

2*21 

2*34 


1*38 

1*29 

1-50 

1*04 

1*79 



1-25 

1*43 

1*56 

1*70 

10»* . ... 

0 51 :t;0‘05 

0 51 l O lO 

0*27 iO-10 

0 -57 to *10 

0-65 ±0*10 

ft 

— 

0 55 i 010 

0-34 ±010 

0 05 t'O lO 

0*64 ±010 


013 

0 19 

0-23 

0*32 

0*43 


It should be mentioned that the value of the absorption coefficient for the 
sC/Httered rays here measured must l)e lower than the true value because the 
i^ondition of having a narrow beam was not satisfied. The value of this cor- 
rection can be estimated, but since it is largely eliminated by comparison of 
the absorption for a heavy and a light clement, wc need not go further into the 
calculation. Since the absorption coefficient of the primary rays was measured 
with a narrow beam and is therefore free from this error, there is an apparent 
decrease of the value between X = 4*7 and 5*9 XU, which is not real. 

The values of Ap, for Pb and A1 are plotted as ci^osses in fig. 2, and the values 
for Pb and Mg as circles. The probable error due to statistical fluctuations 
in the case of Pb and A1 is represented by short vertical lines at each point.* 
In the same figure the estimated ordinary photo-effect according to L. H. Gray 
is plotted as a dotted line. It is also seen in Table II that is always 
greater than (p,)m,. This does not necessarily mean that an extra-absorption 
always exists in A1 but it was in part due to the fact that the absorption by the 
Mg-plate was less than for the Al-plate. Consequently, the relative percentage 
of the radiation re-scattered from the Mg-absorber and entering into the 
ionisation chamber was relatively greater, thus lowering the measured absorp- 
tion coefficient. 


Discussion. 

in fig. % between X *•= 5*9 and 6*6 XU, there seems to be a jump of the value 
Ap^ suggesting the existence of an excitation or disintegration potential. 
This jump may even be sharper in reality, when we bear in mind the low resolu- 
tion of frequency here available. Near to X = 8 XU, the value Ap, i^ too 
high ; this may be due either to another excitation (or disintegration) potential 
or to experimental error. Although from the present result the oocuxrenoe of 

* The linos in the figure of the jMfoliminary report in * Natiuwisu/ wore mostly too short, 
due to pdttting errors. 
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sadden jumps is not quite conclusive, as is seen from the error limit, there is, 
nevertheless, little doubt that a minimum value of A|x, esdsts around X » 
6-7 XU, and the rise of the value Ap., for small X gives cleat evidence of the 
existence of the nuclear absorption. This latter could, perhaps, be exjdained 

0-7 


0-5 


0-1 


0 2 4 6 P 10 

X in XU 

FiO. 2. 

as largely resulting from nuclear photo-effect, for the ordinary photo-efieot is 
greater for tightly bound electrons and it is not unreasonable that this should 
occur to an appreciable extent in the nucleus if the incoming y-quanta possesses 
sufficient energy to detach a nuclear electron. 

The variation of A|ji, with respect to X, here found, agrees also with several 
other investigations concerned with different aspects of the same problem, 
the absorption and scattering of hard rays. L. H. Gray and Q. T. P. Tarrant 
have also detected a new scattered radiation from Pb by the use of RaC-yrays. 
but they found an intensity of about one-fifth of that they observed in the case 
of ThC"-Y-rays. Furthermore, by introducing an absorber over the source 
they found that the primary rays which are responsible for the nuclear scatter- 
ing in the case of RaC-y-rays, have a mean energy of the order of somewhat 
over 2 X 10* volts. This agrees very well with the fact that the nuclear 
absorption decreases rapidly between X = 6-9 and X=*6*6XU. The 
intensity distribution of the prominent lines of RaC-y-rays in the region of 
short X is given as follows 

X«6-6 6-9 8-9XU 

I 6 17 4 

Of these only one line lies to the left of the minimum of fig. 2, and it possesses 
in fact an energy of 2*2 X 10® volts. 
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Meitner and Hupfeld have determined the absorption coeflGlcients of Pb 
and A1 of RaC-y-rays after filtering through 4 cm. Pb. They found Ap, = 
0-47 X 10”®®, If we attribute this extra absorption to the mean X = 6*7 XU, 
it seems to be in contradiction with the present result. This, however, is not 
HO when we consider the situation more closely. For, only the line with 
X ™ 6*9 XU lies near to the minimum of our curve, and, if we estimate the 
extra-absorption separately for each line we should find a value for of 
about the same magnitude as foimd by Meitner and Hupfeld. We may here . 
consider briefly a question which is related to the present problem, Meitner 
and Hupfeld have found that the y-rays from ThC" were apparently already 
exceedingly homogeneous after 1 cm. Pb-filtration, since no difference in the 
absorption coeflfioient could be observed with further filtration, while I found 
previously the value = 0*565 after 1 *36 cm. Pb-filtration and 0*477 after 
6*8 cm. Pb-filtration.* They concluded subsequently that perhaps my 
source was contaminated with Ms~Th. In order to produce such divergence 
the impurity would, however, have to be as high as 20 to 30 per cent., which is 
out of the question. On the other hand, the measurement with a high pressure 
ionisation chamber might lead to somewhat different results from measure- 
ments made with a counter owing to a difference in the relative response of the 
chamber and the counter to radiations of different hardness. 

In conclusion, I wish to express my thanks to Professor G, Hoffmann for 
his help and encouragement and for placing at my disposal the facilities of 
his laboratory in the University of Halle, and to Lord Rutherford also for the 
interest which he has taken in this work, and to Dr. L. H. Gray and Mr. G, T. P. 
Tarrant for some discussions. It is also a pleasure to thank the Notgemein- 
schaft der Deutsohen Wissenschaft for providing a part of the apparatus. 

Swmnmy, 

The change of wave-length accompanying scattering was utilised to obtain 
roughly homogeneous y-ray beams of varying wave-length from a strongly 
filtered, and therefore approximately homogeneous ThC" primary radiation. 
The extra-absorption of the scattered rays in lead was determined as the 
difference between the absorption per electron in lead and in a light element. 
In this way a rapid decrease of the extra-absorption of lead was found between 
X = 5*9 and 6*6 XU. This may be connected with the excitation or 
disintegration of the lead nucleus, 

♦ Chao, k>c, ctt. 1. 
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The Double Refraction of Quartz alonff the Optic Axis. 

By Professor H. A. Fbbbbira, D.Sc. (Uaiveraity of Lisbon). 

(Communicated by A. Fowler, P.R.S. — Received October 24, 1931.) 

1. The double refraction of quartz along the optic axis was shown experi- 
mentally for the first time in 1822 by Fresnel with his tripriam.* 

In 1869 von Lang measured the refractive indices of quartz for sodium light 
in five directions nearly parallel to the axis (-+- 4° 39' to — 5° 6') ; and the best 
results he obtained were 1 '5441887 and l'6442605.t 

In 1881 Cornu measured the angular separation produced by a 60° prism 
BO cut that the bisecting plane of the refracting angle was perpendicular to 
the axis, and mounted in the position of minimum deviation.^ Cornu’s 
measurements were made for frequencies from Cd 6438 to A1 1855 ; and the 
resnlts were summed up by this physicist under a very simple form : — ^In 
quartz, the mean of the speeds of the two circularly polarised rays is sensibly 
equal to the speed of the ordinary ray. The values of the refractive mdioes 
were not given by Cornu. The only numerical value recorded in the paper 
was that with a monochromatic source two images of the slit are seen, cir- 
cularly polarised in opposite directions, when the prism is in the position of 
miniirmm deviation ; and the separation is about 27 seconds for sodium light 
and a 60° prism. 

The measurements now offered were undertaken with the view of obtaining 
the refractive indices of quartz along the optic axis, and the angular separation 
of the images produced by a prism of nearly 60°, in the visible and ultra-violet 
regions of the spectrum. 

2. A spectrometer with objectives of glass and of quartz built by the Soci4t4 
Genevoise, and belonging to the Imperial College of Science and Technology of 
London, was used for the work, which was mainly carried out in the Teohnioal 
Optics Department of the College. Each degree of the divided circle of the 
spectrometer is sub-divided into twelve parts of 5 minutes each, and the 
readings are made by four microscopes and mi auxiliary reader. Bacdi micro- 
scope has a comb of 10 teeth, 5 of which correspond to one sub-division of the 
circle. The drum of the micrometer is divided into 60 parts ; and as one 

* ‘ GiluvTM Complttes,’ vol. 1, p. 781. 
t ‘ SitzBer. Akad. Wis». Wi«i,’ vol. 00, p. 700 (1860). 
t ‘ C.R. Aoad. Sci.,' Paris, voL 08, p. 1865 (1881). 
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revolution of the drum correspondB to one tooth of the comb, each part of the 
drum corresponds to 1 second, and it is possible to estimate tenths of seconds. 

The divided circle and the joaicroscopes were calibrated before the measure- 
ments were made. 

The separation of the spcjctnun lines in the visible region was measured with 
a micrometer eye-piece made by Messrs. E. R. Watts & Son, of London. The 
comb of the micrometer has 20 teeth and the drum is divided into 100 parts, 
one revolution of the drum corresponding to one tooth. The calibration of 
the micrometer gave 1*31 seconds for the value of one division of the drum ; 
and thus it is possible to estimate fractions of a second. 

3. A prism of quartz from Brazil was specially cut for this work by Messrs. 
Adam Hilger, of London, 

Cornu’s measurements were made with a double prism, built up with two 
prisms placed one on the other, the two refracting angles being exactly the 
same and the faces being on the same planes. One prism had the bisecting 
plane perpendicular to the optic axis ; the other prism had the edge parallel to 
the axis, 

A double prism was not used in this work because, as Cornu himself pointed 
out,* it is impossible to make the two prisms always have exactly the same 
angle, as the thermal expansiou of quartz varies with the direction. Oomu 
got over the difficulty by means of plates of glass and of quartz fixed to the 
faces of the prisms by glycerine and other liquids. Corrections were still 
necessary to secure an exact compensation. 

Beyond that, it was thought that the use of a double prism lilce CornuV 
would not give a greater accurat'y or in any way improve the measurements. 
Instead of two images there would be four images 
of each spectrum line ; and the ordinary image 
situated between the two circularly polarised 
images would only make the measurements much 
more difficult. 

Two blocks with plane parallel faces were cut 
with these faces normal to the axis. The second 
plate was 40*3 mm. thick and was stated by 
Messrs. Hilger to have optically worked faces which 
were perpendictilar to the axis to within 6 seconds 
of arc. This plate was optically tested and showed itself to be of very good 
material. A prism 26*6 mm. high with the form indicated in fig. 1 was out 
* ‘ J. Phyidque,' vol. 1, p. 157 (1882). 
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from it. Faces d and e of the original plate were kept as tests, The planeneas 
of the faces was tested and the three angles were measured, the best results 
having been obtained by the autocollimation method.* 

The most probable values of the angles are : — 


C / tf 

Refracting angle A . . .* 59 59 9 

a) 60 0 23 

0=-=(a, 5) 60 0 28 


4. Particulai* attention was given to determining the pisition of the optical 
axis in the prism. 

There is a method of determining the position of the optical axis in a quartz 
plate, due to Walker. f But it applies only to very thin plates. 

In the extensive literature on quartz, namely in ]>aper8 dealing with the 
rotatory |x>wer, no description can be found of the methods used (if there were 
any) for testing the position of the optical axis. 

In this work there was no need of testing whether the faces of the quartz 
plate were perpendicular to the axis. But it was particularly necessary to 
determine the position of the axis in the prism. 

Two methods were adopted, both based on the practical equality of tlie angles 
B and C. 

(a) The prism was so placed on the spectrometer table that a beam of mono- 
chromatic light from the ooUimator was parallel to the bisecting plane of 
the refracting angle A, i.e., perpendicular to the face a of the prism 
(fig. 2) ; and the two angular separations of the images given by the 



li^G. 2. Fto, 3. 


* * Diet, of Applied Physios,’ voL 4, p. 114. 
t ‘ Phil. Mag.,’ voL 18, p. 206 (1909). 
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uDglea B and G were measured. Tlxe results for sodium light were as 


follows : — 

/ ff 

Separatiou due. to augle B 35 5-0 

„ „ C 35 48. 


(5) The spectrometer table was turned until the reflijcted image of the slit 
from the face b of the prism was coincident with the less-deviated of 
the two refracted images due to the angle B ; the prism was then in the 
j>osition of minimum deviation (fig. 3). The same operation was carried 
out for face c and angle C ; and the angular separation of the two images 
in both positions of the prism was measured. 

The results for sodium light were as follows : — 


f ft 

Separation due to angle B 37 3*5 

. „ C 37 5. 


These results are only possible if the rays travel iii the prism symmetrically 
to the axis. Therefore, it is sure that the optic axis is perpendicular to the 
bisecting plane of the refracting angle of the prism. 

6. The observations were made at laboratory temperature and at the ordinary 
atmospheric pressure. 

The prism was automatically kept in the position of minimum deviation 
by a mechanical device similar to the otie in Littrow’s spectrometer. A 
permanent control of the position of the prism was given by the same method 
tliat has been used by Gifford in his measurements of the refractive indices of 
fluorite, quartz and calcite.* If the prism be suitably placed on the platform, 
an image of the slit is seen in the telescope by reflection on the base a of the 
prism. As the angles B and C have the samp value, this image coincides with 
the image given by refraction through the angle A only when the rays travel 
in the prism parallel to its base, i.e., when the condition for minimum deviation 
is satisfied. 

The observation of the double image of each spectrum line in the visible 
region was quite easy. By controlling the width of the slit, the images were 
made thin enough to have their distances accurately measured. 

It must be noted that the separation of the two images increases very slightly 
as the prism is turned from the position of minimum deviation. For sodium 
light the prism has to be turned several degrees to either side before the 
increased separation exceeds the casual errors of measurement. 

♦ * Proc. Roy. Soo.,’ A, vol. 70, p. 330 (1902). 



218 


H. A. Ferreira. 


6. The measurements of the angular separations and of the refractive indices 
in the ultra-violet region were made with the aid of photography. 

A camera taking a plate about 2*1 cm. square was fitted to the eyepiece 
tube of the telescope. In addition to the spectrum lines, the image of the slit 
given by reflection from the base of the prism is registered on the plate, and 
thus indicates the spectral region for minimum deviation. It is easy to 
calibrate displacements on the plate in terms of angular movement. As several 
lines in the visible could be photographed, and their angles of deviation were 
known, the distances of the lines were measured on the spectrograms and the 
angular distances calculated. 

The measurements on the spectrograms were made in London with a 
travelling microscope made by the Cambridge Instrument Company, and in 
Lisbon with a comparator made by Messrs. Carl Zeiss. 

7. Table I shows the results of the measurements for 22 spectrum lines, 
7 in the visible and 16 in the ultra-violet region, from Li 6708 to Hg 2346. The 
lines Li 6708 and Na 6893 were given by flames ; the 20 remaining lines were 
given by mercury vapour arc lamps. 


Table I. — ^Refractive Indices of Quartz along the Optic Axis and Angular 
Separation of the Images given by the Prism. 


Wavo-longth. 

Refractive indicoK. 

Angular 

Heparatitm. 

n\ 

n". 


Li S707 86 

1-64160 

1 54144 

1*64147 

19-0 

Na 6892 *95 

1*54427 

1-64420 

1-64424 

23*1 

Hg 5790 - 08 

1*54470 

1-54403 

1*64460 

23-5 

Rg 6460 -72 

1*64619 

1*54011 

1-64616 

26*2 

Mg 4910*06 

1-54033 

1*64924 

1-54929 

28-2 

Hg 4368 *34 

1-66382 

1-56372 

1-56377 

32-9 

Hg 4040*60 

1*55721 

1*56710 

1-56710 

30*2 

HgS6S0l4 

1*50283 

1*50270 

1*66277 

41-3 

Hg 3341 -48 

1*50997 

1*60983 

1 -50990 

40-7 

Hg 3125 -67 

1-67440 

1*67425 

1 '57433 

51*3 

Hg 2967 -28 1 

1*37913 

1 *57890 

1*57905 

63-0 

Hg 2025 -30 

1-68071 

i 1*58054 

1*58062 

60-7 

Hg 2803 -61 

1*58183 

1*68160 

1 •68175 

67*9 

Hg 2847-67 

1-58349 

1*68332 

1*58341 

58-5 

Hg 2762 -80 

1 •68761 

1*68733 

!• 68742 

02*6 

Hg 2652 -07 

1 •59219 

1*69200 

1*69210 

66-1 

Hg 2576 -32 

1-69026 

1*59605 

1*69016 

09-5 

Hg 2536 -52 1 

1* 69860 

1*69829 

1-59840 1 

71-0 

Hg 2464-08 ; 

1*60281 

1*00259 

1*60270 

76*4 

Hg 2446-02 ; 

1*00400 

1*60378 

1*00389 

70-9 

Hg 2378 -30 1 

1-00864 

1*60831 

1*00842 

80*5 

Hg 2345 -40 

j 1*01141 

1*61118 

1*61130 

83-1 
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The results of the completed measurements are all recorded, not one having 
been omitted for any reason. There are other lines in the ultra-violet region 
with which it was attempted to work ; but they never gave images good enough 
for accurate measurements, and the results are not recorded. 

Wave-lengtlis given by Kayser were adopted, specially from Stiles* measure- 
ments. Tliey are wave-lengths in air, at 15*^ C, and 760 mm., in international 
units. 

8. As the observed value of the angular separation for sodium bght is some- 
what different from the value given by Cornu (23 seconds instead of 27 seconds), 
it was thought of interest to investigate which values of the angular separation 
could be forecasted from the PresneFs theory of rotatory polarisation. 

According to this theory the angle a of rotation of the plane of polarisation 
of a beam of monochromatic light due to its travelling in a crystal of quarts 
along the optic axis is 



e bemg the thickness of quartz traversed, V the velocity of the beam in air, 
u' and v'' the velocities of the two circularly polarisi^d beams into which it is 
resolved by the crystal, and X the wave-length of the light used. 

Writing W = V/v' and W* — V/u" for the refractive indices of quartz along 
the axis, we have 

a=sTz~{n' — n") ; and w' — n" = An = - 2. . 

A e iz 

Writing « = aje for the rotatory power of quartz, and expressing a in degrees 
per miUimetre and X in Angstrom units as usual, this expression becomes 

An ~ Xa/180 x 10’. ( 1 ) 

In the case of a prism of refracting angle A, the angle of miniTuiiru deviation 
being D, the refractive index n is 

n = sin J (A + D)/8in ^A. 

Qifierentiating this equation, the expression of dD is found to be 

jTk _ 2 . d» . sin M _ 2 dn 

co8i(A + I>) Vl/8k»iA-n«' 

An is very small compared to n. It becomes apparent from Tables II and 
in that An/n varies from 1/25,000 to 1/6800 in the limits of wave-lengths used 
in this work. 
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Substitutuig An for in ezpressioa (2), the angular separation AD of the 
two images given by the prism in the position of Tninimnni deviation is 

AD ~ Xa ( . 3 ' ' — n® ) * / 4363 (seconds of arc). (3) 

sm® fA / 

If the refracting angle A be exactly. 60“ this expression becomes 
AD = Xa (4 — n*)~*/4363 (seconds of arc). 

9. To calculate the theoretical values of An and AD from expressimiB (1) 
and (3), the values of the rotatory power and the ordinary refractive index n 
of quartz have to be known. The most probable values of a and n at 16® C. 
for the wave-lengths used in this work are given in Table II. 


Table n. — ^Rotatory Power and Ordinary Refractive Index of Quartz at 16 ® C. 


in Air. 

Wave-length. 

Rotatory power. 

1 Refractive index. 

(A) 

(«) 

I (») 

i 

Li 6707-86 

1 

16-5243 ; 

1 1 04146 

Na 5892 -95 

21-7099 

1 1-64425 

Hg 6790-66 

i 22-5307 

1 1-54466 

Hg 5460-72 

i 25-5205 

1-64617 

Hg 4916 06 

! 31*»610 

1-54932 

Hg 4368 34 

i 41-5215 

1-66379 

Hg 4046-66 

1 48-9139 

1-65716 

Hg 3650 -14 

! 61*6657 

1-66283 

Hg 3341 -48 

76-5639 

1-56888 

Hg 3126 -67 1 

88-4268 

1*57426 

Hg 2967 -28 

100-194 

1-57913 

Hg 2926 -39 

103-721 

1-58067 

Hg 2893 -61 

106-630 

1-58171 

Hg 2847 *67 

110-807 

1-58345 

Hg 2752-80 ; 

120-645 

1-68736 

Hg 2652 *07 

132 466 

1-59206 

Hg 2576-32 

142-695 1 

1-59605 

Hg 2636 -52 ! 

148-590 

1 -59833 

Hg 2464 -08 ' 

160-360 

1-60283 

Hg 2446-92 I 

163-369 

1-60398 

fig 2378-89 j 

176*389 

1-60854 

Hg 2345-49 i 

1 

183-164 

1 

1-61139 


The rotatory power of quartz at 20® C. for li 6708, Na 5893, Bg 5791, 
Hg 6461 and Hg 4368 was measured by Lowry and Ooode-Adams.* !nie 
rotatory power of quartz at the same temperature for the remaining 17 waye> 
lengths was calculated from the equation given by the same, p. 466. These 
values were corrected to 16® C. by the equation 

*15 *J0 (f 

* ‘ PML Trans.,’ A, vol. 226, p 899 (1927). 
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Measnxements of the temperature coefficient c in the visible region have been 
made by Sonhncke, Joubert, Soret and Quye, Qumliob and others ; but the 
only experimental data available in the ultra-violet region are those by Soret 
and Sarasin.* The following values of e were adopted in this work : — 


Visible region 140 X T0~* 

4000 to 3500 A. U 160 

3500 to 3000 160 

30(X)to2600 170 

26(K) to 2000 180 


There are experimental values of the ordimury refractive index of quartz 
for Li 6708, Na 6893, Hg 5791, Hg 6461, Hg 4368 and Hg 4047, given by M. 
de L^pinay (1895), Martens (1901), Gifford (1902-1910), Paschen (1911) and 
P6rard (1922), at temperatures between 16“ and 21® C. To correct them to 
16® C. the following values were adopted : — 


6708 . . . 


- 6 -64 X ]0-« 

,646) . . , . 

A'/f- 

- 5-26 X 10-« 


If 




6893 . . . 


5-39 

4358.... 


- 4-71 

6791 ... 


- 6 -36 

4047 


- 4-49 


These values were taken from Micheli’s results,! the most accurate and most 
extended set of measurements of the effect of temperatur*? on the refractive 
indices of quartz, both absolute and in air, near room temperature. 

The ordinary refractive indices of quartz for the remaining 16 wave-lengths 
were calculated from the equation given by Coode-Adams! which is assumed to 
give the refractive index at 15° G. in air, as the comparison is made by its 
author with the experimental values of Gifford. 

10. Table III shows the experimental values of AD (ai^ular separation of 
the images given by a 59° 69' 9" quartz prism in the position of wiinimntn 
deviation) and of An (difierenoe between the two refractive indices of quartz 
along the optic axis), in comparison with the theoretical values calculated from 
the equatioxus (1) and (3) deduced from the Presners theory of rotatory polarisa- 
tion. Beferenoe to the table shows that the experimental and theoretical 
values agree perfectly well. 

With a 60° prism the values of the separation woxtld exceed those reported 
in Table III from 1 to 6 units in the second decimal place. 

• • Arch. So. Phya. Nat.,’ vol. 8, p. 206 (1882). 
t * Arch. So. Phya. Nat.,’ vol. 18, p. 288 (1802). 
t ‘ Proo. Roy. Soo.,’ A, vol. 117, p. 212 (1827). 
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Table III. — ^Experintfintal and Theoretical Values of AD and An. 


Wave-length. 

Angular separation 

Differenee An of 
refractive indices. 

IMfforenoe 


Obeervod. 

Oalculaied. 

> 

Olwerved. 

Calculated. 



Li 6707 -85 

19*9 

" 

19-9 

0-000061 

0-0(»0062 

+0 00001 

Na 6892' 96 

23-1 

23-1 

72 

71 

--- 

1 

Hg 6790 -66 

23-5 

23-6 

73 

73 


0 

HgM60 78 

26-2 

26-2 

77 

77 


2 

Hg 4916 06 

28-5 

28-5 

87 

87 


3 

Hg 4368-34 

32-9 

32-9 

102 

101 


2 

Hg 4046 -66 

36-2 

36*1 

108 

110 


1 

Hg 3660-14 

41-3 

41-3 

128 

125 

— 

0 

Hg 3341 -48 

46*7 

46*6 

142 

140 

+ 

7 

Hg 3126 -67 

51*3 

51-3 

164 

164 


7 

Hg 2967 -28 

66*6 

55-5 

167 

165 

— 

8 

Hg 2926-39 

66-7 

66*7 

169 

i 169 

+ 

6 

Hg 2893-61 

57-9 

67-7 

173 

1 171 


4 

Hg 2847 -67 

58*6 

1 59 1 1 

173 

i 176 


4f 

Hg 2762 -80 

62-6 

i 62-6 ! 

184 

• 184 

+ 

7 

Hg 2662 -07 

66-1 

! 66-6 

193 

195 

4 - 

4 

Hg 2576 -32 I 

69-5 

69 9 

203 

204 

+ 

10 

Hg 2536-62 

71-6 

1 71*8 

209 

209 


7 

Hg 2464 -08 

76-4 

76-7 

216 

220 

-- 

13 

Hg 2446-92 

76*9 

76-7 

223 

222 

— 

9 

Hg 2378-39 

80-6 

80-8 

232 

233 


12 

Hg 2346-49 

83-1 

83-1 

238 

239 

— 

9 


The last column of Table III shows the values of the difference (m — n) 
of the mean m of the two refractive indices along the axis (Table I) and the 
refractive index n for the ordinary ray in quartz (Table II). The differences 
are very small ; their average slightly exceeds 0* 00001 in the visible and 
0 ’ 00007 in the ultra-violet region. Moreover, there is no evidence of systematic 
distribution of positive and negative differences. 

Therefore, it may be considered experimentally proved that in quartz the 
mean of the two refractive indices along the optic axis is the refractive index 
for the ordinary ray. 

Summary. 

The values of the refractive indices of quartz along the optic axis are given 
for 22 wave-lengths in the visible and ultra-violet regions of the spectrum from 
Li 6708 to Hg 2345. The mean of the two indices is compared with the 
refractive index of quartz for the ordimuy ray, and it is shown that they are 
equal. 

The values of the angular separation produced by a quartz prism in the 
position of minimum deviation are g^ven lor the same 22 wave-lengths. The 



Absorption of Hard Morundiromatic f-Badiation. 


223 


refracting angle of the prism is 59° 59' 9", and its bisecting ]^ue was tested 
to be perpendicular to the optic axis. The angular separation for sodium 
light was seen to be 23 seconds instead of 27 seconds, the latter value having 
been given by Cornu in 1881. 

The comparison is made of the experimental values of the angular separation 
and of the difierence of the two refractive indices along the optic axis with the 
theoretical values calculated from the Fresnel’s theory of rotatory polarisation. 
The agreement is satisfactory. 

The author desires to express his thanks to Professor A. 0. Bankinc and 
Professor L. C. Martin, both of the Imperial College of Science and Technology, 
1o whom he is indebted for facilities and help given throughout the work. 


The Absorption of Hard MonochronuUic y-Badialion. — Part II, 

By G. T. P. TARBaNT, B.A., Pembroke College, Cambridge. 

(, Communicated by Lord Rutherford, F.Il.8. — Received October 27, 1931.) 

Introduction. 

'Oiorium C" emits in very considerable intensity a monochromatic y-cay 
of very high quantum energy (2 • 649 X 10* e-volts) free from any other radia- 
tion of quantum energy greater than 0'786 X 10* e-volts, so that it can be 
isolated by filtering through a few centimetres of lead. 

Experiments by Tarrant,* Meitner and Hupfeld,t 0hao| and by Jaoobsen| 
on the absorption of these rays are in agreement in leading to the conclusion 
that the scattering formula of Klein and NishinaH is a good approximation for 
the elements of low atomic number. The absorption coefficients of the heavy 
elements, however, indicate that a new mode of y-ray absorption is occurring, 
which may be nuclear in origin. 

An attempt was made in my previous paper to investigate the manner in 
which this nuclear absorption varies with atomic number. The experiments 

• ■ Proo. Roy. 8oo.,’ A, roL 128, p. 346 (1930). 

t ‘ Z. Physik,’ voL 67, p. 147 (1931). 

t ‘ Proo. Nat. Acad. Sol.,’ vol. 16, No. 6, p. 431 (1930). 

I ‘ Z. Physik,* vol. 70. p. 146 (1931). 

II * Z. Phyaik,’ vol. 62, p. 853 (1928). 
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there described involved measurements on the absorption of the thorium C" 
y-rays after filtering through 3*2 cm. of lead, employing as detector an ionisa- 
tion chamber at atmospheric, pressure. They were sufficiently accurate to show 
that the absorption coefficients given by the Klein and Nishina formula were 
in good agreement with the experimental values for the light elements, whereas 
the additional absorption of the heavy elements was much greater than could 
reasonably be assigned to the photoelectric effect. Independently, however, 
of estimates of the magnitude of the photoelectric effect, there was good reason 
for believing that only part of the additional absorption in heavy elements 
was due to photoelectric absorption. Thus, if the whole of the additional 
effect observed in lead were actually due to a photoelectric effect varying 
according to the cube of the atomic number, the additional absorption should 
have been much smaller than was experimentally observed for the elements 
tin, antimony, and cadmium. 

Irregularities in the absorption coefficients of neighbouring tib?mentB were 
found which were rather greater than was expected from the estimated probable 
error of the measurements, and so suggested that the newly discovered absorp- 
tion mechanism varied irregularly with atomic number. The measurements 
were, however, very difficult owing to the smallness of the currents and to the 
large fluctuations caused by a-particle contamination. These difficulties are 
very largely avoided by the use of an ionisation chamber containing gas at 
120 atmospheres pressure, since the currents due to the y-rays are increased 
about 60 times, while the currents due to the a-particles appear, on the con- 
trary, to be decreased. A few rough measurements made with a pressure 
chamber and published at the same time failed to confirm the irregularities in 
the absorption coefficient so that it was necessary to repeat and extend the 
series of measurements with the greater accuracy made possible by the use of 
the pressure chamber. An account of these experiments is given in this 
paper. 

The Experimental Arrangement, 

The experimental arrangement was exactly the same as that described in 
my earlier paper, excepting that the source was somewhat older and therefore 
weaker, and that the guard tubes had a smaller capacity and were completely 
evacuated, while a small pressure chamber replaced the original lead ionisation 
chamber at atmospheric pressure. 

The pressure ionisation chamber was a steel cylinder of 63 o.c, volume and 
3 * 36 cm. internal diameter. A few measurements were taken with the chamber 
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contaming oxygaix, but an explosion occurred, probably as a result of the 
combination of the oxygen at these high pressures with the waxes employed in 
the insulators, so that in the main series of measurements it was filled with 
nitrogen at pressures ranging between 100 and 120 atmospheres. 

A reliable technique was developed for the production of an electrode system 
which would be electrically satisfactory, and would at the same time withstand 
a pressure of 120 atmospheres and maintain it, on a volume of 63 c.c., to \ per 
cent, over a period of 6 months. The procedure was as follows : a hole was 
bored in the steel end of the pressure chamber, sufficiently large to take a 
No. 0 B.A. silver steel bolt and a sxiitable tliickness of oiled silk to insulate the 
bolt from the case. This bolt serves as a guard tube and is drilled out with as 
small a hole as possible to take the electrode wire, which consisted of a No. 56 
silver steel rod insulated from it by a thin quartz tube. This silver steel 
electrode is made pressure tight in the bolt, or guard tube, with white sealing 
wax, which is found to bo very satisfactory for the purpose, provided that the 
hole in the bolt is very small. [Even with the smallest possible hole, however, 
the electrode will leak after a period of about 6 months owing to the slight 
flowirig of the wax under the high pressure. Ordinary sealing wax is too 
brittle, and cracks develop after a very few minutes, but the white wax in a 
small hole is very reliable,] The bolt is then inserted into the chamber end 
and is insulated and held tight by a rubber 
washer.*** The whole arrangement is shown 
in fig. 1. 

The current produced in a pn?ssure ionisation 
chamber by a constant radiation should, at 
first sight, be directly proportional to the 
pressxtre, because the rate of production of 
recoil electrons in a given material should b<^ 
approximately proportional to the stopping 
power of the material for the recoil electrons 
80 produced. Therefore the number of recoil electrons coming from the walb 
of the chamber and completely absorbed in the gas will be just made up by 
the number of recoil electrons produced in the gas itself, irrespective of the 
pressure. The ionisation in the gas would then depend directly on the loss 
of energy of a recoil electron in each centimetre of its path, and should, therefore, 
vary proportionally to the pressure. 

* After tiying several varieties of jiacking, the rubber sold for patching motor cycle 
tubes was found to be the most reliable. 
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Experiments show, however, that this is not the case, and fig. 2 shows the 
experimental relation between the observed ionisation currents due to a con- 
stant source of y-rays and the pressure, the ionisation current at atmospheric 



Pressure, in atnios{>fierfs 
2 . 


prefisure being taken as unity. These results appear to be in general agreement 
with those of Florance* with y-radiation and with tthose of Broxonf with 
penetrating radiation. This general agreement is not in accordance with 
Broxon’s explanation that penetrating radiation produces recoil electrons in 
the metal and not in the gas itself. 

The departure from direct proportionality between pressure and ionisation 
is probably due to a failure of the assumptions made in the above theory. 
At a pressure of 110 atmospheres the ionisation is 60 per cent, lower than would 
be expected, while the figures given in Table I make it quite clear that a 
failure to obtain complete electrical saturation cannot account for more than 


Table I. 


1 

Voltage 1 

i 

1 

10 

20 

40 

"1 

80 1 

f" 

160 

400 

lone per o.c. per sec. x 10 * 

7-20 

970 

12-80 

14-80 

16-00 

17 10 

18 10 


• ‘ PhiL Mag.,’ vol 26, p. 172 (1913). 
t ' Phya. Rov.,’ vol. 87, p. 1320 (1981). 
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a few per cent* of this difference. The measurements were taken when the 
chamber was exposed to about 5 mg. of radiothorium placed in standard 
position with a lead filter of 3-2 cm. 

For the purpose of determining the absorption of the yradiation it ia, 
however, not essential to obtain complete saturation, but only to ensure that 
the currents are directly proportional to the y-ray intensity. This appears 
already to be the case when a potential of only 80 volts is applied to the cbambeTi 
for it was shown experimentaUy that the ionisation current due to two sources 
together was the sum of the currents due to the two sources separately. To 
allow a margin of safety the measurements were, however, all conducted with 
160 volts on the ionisation chamber. 

The Method of the Experiment 

The method of conducting the experiment was the same as that described 
in my earlier paper. The final value of an absorption coefficient was the mean 
of five separate determinations, each consisting of a measurement of the 
natural leak, and of the ionisation produced by the y-radiation both with and 
without the absorber in position. A single measurement of any one of these 
quantities involved 20 distinct observations of the ionisation currents so that 
the final value of an absorption coefficient was the resxilt of 300 independent 
current observations. 

The absorption coefficients of the majority of the elements were determined 
at a filter thickness of lead such that the correction on account of the soft 
component still present was small and could be accurately determined by a 
separate experiment, while the y-ray intensity was large enough to permit the 
measurements to be taken both quickly and accurately. 

The absorption coefficients fomxd experimentally must be corrected for the 
rays scattered by the absorber into the ionisation chamber. This correction 
must be applied to every value before an estimate of the filter correction can 
be made, and we will now consider in detail these corrections. 

The ScaUerifig Correction, 

The half angle subtended by the chamber at tlie centre of the absorber was 

56', and, on the Klein and Nishina scattering formula, the fraction of the 
radiation scattered by an electron within this angle is 0*28 x 10“®^!. The 
total amount scattered into the chamber will then be 




Nm X 0*28 X 10 I, 



228 


G. T. P. Tarrant. 


where N is the number of electrons per gram and m the total mass of the 
absorber. The effect measured in the chamber will, however, be 

I (Area of chamber) (46/95)* 

the last term taking into account the diminution in y-ray intensity between the 
absorber and the chamber. The correction to be applied to the value of the 
absorption coefiScients per electron foxmd experimentally is then given by 

— 0*143 X 10'“*’ (m/nr), 

where w is the mass per square centimetre of the absorber. 

The scattering correction takes this simple form owing to the smallness of 
the angle involved, for the maximum change in wav(^-lengt,h of the rays scattered 
within 2^ is so small that we may neglect it and consider the absorption 
coefficient to remain unchanged. 

The Varicition of Absorption Coefficient uyith Fitler Tkiokmss. 

For the purposes of the calculations which we shall now make, it is sufficient 
to regard the y-rays whi<ih penetrate more than about 1 cm. of lead filter as a 
mixture of two homogeneous beams, with absorption coefficients which can be 
shown to be 0*47 and 1 *06 in lead. Let A represent the intensity of 
the soft component of these rays relative to that of the hard component at 
any particular filter thickness, the difference between the absorption 
coefficients per electron of the two components, and a the number of electrons 
per square centimetre of the absorber. Tlien, if by we represent the 
difference between the absorption coefficients of the mixed rays and the 
absorption coefficient of the hard component, by definition the absorption 
coefficient of the mixed beam is given by 

(|A, + 8|i,) o — log, (1 4- 

whence 

^‘^* == « - f 

and approximately 

As a preliminary to the detennination of the values of A and of with 
the help of this analysis a rough estimate must be made at the absorption 
coefficient of the hard component in order to determine the values of dp, at 
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the various filter thicknesses. The values of so obtained will be affected 
by the acciuracy of this estimate mainly at the large filter thicknesses and will 
not be largely in error for the filter thicknesses 2 * 15 and 1 ■ 16 cm. of lead. In 
the equation (2) any change in with filter thickness is directly proportional 
to tlie corresponding change in A (the intensity of the soft component relative 
to that of the hard). The values of Sfx, at the two filter thicknesses 1 • 15 and 
2*15 cm. thus allow a determination to be made of the difference between the 
absorption cwfi&cients of the hard and soft component, and an estimate 
made of the actual magnitude of A at either thickness. These figures are then 
used to obtain a more accurate value of S|i., at a filter thickness 3*2 cm., and 
therefore of the absorption coefficient of the hard component. 

A few approximations in this way suffice to determine the necessary filter 
correction and, at the same time, give values of (jl^^ and of A at any particular 
filter thickness. In the actual calculation it was found to be both necessary 
and sufficient to employ only the terms of the expansion given in formula (1). 

The ratio of the values of for the elements aluminium and lead should 
be nearly constant and equal to the ratio of the two values of (1 — 
so that if the value of found for lead from the filter curve is assumed 
to be the some also for the lead absorber, the corresponding value of 
for aluminium can be obtained directly. The absorption coefficient per 
electron for the soft component is thus found to be 390 X for lead and 
210 X 10^^’ for aluminium, corresponding to a quantum energy of about 
0*79 X 10« c-volts,* 

The filter corrections of any other element may be obtained from the 
corresponding corrections for lead and aluminium if the values of are 
known for the various elements. These corrections have been determined for 
the other elements investigated on the assumption that the absorption coefficient 
of the soft component varies as the cube of the atomic number. 

The filter curves have been extended to a filter thickness of 6 ‘8 cm. of lead 
with the s^e source of radiothorium, for the elements aliuninium, cadmium^ 
and lead, but the measurements are necessarily less accurate at these large 
thicknesses owing to the weakness of the source. Some of the more important 
figures in connection with this filter curve arc given in Table II. 

* This value of the mean quantum energy of the soft component is rather greater than was 
expected^ sinoe the natural p-ray spectrum indicates only very weak y lines at 0*786 and 
0*727 X 10* volts, apart from the strong line at 2*66 X 10* volts. It is possible that this 
difference is to be attributed to a continuous y-radiation of quantum energy intermediate 
between that of the hard and the soft component, and of which the existence has not yet 
been reco^missd. 
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Table III. 


Filter. 

Aluminium. ! 

1 ! 

(/admium. 

I^ad. 

cm. 




6-8 

128-3 

144-4 

171 -3 

3-2 

128-e 

143-2 

171 5 


Check on the Accuracy of the Fitter Curve.. 

Towards the end of these measurements a source of radiothorium and its 
products of about 30 mg. activity became available. This enabled a check to 
Ih! made on the accuracy of the filter curve by making accurate measurements 
at a filter thickness of 6-8 cm. where the filter correction is one-eighth of its 
value at 3 • 2 cm. This was done with the three elements aluminiiun, cadmium, 
and lead, with the results given below. For the purpose of comparison the 
first line gives the absorption coefficient per electron of the hard component 
deduced from the filter curv«s but employing the value of the absorption 
coefficient obtained with the powerful source at 6-8 cm. filter. The second 
line gives the corresponding values obtained with’the weaker source at 3-2 cm. 
filter. 

The agreement between these values gives clear proof of the accuracy of the 
filter correction adopted for the main series of measurements at 3*2 cm. of 
lead filter. 

The. Variation, of Absorption Coefficient with Atomic Number. 

In Table IV are presented the values of the absorption coefficients of the 
hard component of the thorium C" y-rays (2*649 x 10* e-volts) in a number of 
elements together with the more important details concerning the absorbers. 
These results are compared in Table V and fig. 3 with the values obtained by 
other experimenters working in this field. In order to make a valid comparison 
between the sets of experiments, certain points concerning the experimental 
arrangement must be taken into consideration. 

Ohao does not give any figtiros concraniug the scattering correction to be 
applied to his results, but gives, however, a filter curve in lead, from which the 
filter comjwjtion may be deduced. This correction is considerably bigger 
than that derived from the filter curve obtained by the author, as, at 6*8 cm. 
of lead filter, the correotionB are 6*0 X lO"** and 1*4 X 10~® respectively. 
The corresponding correction has been applied to the other elements pro- 
portionally. 
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Nisliina value for a* “ 123 *4 X 10^*^. 
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Table V. — ^Absorption Coefficients per electron X 10*^. 


Element. 

Atomic 

number. 

(!h»o. 

1 

Meitner. 

Jacobsen. 

Tarrant. 

Water 

(1*6 

127-4 

..... 


127-2 

Benzene 

53 






127-7 

Sugar 

6*4 

— 

J25 4 



Carbon 

6 

— 

111-6 


128-8 

Magneeium 

12 

— 

126-3 


129-6 

Aluminium 

13 

129 -2 

131 K 

..... 

128-9 

Silicon 

14 

-- 

133-2 



— 

Phosphonifl 

15 



133-2 

. — 

— 

Sulphur 

16 




127 0 

128-6 

Chlorine 

17 


— 

127 3 

— 

Iron 

i 26 


136-2 ! 

1 — 

1 133-2 

Nickel 

! 2R 

j — j 


' — j 

135-5 

Copper 

i 29 

1 134 8 

137-3 

..... 

1 135-6 

Zinc 

; 30 

i 136 7 

i . — , 

1 131 3 

134-2 

Silver ! 

47 

j 

162-8 ; 

138-6 

U4-0 

Cadmium 

1 48 

— 



143-2 

Tin 

50 

147 5 

168-4 

! 



146-8 

Antimony 

i 51 



145-0 

Iodine i 

! 63 


I — 

i 144-1 

144-0 

Tungsten I 

' 74 

..... 

170-9 

1 

164-6 

Mercury i 

80 

— 

171-9 i 

171-6 

169-0 

lioad 

82 

170-2 

173-3 

174 1 

171 6 

Buunuth 

83 

1 1 



188-2 


1 

! 



The figures obtained by Meitner and Hupfeld have, on account of the very 
small angle employed, a very small scattering correction indeed. Their 
correction for the soft component still present can bo estimated at about 
1*0 X 10~*’ for lead, and about 0-4 X for the light elements. Jacobsen’s 
experimental results refer to the relative absorption coefficient of the thorium 
C" Y-rays filtered through 4 cm. of lead in different elements. After making 
the appropriate filter correction, the absolute value of the absorption coefficient 
for any element may be obtained by assuming that the value for water is that 
given by the Klein and Nishina formula. 

The results show that the absorption coefficients per electron vary between 
the light and heavy elements quite closely as the square of the atomic number. 
This is a very surprising result because there exists definite evidence that, 
apart from electronic scattering, which we expect to be independent of atomio 
number, the total absorption is made up of a photoelectric effect and a nuclear 
absorption, of which neither can be neglected for this y-tny, while both are 
varying in an unknown manner with atomio number. Although these measure- 
ments show that the sum of the two effects varies as the square of the atomio 
number, they are, in themselves, inadequate to determine the magnitude of 
either efiect or the way in which they vary with atomio number. Assuming 
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for simplicity that t, is proportional to the cube of the atomic number, as has 
been found experimentally in the case of softer radiations, the conclusions 
which we may draw concerning the variation of the nuclear interaction, k,. 



with atomic number, will depend on the value we assume for the absolute 
magnitude of the photoelectric effect in lead. The following table illustrates 
this. 

To derive an estimate of a, from these measurements for the purpose of 
oo]]q>arison with the Klein and Nishina formula it is obviously necessary to 
make allowance for the small amount of photoelectric absorption and nuclear 
interaction taking place in the lightest elements ; the above table shows how 
this quantity varies with the value we assume for the photoelectric effect in 
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lead. The figures published by Gray* would indicate a value of the photo- 
electric effect in lead of about 10 to 20 X 10^*^ for the radiation with which 
we are concerned in this experiment, and some experiments carried out by him 
in conjunction with the author indicate that the nuclear scattering is at least 
14-0 X so that a value of as lajrge as 30*0 X 10“*’^ is very improbable. 
Fortunately, both and are very small for the light elements until these 
improbably high values of are considered for lead, so that we will not be 
introducing a large error if we assume that (t^ + is about 1-5 X 10”*’^ and 
0 • 6 X 10"®’ for the elements near aluminium and water respectively. Referring 
back to Table IV, the values of o, given here have been obtained by subtracting 
these values from the total absorption coefficient- This value has been 
averaged for the first five elements and the mean value used in estimating the 
magnitude of (t, -f kJ in the remaining elements. 

The conclusion is thus reached that the mean value of obtained from the 
light elements is 127*4 X 10“®’, whereas the value deduced from the scattering 
absorption formula of Klein and Nishina is 123*6 X 10"“*’. There appear to 
be three possible alternatives. The Klein and Nishina formula may be in- 
accurate in this region of the spectrum, but it is much more likely, either that 
radiothorium sources emit a small amount of continuous y-radiation, or that 
the contribution of the nuclear interaction to the total absorption cannot be 
expressed as a simple power law, and is relatively large in the light elements. 

Sumymry. 

The absorption coefficients of the y-rays from thorium C" have been deter- 
mined with 19 elements with an accuracy corresponding to the employment 
of a pressure ionisation chamber containing gas at 120 atmospheres. 

Corrections on account of the scattering of the rays by the absorber and on 
accoxmt of the soft component still present at the filter thickness employed 
were small and were readily determined. 

The absorption coefficients of the light elements were 3 • 1 per cent, greater 
than that calculated from the Klein and Nishiua formula, suggesting either 
that thorium C'^ sources emit a small intensity of y-radiation which cannot be 
separated by filtering, or that nuclear absorption occurs to a small extent with 
the light elements as well as with the heavy elements. 

The absorption coefficients of the heavy elements are greater than those of 
the light elements on account of the photoelectric effect and the nuclear 

♦ Gray, * Oamb. Phil Soo.,’ voL 27, p. 108 (1931). 
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mtoraotion, and the sum of the two efiects can be represented as varying very 
closely as the square of the atomic number. 

It is a pleasure to express my appreciation for the interest that Lord Ruther- 
ford and Dr. Chadwick have taken m this work, and to thank Dr. L. H. Gray 
for his helpful discussion and advice. The work was made possible by grants 
from the Goldsmiths’ Company and from the DejMirtment of Scientific and 
Industrial Research, whom I also desire to thank. 


The Faraday Effect in Ferromagnetics. 

By H. R. Hulme, Gonville and Caius College, Cambridge. 

(Communicated by R. H. Fowler, F.R.S. — Received Novembers, 1931. — Revised 

December 23, 1931.) 

§ 1. Introduation . — If plane polarised light be transmitted through a medium 
under the influence of a magnetic field parallel to the direction of propagation, 
the plane of polarisation is in general rotated. Tins circumstance is known as 
the Faraday effect, after its discoverer. For light of a given wave-length, the 
magnitude of the rotation per unit distance is found to be proportional to the 
magnetisation. The direction of rotation varies with different substances, 
being termed diamagnetic, or positive, if in the direction of the current pro- 
ducing the field, and paramagnetic, or negative, if in the opposite sense. The 
sign of the effect does not depend upon whether the substance is dia- or para- 
magnetic ; negative diamagnetics are, however, infrequent. Thin filwiB of 
ferromagnetics exhibit an enormous negative rotation, proportional to the 
magnetisation,* and in the following we shall attempt to explain the origin 
of this by using a very simple model for the substance. 

We shall consider a single crystal of the metal, and, following Heisenberg,'}' 
we shall choose the Heitlei-London model, where each electron is considered 
as being attached to an atom, as a first approximation. The interaction of the 
electrons gives rise to the well-known exchange forces. In a ferromagnetic 

* H. E. J. G. Du Bois, ‘ Wied, Ann.,* voi 31, p. 941 (1887) ; H. Behnns, ‘ 2. Wi* 
Photog.,’ vol. 7, p. 207 (1909). 

t W. Hasmberg, ' Z. Physik,’ vol. 49, p. 619 (1928). 
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6hese exchange forces are of vital importance, and it is therefore necessary to 
consider states and transitions of the crj^taJ as a whole. Farther, it is well 
known that in a ferromagnetic the average orbital angolar momentum is 
zero. In view of this fact, and in the interest of simplicity, we shall consider 
a model where each atom possesses one electron in an s-state, outside a closed 
shell. This, of course, does not correspond to the facts, but any other model 
would be very much more difficult to handle. Having chosen a model with 
boimd electrons, we shall have no conduction (without including polar states), 
and shall therefore not have the typical metallic absorption of light, such as is 
associated with “ free ” electrons. With the extremely rough model used, 
it is obvious that we can only expect to obtain the order of magnitude of the 
rotation, and some idea of its variation with the intensity of magnetisation. 

For simplicity we shall choose a simple cubic crystal with all the atoms 
initially in the ground state, and the magnetic field we shall take parallel to 
one axis. Since the exchange forces are essential to the problem, we cannot 
calculate the dispersion by considering each atom independently, as in a gas. 
Instead we shall take an element of the crystal with dimensions small compared 
with the wave-length of the light, containing, however, a large number of 
atoms. This is quite possible for ordinary light. For this system we shall 
find the possible wave-functions and the corresponding energies, when all the 
atoms are in the ground state and also for excited states. The wave-functions 
in each case will be orthogonal, and every one will represent a particular 
microscopic state of the system (the “ reiner Fall ” of Weyl). The actual, or 
macroscopic, state is then found by means of the usual partition function 
involving the energies of all the zaioroscopio states. 

We choose one of the microscopic states of the system when all the atoms 
are in the ground state, and consider one of the transitions where a quantum 
of left or right circularly polarised light is absorbed. (We must remember 
that the transitions which occur in the dispersion formula are virtual ones 
only.) The corresponding energy changes of the system are slightly different 
in the two cases. This is because the energy of the final state containB a term 
which is due to spin-orbit interaction, and this is different for the two polarisa- 
tions of the absorbed quantum. These energy changes enter into the dis- 
persion formula, with the result that the indices of refraction for right and left 
circularly polarised light are different. Suppose we have a beam of pluie 
polarised light travelling parallel to the magnetic field. If we consider the 
beam as being composed of two oppositely circularly polarised components 
of equal intensity, these will have different indices of refraction and the 
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Teftultant beam m\l auftex a totation. ?ox a given microBcopio Btate of tbe 
«mall element considered, it will be shown that the rotation is proportional to 
the magnetisation, when this is in the region of saturation. The result then 
follows for the macroscopic state of the same element, and finally for the whole 
crj'^stal, considered as being made up of such elements. 

In § 2 we shall obtain the approximate wave-functions and energies, and in 
§ 3 we shall apply the results to estimate the rotation. 

§ 2, Wave-fwMAiom and Energies for ike GrysicA. — We shall consider, for 
simplicity, only those higher states with one atom excited, and for these and 
the initial states we may obtain approximate wave-functions, valid at low 
temperatures, by the method of Slater and Bloch.^ To find the correct first 
order wave-functions we include the spin co-ordinates from the start, and 
build up determinants which are antisymmetrical in all the electrons. Suppose 
we have N lattice points and N electrons, and let 

.,.N; r-1,2, ...N) 

be the wave-function of the rth electron at the /fch lattice point, being written 
for the three fio-ordinates and We shall neglect for the present, any 
interaction between spin and orbit, so that the wave-function for the electron, 
including the spin term, may be written 

<f>f (^r) • % K ). 

= 1 or 2, and oci, may be taken to represent states with the spin directed 
towards the right or left respectively. Let us now fix the spin on each atom, 
supposing, for example, that the spins on the atoms /i,/*, are directed 

towards the right, and the others towards the left. The wave-function of the 
whole crystal in zero approximation is then given by the determinant 

^ifvU-fr) 

^i(a;,).a^,(cr,) <^i (*,).«<. (ffst)... i ; 

<k (*i) • ('^1 ) — : •• 

i i •«<,(«.) : 

: : : •^ (%) • (®s) 

• J. 0. Slater, ‘ Phye. Rev,,' vol. 34, p. 1293 (1929) ; F. Bloch, ‘ Z, Phydk,’ voL 61, 
p. 206 (1930). 
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The f numbers are to be put eqtial to 1, and the N — r numbers 

jf equal to 2. The resultant spin moment to the left has then 
the magnitude 


I;™- 


mg^n —r, 


( 2 ) 


putting N 2n, 

If there were no interaction energy between the various atoms, these would 
l>e the correct wave-functions. We have, however, an additional potential 
<mergy, representing this interaction, given by 


V== 2 f £ 

i<k 


^ik f< 


where is the distance between two electrons, and Yf^ the mutual potential 
energy of two nuclei togetlier with their closed sbijUs of electrons. It is there- 
fore necessary to find the correct combinations of the various possible wave- 
functions of the type given by {!). We shall first neglect the magnetic into- 
aotions, so that only states with the same m, can combine together. The 
most general antisymmetric function representing a resultant spin moment 
of m,fc/27c is then given by 

+ (r)=- 2: /,), (3) 

•<' if 


/N\ . 

where we must sum over the | ^ j diflereut distributions of those spins directed 

towards the right. The o’s are then found by solving the secular determinant 
of the jHsrturbation energy V. We shall assume throughout that the states 
treated as approximately orthogonal, and that only 
those terms in V relating to two neighbouring atoms need be considered. We 

then find* the following equations for the a’s 


where 


«i (/, ... fr) + J [«(// ... //) -a(/, ... /,)] =.0. 

h It 


fl ft ^ 


fr. 


(4) 


and the summation is over all those distributions (// which differ 

from (/i ... fr) by the interchange of two adjacent, oppositely directed spins. 


In (4) 


e = -/J — Efl + NJ, 

* F. Blooh, toe. dt. 


(4a) 
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where yj is the total energy of the system^ is the electrostatic interaction 
energy given by 

Eo j (<f>i (arj) ... (%) )* . V . dXi . . . (4b) 

and J is the exchange integral between two adjacent atoms given by 

J — J j* <fff (a;^) ^ (iC2) <f>f (xj) (p(^) h (Xj) + (Xg) 

'I" I (^i) + (®«) 4* ^ [(ixj dx^. (4o) 


In order to avoid end effects we assume that the a’s art? periodic. If it were 

/N\ 

possible to solve th(?8e equations accurately, we should obtain ( ^ ) orthogonal 

wave-functions. As it is, we t^an only solve them accurately when r — <) or 1, 
and approximateiy when r N. This has been done by Bloch, who shows that 
in the case of a simple chain of atonois the approximate wave-functions are 
given by equation (3) with 


.. (/ ...A) - ^ ^ 


where we must sum over all permutations of Ay, ... ; and the corre- 

sponding values of c are given by 


2J S ki.,.kj.,,kr-=r^(Kl 


To obtain these solutions it is first necessary to neglect those equations in (4) 
where a (/j ... A) contains two or more neighbouring spins directed towards 
the right. If r N, the number of these equations is small compared with the 

total number, ( ^ ). The remaining eqxiations are then satisfied by the values 

of the a's and the c’s given by (6) and (6). Further, it can be shown that (5) 
and (6) are approximate solutions of those equations which we have neglected. 
The results can be extended without difficulty to the case of a crystal. The 
wave-functions obtained in this way are unsatisfactory for our purposes since 

there are (N + r — 1) !/(N ■— 1) ! r ! of them iiistead of | ^ ); and, further, 

they are not ell mutually orthogonal. The difficulty, however, ia not very 
serious, since we shall not require the explicit form of the wave-functions. 

Iiet us now consider the possible states of the crystal when we have one atom 
in a p-state and the others in s-statea. Let the three possible wave-functions of 


von. oxxxv.—A. 


R 



242 


H. R, Hulme. 


the excited atom be <^, ^ and corresponding to mi = — 1, 0 and 4" 1- 

Instead of we now have 3N.|^) autisymmetrical wave-functions, of 

which an example is 

(x,) . a,, (ff,) ... ; : 

> 

!l 

4‘t (ai) • (ot) X, . a,, . (a,.) i 


' {Xi) • a,v ^ 

: ; <l>ii (-^n) 


/ .r:= 1, ... N ; H — 1, 2, 3, autl / referw to the excited atom. 

Since we are neglecting for the present tlie magnetic, interactions, the states 
with different values of m, do not combine to this approximation, and hence the 
states with mi — —1,0 and + 1 aro also separate to this order, since the 
total angular momentum is conserved. The three states Wj = - 1,0, 1, 
arc assumed to have the same electrostatic energy, which, in general, 
would not be true for a linear chain, but is true for a cubic crystal. 

We may, therefore, say that the 3N . ( 1 states given by (7) split up into 

three sets of N • ) stfites, there being no combinations between states be- 

longing to different sets. Take one of these sets and consider fiist of all the 
very simple case of a chain of atoms with all the spins pointing in the same 
direction. This case is exactly analogous to that where all the atoms are in 
^-states and one spin only is directed towards the right. The equations for 
the a’s become* 


(/') + Je* K (f) - if - U1 4- K if) - if 

where 

Sw "iQ f (N — 2) J + 2J„. 


l)]-0 


} 


(B) 


(8a) 


E„ is the electrostatic interaction energy given by 

= j (^1 {%) )* • • • (^? (^r) )* ■ • . n) )* • V . r/x, . . . (8 b) 


♦ F. Bloch and Q. Crentiie, ‘Z. Physik,’ vol. 70, p. 395 (1931). 
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and J„ is the exchange energy between an excited atom in the state u and one 
in the ground state, given by 


J. - k f rs (*.) 9ir-H <f>r (x^) 4/*+! (a^i) | f 

(^2) (^2) + j dxi dx 2 * 

The equations are soluble, and we find 


and 


«„(/') -c N- K-. 0 , I ... N, 


!.] „ I I — cos 


2t:k i 

IT^ 


(80) 

(3) 

( 10 ) 


With r spina directed towards the right we have the same difficulty as before. 
If r N, wc can write down a set of solutions which satisffi^s the large majority 
of tlie equations, namely, those in which a (/^ ; /O satisfies the condition 

that of the r + 1 positions ... /. ; ; no two are adjacent or coincident, 
since may be equal to one of the /^’s. The approximate solutions (for a 
chain) may then be written 


with 


(r ; 1) = 2 (A -fr ; /') 4'- (/l -/r J /') 


at. «(/,.../,!/') ■•^2. p- 

tbe sum being taken over all the permutations of the k'a, and 


h (11) 


where 


St....*,; «; « -■- 2J 2(1-- "I- (l - 


/L'l, ... ilv; «r = 0, 1, ... N — 1. 


These solutions suffer from the same disadvantages as those given by (5). 
We oem, however, obtain a better solution, which is sufficient for our purposes, 
as follows. We assume that we have found the correct normalised, orthogonal 
solutions of equations (4), ¥n:iting them as 

<l/‘(r)= «'(A...,/,)4.(A...A). { 12 ) 

.fi-fr 


e*(r). 


with corresponding values of c 


(12a) 
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The equations for the quantities a ( A may be divided into three 

types 

(») Of the positions /i ...frlf, n« adjacent or coincident ; 

(p) f* is not adjacent to or coincident with any /j., and (at) not true ; 

(y) those remaining, that is, those where /' is adjacent to, or coincident 
xvitb, some 

If n„ be the number of type (a), we have 

^ ^ provided N ^ r > 1 . 

The solutions (11) satisfy only equations (a). A set of solutions satisfying 
(a) and (P) is as follows : 

* (r ; 1) = S «'(/i.../r)e^ 

where 

I 1, ... j; =r. 0, 1 ... N - 1 ; and u = 1, 2, 3, 

the corresponding values of t being 

ej; ' (r ; 1) = c' (r) + 2J„ (l - cos ^ ) 

'N^ 

These solutions are all orthogonal and normalised, and are 3N , ! ^ ) in number. 

We shall assume that th(\y are a better solution of the equations than those 
given by (11). 

In the problem under eonsideratiou we assume that, under the influence of 
a light wav(‘, the crystal is capable of making traiusitions from the ground 
state to a state where one atom is excited. For the refraction of left and right 
(jircularly polarised light, the transitions to states with ~ 1 and — J appear 
in the dispersion formula. We are therefore coiuwned with the matrix 
elements of the polarisation and energy changes involvt^d in these transitions. 
The difference of these energy changes arises fi*om the magnetic interaction of 
the spms with the orbit of the excited atom. Strictly speaking, we should 
also consider th(' mutual interaction of the spins, both in the groxmd state 
and in the excited states. This is more difficult to calculate, and as the 
difference of its influence on states where + 1 and — 1 is very 

small, we shall neglect it. We shall further assume that the interaction 
of the orbit with the spin of the same electron is large compared with the 
interaction of the orbit with the spins of the other electroxis, so that only 
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the former is of importauce. If the perturbation energy due to apin^orbit 
interaction is large compared with the exchange energies, the usual perturba- 
tion theory does not apply. Indeed, in this case we cannot describe the 
atom by the wave-function 

<l>f (^r) • (^f)» 


which separates the two sots of co-ordinates. We should have to consider the 
spin and orbit in the excited atom as being coupled together, and then this 
vector coupled with the? remaining spin vector. We shall assume, however, 
that the spins arc all strongly coupled together by the exchange forces, so that 
the wave-functions may be written as above, the spin-orbit interaction being 
treated as a small perturbation. Expressed in terms of a model, we assmne 
that all the spin vectors are coupled together, for min g one vector S, which may 
then be combined in the ordinary way with the vector L, representing the 
orbital angular momentum. 

Let us He(^ how far we can justify these assumptions. As mentioned, wo 
shall consider only the interaction of the spin of an electron with the orbit of 
the same electron. If the electron,^*, is near the lattice point, i, the interaction 
energy, is given by where 




[r,,v,] g 
2nw^ r,/ 


and is zero otherwise. 

As eacih electron is “ distributed ” over the wliole (crystal, we shall write 
the total interaction energy as 

H - X H,,. 


Tht‘ important point in the above is that there are no terms referring to more 
than one nucleus or electron. 

Let us now consider how the wave-functions and energies given by (13) 
are affected by the perturbation H. Take first the simplest case, that of 
complete saturation. The normalised wave-functions are 

N-*2:e ^ = ...N-1 



These have energies whioh are very close together when N is large, so that 
they should really be treated as degenerate. There is also another set of 
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states with the same total angular momentum, and energies not far removed. 
They are given by the N® states 

i: e” £ ,, ifr ; fh (14a) 

fr 

where A: — 0, 1, ... N — 1; k 0, 1, ... N — 1, wliicli should also be 
considered as degenerate with the set (14). States with different total 
angular momentum need not be considered, since the perttirbation H docs not 
affect this quantity. To find tlie effect of H on any of the states (14), we luive 
therefore to solve the secular determinant involving the N + N* states (14) 
and (14a). We shall show in the appendix, that these* N H- states break 
up into N non-combining 8c‘ts. Each set comprises one state out of (14) and 
N out of (14a). The secular determinant therefore splits up into N deter- 
minants, which may be treated separately. These are quite easy to solve. 
We find tliat the states (14) do not combine togetlier. and that j^rovided J is 
large compared with the magnetic interaction energies, the effect of the 
states (14a) may be neglected, so that the wave-functions (14) remain the 
correct first order ones, their energi(*s being increased by the corresponding 
diagonal matrix element of H. This is given by 

4 ( . K <].„ (/) I H I i: e-??- 4 .,, if') ) 

J > / 1 ft ' 

which redu(!(m to 

i^i) . ajj (<jj) j Hji I <f>l (y^i) . aa (cr,)). (15) 

On the model used, the orbit precesses round the resultant angular momentum, 
the direction of which is practically that of m,. The interaction is therefore 
given by 

C . . nify (15a) 

where refer to a single atom, atid thf* constant, C, is positive and 

independent of the magnetic field. We shall put (16) equal to ±co, 0, according 
as mi ™ ^ 1 or 0 respectively. We have thus shown that in the case 

of tiomplete saturation, when ^ n, the wave-functions (14) remain the 
correct first order wave-functions, but that there energy change given by ± 

0 in the three cases. 

Consider now the case of incomplete saturation, and let r spins be directed 
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towards the right. Instead of the three non-vombining seta of N states given 

/N\ 

h (14). we have three (ixon-combining) sets, each of N . f ^ j states, given by 


«* (/]. •••/> '' '\'u (/l. •••/r; /') 

Z = ... (^). 

K ^ Oj 1 , ... N . 
ti I, 2, <3. 




( 16 ) 


The matrix elemimt of H between any two of these states is given by 


( 2 2a‘(/,,../,)e^4;„(/,.../,;/‘)lH 

■A ■■■/, f* 


2 N (IT 


As before, we must have P - and k — k\ Further, since the wave- 
fxmctions (12) are orthogonal 

^ «'(/]•• /r) •«' (/l •• • fr) = = 


Hence we must have i ~ j, and again we see that the states do not combint' 
together. We should also (Mxnsider all the states of th(» same total angular 
momentum as being degenerate with the states (16), and show that their 
effect may be neglected, as in the (uxse of complete saturation. This is very 
diffi(!ult to justify rigorously, owing to the non -orthogonality of the explicit 
wave-functions (11). We shall, however, assume ou physical grounds that the 
result, proved for w, = n, still holds when n “ r, provided r n. For 
the diagonal matrix element of H for ea(;h of the states of (16) we then find the 
value 

± i [(N - r) w f /• (- ca)] = ± ; or 0, (18) 


according as w-j = ± 1 or 0. To obtain this result we note that the expression 
(17) yields N . ( ^ ) integrals of the type 

(r, {X,) . «, (a,) I H„ I 4>'{ (an) . a, («,) ), (19) 

where = 1 in a fraction r/N of them, and ji = 2 in the others. Thest? yield 
contributions of opposite signs and, taking account of the normalisation, we 
obtain the expression (18). The integrals of type (19) with j = 1 arise when 
f* ss f^, that is, when the spin on the excited atom is pointing towards the right. 
Unfortimately, however, it is here that our solution (13) is likely to contain the 
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largest error, since all the equations containing wave-functions of this type 
occur in the set (y), which we have not satisfied by our solution (13). This 
means that the wave-functions are not strictly cyclical in fK The value of 
which would satisfy these equations neglected, differs from that used by a 
term of the form 

(1 — covS 2T:h/N) . (difference of two exchange integrals). 


From the approximate value, of the energy given by (6) we see that the relative 
error is small when N r > I . Since N is very large, tliis (jondition is realised 
in th(* majority of microscopic states occurring in the distribution function, 
provided the saturation is sufficiently great, so that N ; r. Our final result 
is therefore that the wave-functions (13) remain the c.ovTev.t first order wa v(*- 
functions, but the energies are increased by an amount 


± ; 0 ; (20) 

according as == ± 1 or 0. These results may be extended without much 
difficulty from the case of a linear chain of atoms to that of a three-dimensional 
lattice. We have, for the a’s of the ground state, expressions similar to (5), 
where /i . . . are replaced by vectors with throe linear com- 

ponents, fj, ... kj, ... k^, and f^ki by the scalar product (f^ k^). The 
period N is replar^ed by G where GP = N, and the expression for c becomes 


, / 1 




, 2uL 1 , , 1 
■ (K>S -rJ I + ( I- - 

It ' 


COS 


2Tvmf V 

G A,’ 


When we have one atom excited, the exchange integrals between this and the 
neighbouring atoms are not all equal, since the wave-function is no longer 
spherically symmetrical. We cannot find their actual values, and to the 
degree of approximation to which we are working it would be pointless to 
distinguish bet-ween them. The expressions (13) may therefore be extended 
to the three-dimensional case in a similar way as (5), and we obtain the same 
final result (20). 

§ 3. Oakitdation of the Rotation . — ^We may now examine the rotation of the 
plane of polarisation of light transmitted through the crystal. Consider the 
plane polarised beam as being composed of two components with opposite 
circular polarisations. In a magnetic field the indices of refraction for these 
two components are different, and the resultant beam is rotated by an amoimt 

R = yK-«a), 


(21) 
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where X is the wave-length of the light in vacuo, d the distance traversed, and 
Wp, Ha are the two refractive indibes. In a metal the phenomenon ia com- 
plicated by large and unequal absorptions, and further, and must be 
taken as the real parts of tlie refractive indices. As the model used contains 
only bound electrons, it will not yield the typicjally metallic absorption associated 
with free electrons, and we shall therefore neglect completely the absorption, 
since we are only finding the order of magnitude of the rotation. 

We must now calculate and from th(^ dispersion formula for the two 
kinds of circularly polarised light. Suppose we have n quantum system under 
the influence of a light wave. As stated, we shall consider a simple cubic 
crystal, choosing as our system an element of the crystal containing ::::::: N 
atoms. As the lattice constaiit is of the order 10 cm. and the wave-lengths 
of visible light are 10 to 10 cm., we may take N to be large and at the same 
time satisfy the condition that linear dimensions of the system should be small 
compared with the wave-length of the light . Wc may then neglect the magnetic 
forties due to the light, and the variation of t-hc electric forces from point to 
point, expressing the perturbation by the electrit; vector 

E -- I (E + E* (22) 

where E is in general (complex, and * denotes the conjugate complex. Let the 
system be initially in a state defined by a set of quantum numbers, n. Under 
the influence of the light wave of frequency v, it acquires an additional 
electric moment given by 



<j)^ and <l>f^ being the wave-functions in the presence of the magnetic field. 
Formula (23) is true provided the mean value of in the neighbourhood of 
the system, P„„, is small compared with E. Let us consider for a moment 
the symmetry properties of the system. In writing down equation (1), we 
might assume that (a;„) is to be taken as the wave-function of the free atom. 
This, of course, is hardly the case, but we shall assume that in a magnetic 



250 


H. R. Hulme. 


field it has approximately the same symmetry properties as the wave* 
function of the free atom. These are, firstly, symmetry with regard to a 
rotation about the axis of the field ; and secondly, symmetry with respect to 
reflection in a plane through the nucleus perpendicular to the axis. Under 
the conditions enumerated we may apply the ordinary theory of the Faraday 
effect, and we find* that, for a given microscopic state of the system, 


\ K, f K) 

— 1 ==^ Y(a"„. — fi«) 


(24) 


whi‘r(' V is the volume of the system, and PJ,, are giv(m by 


3^ 

r»< 


'Ll 

7 ^ 

A r', m’ 


I 1 2 

! m ) 


2 

m 


(m — m') V I 


(25) 


Ilert.^ X[,' ^ is the ir-componont of , and we have separated the set of 
quantum numbers, n, into the set r, and the quantum number m, expressing 
the total angular momentum about the field direction. 

If P„ ^ P[„, is not small compared with E, the fonnula (23) is no longer 
valid. Atscording to Lorentz, the effective value of the pert/urbing electric 
vtictor is no longer E but E *f JP^, and we find instead of (24) the expressions 


- 1 

-f 2 

- 1 

+ 2 


- + K) 



(24a) 


If — 1 is small we may put + 2 == 3, and (24) and (24a) become the 
same. For iron 2-5, so that we must use (24a). Put 


We have in general 


% — Hx — Ayi 
h + «a) — n 


An ^ n, 


(26) 


* Born and Jonlan, ‘ Ebmentarc Quantenmechanik,* p. 267. This is only true when 
g I, but for frequencies corresponding to the visible spectrum we may put g =* 1 oven 
for ferromagnetics. 
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SO that 


giving 


6n . A?fc 


2^1 


^ approximately, 


(n^-l)(n2 + 2) 

ir (n^ 1) (ti; + 2 ) 2K,, 

X 6n aL 


(27) 


Consider now the values of and for an initial microscopic state of the 
systen 
being 


system where ^ ^ There are (^) of these; states, a typical one 

2 


S 

fx-fr 

Corresponding to the absorption of one light quantum, the possible final 
states which yield non-vanishing matrix elements of the polarisation are 
given by 

- -4 2: X a"‘ (/i .../,) (/,..• /. : /')• 

vN 


The matrix element, X, between these two states is then 

('1^1 i 4, K*). (28) 

1 

For non-vanishing elements we must have 


K ■-< 0, I = nty (29) 

and we obtain for (28) ^ 

By the usual selecition rules we now ha^'e 

(■^i 1 3^1 -+ % i 4>i ( 3 ^ 1 ) ) =•- <>• 

(a!i) I I <^iM 3 :i ))""■ <>. ^ 

(^i (34 } I ®i Wi 1 4^1 (3^1 ) ) 9^ 

(<j>i (a:i) j Kj i M/j I (aJj) ) = 0, ^ 

since remains the same and m\ “ — I, 0, + 1, for <f>^y <f>^ respectively. 


* This r refers to the number of atoms on which the spin is directed to the right. 
All the other r’s in this section refer to the set of quantum numbers defined above, so 
that no confusion will arise. 
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For the type of atom we are asHuming — one electron outside a closed shell — 
tht* non-zero elements are equal Suppose each be 2Q. We then have 

i (^1 (®i) 1 1 (^i) ) 1* “ I {<l>i (%) I 1 (^i) ) 1* “ Q®) 

I (5^1 (^i) I ^'1 I K) ) == 

The corresponding values of are found as follows. In the initial state 
we have from (4a) and (12a) 

7) - Eo NJ + ('/•)> 



111 the final state, from (8 a), (12a), (18), and (18), 

T)' = E„ - (N - 2) T 2.7„ + e' (r) + 2J.. (l -- cos ^ | ± . 

To these energies we must add the sum of the energies of the isolated atoms, 
wluch differ by an amount required to raise one atom from the ground state 
to the ox(dted state considered. If this be E, we have 


(E„ - Eo f E) 


f 2 (J — J„) + 2J„ (I — ^ 


IT' 


E^ and are both real and -- Eg, 

— J;,. 

Further k 0 in those excitc'd states to which transitions can occur (equation 
(29) ). Hence we have finally 




-- w d: 


N •' 


(81) 


(“ m ” may be either or since is unchanged), with 

W:=(E,^*Eo 1 E) + 2(J-~Ji). (32) 

Remembering the remarks at the end of § 2, we may easily generalise the above 
for the case of a three-dimensional lattice. For a simple cubic lattice we find 
in the expression (82) for W, we must replace 2(J — Jj) by 6(J — Jj). 

In the above we have neglected the change of energy due to the action of the 
external magnetic field on th<? orbit of the excited atom. This is the Zeeman 
separation, and is very small compared with the spin-orbit interaction energy. 
It ])rodu<ies, in fact, the ordinary diamagnetic rotation. 

From equations (20), (80) and (31) we have 


1 

<-2| 


Q‘( 

1 

w 

N / 


— TB 


-*v 


(w- 


(W- 



Q'.Av 


Q*.Av 

(w- 


(W + 

N ' • 
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giving 





23 ^ __ 4 wAv 

«; W2 - /t*v» ' 

w, 

N’ 

on neglecting 

and 





_nd('n^~l)in^ + 2) 

4 fa)Av (otX 


HX« 


■W*~feV N 


putting m, as 

So far wc have only considered microscopic states of the system. To find 
the actual macroscopic state of magnetisation and the corresponding rotation, 
we must find the most probable values of m, and R. These are given by 


W, — LJU 


K); 


S e 


and a similar expression for R. From (33) we have 

R; constant . {mX, 


which constant is independent of the quaiitun) numbers r and m. It 

therefore follows that 

R constant . 

so that the actual rotation is proportional to the actual magnetisation. This is 
proved for elements of the crystal whose dimensions are small compared with 
the wave-length of the light used. It is fui'tlier true of the whole crystal 
regarded us made up of elementary crystals of the type considered. 

To find the order of magnitude of the rotation to be expected we sliall liake 
for simplicity the case of complete saturation. W is the excitation energy 
of an atom in a crystal, which is certainly smaller than that for a free atom, 
which is about 10,000 cm.”^^. Its value is very uncertain, but from (33) wo 
see that it has very little effect on the result. Putting, for iron, 

W — 10 ergs (5,000 cm. A), 

Av — 4 X ergs, 
o> = 6 X ergs (300 cm.^^ A), 
n — 2*3 (experimental value), 
rf == X air, 


we find a rotation of about 25^. The observed rotation in iron and cobalt is 
about 10®,* so that the theory gives the cjorrect order of magnitude. 


♦ H. Behrens, loc>, cit. 
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Strictly speaking, the results only hold when the intensity of magnetisation 
is very great— approaching saturation. We must, tlierofore, consider the 
crystal as b(ung in a strong field. In small fields, also, the model used is no 
Jong(*r valid, since wo have complicated demagnetising effects du(‘ to spin- 
orbit and spin-spin interaction between all the atoms. 

T)ie model iised gives tlio order of magnitude of the rotation and repro- 
diKu^s the observed variation with magnetisation for strongly magnetised 
films, ft also gives qualitatively the variation with wave-length — for ferro- 
magnetics the rotation increases with wave-length. In tlie expn'ssion (33) 
for th(' rotation, the part containing X and v decreases as X increas(!s, but; only 
slowly since hy > W. If wo* tako‘ into account the experimomtal fact that n 
imreascs fairly strongly with X, we find that the rotation increases with the 
wave-length. (For cobalt, n increases from 1 *4 to 2 *0 in the visible spectrum.) 


Appendix. 

We have to justify the neglect of the non-diagonal elements betwmm any 
state of the set (14) and all those states which have very nearly the same 
energy. 

Consider the N states (14). The matrix elemomt of H between any two of 
them is given by 

^ ( S exp (‘2ms/7N) 'j-.. (/') j H | S exp (27Kx,f7N) if) )• (Al) 

Remembering the property of H mentioned we see that wo* must have 

r Hnd 

SO that the N states do not combine together. Now take the combinations 
with the states (14a). A typical matrix element is 

N •< (E exp (2 to*,/’/N) (f) | H | E exp 

ft fr 

E exp (27aV,/*7N) (/, ; C) ) (A2) 

/*' 

Again, for any non-zero contribution 

f =/=/„ 

HO that we must have 

— 2N, etc. 
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Taking account of the normalisation of the wc then find for (A2) the 
expression 

N-* (X,) . (a,) I Hn | (^t ) . ((T^)h 

For each there ar(i N possible values of and : 

\ — 0, 1, ... K'p ; f 1, ... — 1 ; 

Kp~~ UO; N -- 1 , . . . + 1 ; 

so that we have N matrix elements of type (AH). There are therefore only N 
wave-fimctions of (14a) which combine with the givcii wave-function of 
(14), Further, these combine with each other, but not with any other 
members of the set, since the matrix element of H between two such states 
is zero unh'ss 

^'r ••• ( — ^/j)- 

We therefore have N non-combining sets, each comprising one state from (14) 
given by say, and N states of the set (14a), given by H The 

original secular determinant of + N rows and columns now breaks down 
into N smaller ones, each with N 4* 1 rows and (iolumns. 

We find that, under (he influence of a light wave, transitions cannot 
occur to all states of (.14), but only to those given by /c = 0 (equation (29) ). 
Consider, therefore, the pai^ticular determinant in which this state occurs. We 
have to find the corriict c.ombiuationH of the (N (-1) wave-functions as8o<uated 
with this determinant. Let l>c that 8tat(^ of the set (14) with ^ 0 and 

a = 1, and tlie corresponding energy obtained by neglecting spin-orbit 
interaction. Further, let Xv 2 * XerN’ ^ associated states from 

(14a), with energies Vja 2 » • . » iQtfN- Then in Xp w*® — — 1 and in 

have mi == 0. It thendorti follows that the diagonal matrix element 
of the spm-orbit interaction is zero in the latter states (equation (15 a) ). We 
have 

(Xt> i H I Xv) = - w. 

(x»r I H I x,„) U. for all r and s, 

(Xr |H|z,,) = 0xN-‘, 

wherti, from (A3), 

6 Ii= {<f>j^{Xi) . I I )‘ 

The quantities 6 and to are both spin-orbit interaction energies, and we shall 
take them to be of the same order of magnitude. We have 

7),,=- El - (N-2)J--2 Ji 

73„ == E, + 2J, (l - m + (E, - B,) - 2(J, - J,). 


(A3) 

(A4) 
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W(i Hball put the laat two brackets equal to zero, which is true for a cubic 
crystal, thougli not, m general, for a chain of atoms. 

Let a possible combination of the (N + 1) states be 


«Xp + Zvj 


with an energy given by (E^ “ X). We have the following equations to 
(leterniine a and the 6’s : 

(X — co) «+ eN~*S6^ -:0 

UN 

where X^ — X + 2 J 2 ( 1 cos and X,- — X.n^,. 


The HtH'ular determinant for X is easily reduced to tlie following — 


\-t 

IT X, 


(X - o>)x- 02N"'1 exN 


“i"se/X; 


We assume that the exchange energies are large compared with the spin- 
orbit interaction energies, that is, J > We then find that N roots are 
given approximately by Xj = 0, ( j — 0, 1 . . N — 3). (Of these (N/2 — 1) are 
accurate, since X^ =- ) The other root is equal to o> (1 + 8), where 8 

is small. When X ^ < 0 , we find 


N"~ i 

v; 


0/X, 


-- J’ 


a> 


so that 


T 


which is small by virtue of the last factor. Thus the energies of the new states 
lie near to those of the old ones. In particular, the state given by X — o (1 -f S ) 
has an energy approximately equal to that of Xp- Further, 





h 


so that the state is effectively Xv* We therefore see that, to a first approxi- 
mation, it is not neisessary to take the correct combinations, and the additional 
term in the energy of Xv equal to the diagonal matrix, element of 

the spin-orbit interaction. A similar argument holds when — 0 in the 
state (14) and mj — + 1 in the states (14a). 
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Summa/ry, 

The rotation of polarised light transmitted through very thin films of ferro- 
magnetics is discussed, using the ordinary simple model for a ferromagnetic. 
Owing to the importance of the exchange forces, we cannot treat each atom 
separately ; but must take as unit a fraction of the crystal containing a large 
number of atoms. For such a system we find approximate values for the 
possible wave-functions in the ground state, and in excited states when one 
quantum of light has been absorbed. This enables ub to find the energy 
changes and the matrix elements of the polarisation for those (virtual) transi- 
tions occurring in the dispersion formula. Owing to spin-orbit interaction 
in the excited states, these dispersion formulfe are slightly diSerent for left and 
right circularly polarised light. The indices of refraction are therefore difierent 
and a beam of plane polarised light suffers a rotation. 

With the very rough model used can only hope to obtain the order of 
magnitude of the rotation. This is reproduced by the calculation, and for 
magnetisations in the region of saturation it is found that the rotation is 
proportional to the magnetisation, and increases with the wave-length of the 
light. Both these results are experimentally true. 

In conchision, I wish to thank Professor W. Heisenberg for suggesting the 
problem and for much valuable discussion and advice, and Dr. Bloch and 
Dr. Gentile for the opportunity of seeing the manuscript of their paper before 
publication. 
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The Collision of Electrons with Molecules. 

By H, S. W. Massey, B.A., M.Sc., Trinity College, Cambridge, Exhibition of 
1851 Senior Student, and C. B. 0. Mohr, B.A., M.Sc., Trinity College, 
Cambridge, Exhibition of 1851 Student (Melbourne). 

(Communicated by R. H. Fowler, F.R.S. — Received November 13, 1931.) 

hUroduction. 

Since the development of the Born theory of (jollisions* in 1926, its applica- 
tion to collisions of electrons with atoms lias been treated in considerable 
detail. Recently the authorsf have included also the modification due to 
Oppenheimer,J in which account is taken of electron exchange. However, for 
the collision of electrons with molecules very little has been done beyond the 
calculation by Ma88ey§ of the elastic scattering of electrons in molecular 
hydrogen. 

In the present paper use is made of the collision theory of Born and of 
Oppenhoimer (he, dt) in order to consider various phenomena occurring on 
electron impact with molecules. 

Firstly the elastic scattering is considered. (General formula? for the case 
of diatomic molecules are obtained, including the relation between X-ray 
and electron scattering. One result is that the average scattered intensity due 
to a number of axially symmetrical fields with random orientation is a function 
of V sin where v is the velocity of the incident electrons and S the augltj of 
scattering. The case of molecular hydrogen is then treated in detail, and the 
intensity of elastic scattering calculated for all angles and velocities for which 
the Boni formula is valid. Curves are also given for nitrogen, a simplified 
model btiing us(?d. 

In the second section, energy interchange between electrons and molecules 
is disemssed. The importance of the Franck-CondonH priiuuple is considered, 
as inferring the diffraction of iuelastically scattered electrons and the excitation 
of the B-state of hydrogen calculated approximately. Finally, the probability 
of dissociation of the molecule into two atoms in the ground state (corre- 

* ‘ Z. Physik,’ vol. 39, p. 803 (1926). 
t ‘ PrcKj, Hoy. Soo./ A, vol. 132, p. 606 (1931). 
t " Phys. Rov./ vol. 32, p. 361 (1928). 

§ ‘ Proc. Roy. Soc.,’ A, vol. 129, p. 616 (1930), 

II ‘ Trans. Far. Soo.,* vol. 21, Part 3 {1926). 
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spending to a 1 — 1 ®S transition) is calculated using Oppenheimer’s theory. 
We now proceed to the detailed discassion of these questions. 


A. Bhintic ScaUerim^), 


The Scattering of Electrons by AodaUy SynmietrUnl Fields mth Random 
Orientation the validity of the Bom fonnula, the intensity of 
<*lastic scattering by a potential V (r, 6) is given by 


1 -- \ f V (r. 0) c" ' dx 


(1) 


where khj^Tvrn is the velo(iiiy of the incident electron and and are unit 
vectors in the initial and final directions of motion of the electron. 


n. 



Let us now take the axis of z along the vector n^,, and suppose the vector 
in the yOz plane. Then if tj>, ^ angular co-ordinates of the axis of 

symmetry of V referred to this co-ordinate system (fig. 1) arfd S the angle 
between n^, and n^, 

( 11 , -- n*) . r _ j»xp [ikr {— * sin 0 sin ^ sin 8 + cos 0(1— cos 8)}]. 

Also we may expand V (r, 8) in a series of harmonics referred to the axis of 
S 3 anmetry, as follows 

V (r, 0) = SV„ (r)P„ (cos m), 

where u is the angle between the radius vector r and the axis of symmetry. 
Since 

cos u “ cos 6 cos 4^ + sin 0 sin i]; cos (^ — 

s 2 


260 


H. S. W. Massey and C. B. 0. Mohr, 
the use of the addition theorem for spherical harmonics gives 

V (r, 0) -- S v„ (cos (cos 0) c*"* “ *>. 


n wi =■ 71 


Substituting in (1) gives 


where 


whet©* 


Hence 


I = ^ |2 2 P„"* (cos 4 ,) e-*«* I„. „ I* 

h* n m 


: 1 V„ (r)P„”* (cos G) e^”**^* exp [ikr {— sin 0 sin ^ sin 8 

cos 0 (1 —• cos 8 )}] f® sin 0 dr (i 6 

F„ {k sin ^ 8 ) 1 “”* (sin P), 

F„ {k sin ^S) == 2 to" | V, (r) J„+| (2*t sin iS)/*/* dr. 

— Yf- I 2 2 i"”’ P„”* (cos (J;) e"**"* F„ {k sin ^ 8 ) P,“ (sin ^ 8 ) | *. 

n m 


If we consider the axis of the system as oriented at random we must now 
average over all the possible values of ij; and %, This givesf 

1 = 8!^ SF„=* 2 (-1)"* ^±^[P„™(9miS)]», 

rr ,i«() m--n + 1 (n — m) ! 

and using the addition theorem for Legendre polynomials^ we obtain at once 

( 2 ) 


s [F„(^smP)]®. 


n-o’ 


Thus we have at once the result that the intensity of scattering is a function only 
of the product k sin ^ 8 , i.e,, of v sin ^ 8 . 

The Relation between X-ray Scattering and Electron ScaUering . — Consider a 
molecule with n electrons in a state represented by the wave-function 
4^ ( 1 , 2 , w). The interaction energy between the molecule and an incident 

electron (which we denote by w + 1 ), is given by 

V - f ~ - 2 -^) I (I'll. 2, .... n) pdTi dr* .... dr„, (3) 

^ ^n+1 Pn+1 ***1 n+1 

* Vide Wataon, “ Theory of Bessel Functions,’* Cambridge, 1922. As all further 
formulfls involving Bessel functions ore readily accessible in Watson no further references 
will be given. 

t Whittaker and Watson, “ A Course of Modem Analysis,*' Cambridge, 1927, p. 324. 

t Whittaker and Watson, p. 326, 
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where f„+i, j)„+i are the distances of electron n + 1 from the two nuclei, and 
r,_ „ 4 .j the distance between the electrons s and n + 1. Hence substituting 
the value of V given by relation (3) in equation (1) we have, for the elastic 
scattering, 


1 


StAw® j 
A* ‘ 


f/Ze® ^ Ze® 

■' »‘nH Vn+l 


„ I I ‘ 


dr, dTj, 


dT„ dT„+i 


( 4 ) 


where R denotes the vector distance of the electron from the centre of the 
molecule. 

Now Bethe* has shown that 


I " dr. 


TZ 


e 


,ik n . r, 


( 6 ) 


where* Tg tlie VGvtor (iistance from a fixed origin and n a unit vector. Using 
this formula with the origin utr the centre of the molecule reduces (4) to the 
form 


I ^ W I ^ 2, .... «,)1® dT, dx, ... dx„ 


where tiapital letters denote distances from tlu* centre of the molecule, 
series term is equal to 


471^ 

sin® 


F, 


The 


where F is the X-ray 8tru<*.ture factor for the molecule. Consider now the first 
term. Integrating over the elements of volume, the first term is simply 

-f dx„+, 

Pn+f 

=-- 2Zc» COB iik (Ho ~ ni) . d} j i • *■ dx 

= 2Ze*rt cos {^k (n^ — Uj) . dj/i* sin® J8, 


where d is the nuclear separation. Hence 


8n*»n®e* 
A«ifc« sin« 48 


|2Zcos{4i(no-n,).d}-F|®. 


♦ ‘ Ann. Physik.’ vol. 5, p. 325 (1930). 
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It is obvious from tho above calculations that there will exist a similar relation 
for polyatomic molecules. 

The Case of Moleatdar Hydrogen , — This case has been considered by Massey 
(fee. cU.),* but the calculations were not then carru^d out in detail for low 
velocities and small angles of scattering. 

Making use of the Born formula without excihange, we have 


¥ 


f fff- + ^ <1>0* dTidTadTg 


(6) 


where suffixes 2 and 3 denote the two bound electrons, and 1 the scattered 
electron, while r, p, R denote the distance of an elecitron from either of the 
two nuclei or the centre of the molecule respectively. For (^*2^3), the wave- 
function of an electron in the ground state of the molecule, we take 


+0 (Vb) == N (7) 


Z being given by Wang’s variation methodt as 1 • IbO/o^, where is the radius 
of the ground orbit of the hydrogen atom, while N is the normalising factor 
given by 


1 Z8 (1 + e-*2" (1 -I- Zd 4- (8) 

2tc 


As a result of the symmetry of the above expressions in the suffixes 2 and 3 
and in the nuclear co-ordinates, and with the use of the simple vector relations 

R, r, + id p, |d, (9) 

the integral 1 is at once reduced to the form 

j 32tt^W.. / \ JIT r /OT 1ft 

I = — ^4 ((’08 {^k (Do — n,) . d}I, + VSIj?, 

where 


Il = fl’(- 

1 

j 

1 


JJ Vi 

hi 




fA. 

- 1 .' 


JJ \ 

Pi 

’’is 

/ 


* Owing to a numericml error the ordinatos of fig. 2 of thiw {laper Hbould be multipliod 
by a factor of 1-51. 
t * Phys. Rev./ vol. 31, p. 579 (1928). 
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Now Ij is merely the integral occurring in the elastic scattering of electrons in 
molecular hydrogen,* and gives simply 


7t2(2Z2 + ifc»8in«iS) 


( 10 ) 


The calculation of Ig may be most conveniently carried out in polar 
co-ordinates as follows. Changing the origin of (jo-ordinates to the nuclei 1 
and 2 respectively gives 


I 1 . 

e 

'^1 »*12 ^ 




where 


^ ^-iik(n,~a0.d f / J_ _ g-Z |r, f </*)} ^jt*(ii,-»n,) .r, 

J Vi rj 

cos u ~ cos 0 cos 4‘ sin 0 sin 4^ oos 


the axis of z being along Wg and 4*, x being defined as in § 1. Using now the 
expansions 

^ 2 /„(ri, d) (2n + 1) P„ (cos «), 

n - 0 

where 

fn (ri. ‘«) = - ,-1 

and using the integrals 


^anlnriRiiW. _ 2tr Jq (Va* + 6^), 

0 

f *r con fi COB (At sin 0 sin vp) sin 0 d6 = ^/¥ Jn4l/a (ifcr)P„(co8<{<), 

Jo ^ 


Jo 
gives 


^;Psin48 = co8Ufe(no~ni).d}r^- -v/Zr^^] £ S F^(co8|) 

7C ‘ Zi ’>71 Sin JlO / n 0 m «K - 2n 


PS, (sin P) e""* i e (r, d) J,„+,/, (2Ar sin |8) r»/* dr 1 

J 0 

/ / \ 00 2«+l 

- ain (P (np- Hi) ■ d} \/ ( ■ 7 - , — ) £ Y, P2,+i(co8<J;)P5;,+i(8ini8)e‘"* 

^ 2 o f,*,!/ ~2» 4 1 

( «"*’■ /sn+i (»■» ‘^) Jjn+s/* (21 t sin iS) df. 

J 0 


♦ Eloaaser, ‘ Z. Physik,’ vol. 46, p. 622 (1927). 
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The series occizrring cannot be summed, but the convergence of the suooeesive 
terms is satisfactory. The first term of the even series can be evaluated 
analyt/ically, but the other terms must be numerically calculated as they 
involve the integral 



sin hr 

T 


Actually only a small fraction of the scattered intensity is due to these higher 
terms. Considering for convenience only the first term, we see that averaging 
the scattered intensity over all possible orientations of the molecular axis 
introduces a term 

^ / 1 -f. where x 2kd sin sin iS. 

\ X ” h ^ 


This term is just the factor required by the diffraction of waves at two similar 
obstacles distant d apart, which sc^atter coher<?ntly. 

We have finally for the averaged intensity of scattering 

TT^VS 


1 ^ 




Z^Fsin^S 


/o Ji/2 (2^^ P) ^ J 


higher terms. 


In fig. 2 the scattering by a hydrogen molecule and by two separate hydrogen 
atoms is compared and the ratio illustrated graphically as a function of 



jFio. 2.“ Illustrating tbe ratio of scattoring of H, to the scattering by 2H. I. Without 
the diffraction factor 1 + sin xjx, II. With the diffraction factor 1 sin xjx. 


ajc sin p, and it is seen that the ratio approaches unity for increasing values 
of the argument, as is expected. Also it is seen that the ratio, not considering 
the diffraction factor, decreases slowly below unity with decreasing velocity 
of the incident electrons ; this is due to the increased concentration of charge in 
the hydrogen molecule consequent on the effectiveness of the binding resulting 
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m a decrease of efEeotive cross-section for electrons of such velocities that the 
major fraction of the scattering comes from the outer levels of the system. 
The oscillations in the curve are, of course, due to the diffraction effect referred 
to above. 

It is of interest to rsompare the results of this theory with the various experi- 
mental investigations of the angular distributions of electrons scattered 
elastically in molecular hydrogen at various velocities. Angular distributions 
have been measured by Bullard and Massey* for 4, 10, 20 and 30 volt electrons ; 
by Amotf for 30, 80, 200, 400 and 800 volt electrons ; by Maomillant. for 50, 
76, 100 and 150 volt electrons, and by Harnwell§ for 120 and 180 volt electrons. 

Comparison of thtiory and experiment in the case of the early work of Ham- 
well and Macmillan shows that the observed angular distributions fall off 
much more rapidly with ajigle of scattering than the calculated curves. Com- 
parison witli the more rec-ent work of Bullard and Massey, and Amot shows 
that at 80 and 200 volts there is very satisfactory agreement, but the close 
similarity of tlu* (.calculated curves for H and H 2 prev(‘Tjts a definite d(ccision 
as to which of the latter two curves is favoured by experiment. At and below 
30 volts, however, there is no longer any trace of fit between the experimental 
and calculated curves, indicating the failure of the Bom formula at these 
velocities. Curves for three different voltages in hydrogen are given in fig. 3. 

Theoretical angular distribution curves for nitrogen for oomparisoT) with 
experiment have been calculated as follows. The elastic scattering by any 
atom has been treated by Bullard and Massey || by applying the Thomas-Fermi 
electron distribution to tluc Born formula, and from a table which is given in 
their paper angular distributions are at once obtainable. It is then assumed 
that the scattering by the nitrogen molecule is closely similar to that by two 
nitrogen atoms 1 * 1 A.U. apart, the former being obtained from the latter by 
the use of the diffraction factor discussed above. This assumption is shown 
above to be fairly accurate for the case of Ng, owing to the fact that only 6 of 
the 28 electrons in the nitrogen molecule are shared and take part in the 
binding. 

Angular distributions have been obtained experimentally in nitrogen by 
BuUard and Massey (be. cit) at 10, 30 and 60 volts, and by Amot {he. eit.) 

♦ ‘ Proc. Roy. Soc.,’ A, vol. 133, p. 637 (1931). 
t ‘ Proo. Roy. 80 c./ A, vol. 133, p. 616 (1931). 
i* ‘ Phys. Rev./ vol. 36, p. 1034 (1930). 

§ ‘ Phys. Rev./ vol, 34, p. 061 (1929). 

(I * Proo. Camb. Phil, Soc./ vol. 26, p. 666 (1930). 
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at 200, 400 and 800 volts. It is found that there is satisfactory agreement 
between theory and experiment at 30, 60, 200, 400 and 800 volts, but no 
trace of agreement at 1 0 volts or lower, indi<!ating the failure of the Born formula 
at these low voltages in nitrogen. These results arc illustrated in fig. 3. 



F'ro. 3.— (JompariHon of obaorvetl and calculated angular fliatributions of scattering in 
niti*ogon and hydn>gen, showing the failure of the Born formula at low velocities. 
— Calculated curve. ... Experimental points. The upper of the two calculated 
curves for hydrogen is that calculated for the atom ; the lower, for the molecule. 


.B, f mlastic CoUisimifi. 

In considering the excitation of molecules by electronic impact, the question 
arises as to how the nuclear distance of the final state to which the molecule 
is raised by the impact will be related to that of the initial state. According 
to the Franck-Condon principle (te. cit), the nuclear separation is instan- 
tani'ously unaltered in a collision and strong evidence in favour of this is obtained 
from the measurement of the excitation potentials of molecules. Referring 
to fig. 4, which gives the potential energy curves of the ground state and an 
excited state of a molecule (actually the curves for the ground state and the 
B state of the hydrogen molecule are shown in fig, 4), it is found that excitation 
of this state requires energy corresponding to the switch AB instead of AD. 
The comparative sharpness of the effect found also seems to indicate that 
there is no appreciable change of nuclear distance on impaedi. Immediately 
after impact the molecule can be taken as in the unstable state represented 
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by B and falls by quantum jumps to the state D ; these jumps are, however, 
of no account in considering the probability of the initial process. 

Viewed from the standpoint of quantum mechanics, the Franck-Condon 
principle simply states that the excited state which is most probable instan- 
taneously after the impact is that in which the overlapping of the initial and 
final wave-functions is a maximum. At low temptu*atures we then expect 
little deviation from the Franck -Condon principle, the spriiad of the vibrational 
wave-functions being then very small. Also in the (iassical picture the 



Fig. 4. — IlluBtrating transition from jEfreund state of H 3 to 1 and B states. 

principle is justified by the consideration that the time taken by an electron of 
moderate velocity to traverse the distance of separation of a molecule is quite 
small compared with the period of vibration of the molecule. 

Assuming, then, that the principle is strictly valid, application of Born’s 
collision theory shows that the chance that an electron will be scattered between 
angles S and 8 -f after exciting a molecular level, is given approximately 

by 

Ii (S) = A I j [ V-j/o 4-1 dT, dx, I "sin , 

where 4*1 f^be wave-functions of the initial and final states of the molecule 
with the nuclear separation that of the initial state, V the interaction energy, 
M/ 2 TWi, k'hl 2 nm the velocities of the scattered electron before and after 
impact, and A denotes the averaging over all orientations of the axes. 
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For simplicity, let us now consider the cxcatation of an electron from a 
single homopolar ]>ond of a homoniiclear diatomic molecule. The wave- 
functions 4 ^ 0 , 4^1 may have either the same or opposite symmetry with respect 
to the nucloar co-ordinates^ so we may write form 

where r and j) denote co-ordinates referred to the nuclei 1 and 2 respectively. 
Denoting the molecular electrons by suffixes 2 and 3, and the incident electron 
by suffix 1, we have 

»-12 V 

Substitution in ( Jl) gives then for the scattering probability 

Ii (0) - A ~ j\h + Ja P sm S dS, 

where 

Jj ; I'j I ”'(/(’■> P'i i f^P' 

Js III ” !■/ e. P) ± f(P> »■)] c***"" dT, dx, dxg. 

Consider now the first of these two integrals. One of the functions, say 
/(r, p), will contain the terms corresponding to electron 2 around nucleus 1, 
the other terms corresponding to electron 1 around nucleus 2. It will then be 
< convenient to calculate 


~f P) dvi dTg dva, 


by changing the origin to nucleus 1, the other integral by changing to nucleus 
2. Wc then find 

Jj jf (r, p) dtg dTa 




. d fit , jl 


jj] dxi dxj 


jj = j-i /{r, V(^+2drco8«4-d»)}e‘<‘”*-*^^^ (A) 
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where u is the angle between the radius vector r and the axis of symmetry of 
the molecule. 

The integral on the right may be considered expanded in series by expanding 
/(n p) in spherical harmonics of u. The zero order term in this expression 
will be the same for both integrals A and B, so to this order we have 

^ t sin ^ 

where a is a function of k\ S, but independent of the angles of orientation 
the cosine or sine occurring according as the wave-functions 4^0, 4^^ have the 
same or opposite S3anmetry in the nuclear co-ordinates. Similarly 

We see, then, that we have for the scattering probability 
Ij (S) — A ~ I a (fcn0 — A;'%) . d} | ^ + higher oscillating terms. 

The averaging over all angles gives then 

I (§) = ^ ^ I a ( 1 ±: ) -f* higher oscillating terms, (C) 

fi' k ^ X ■ 

where 

X = d (F + — 2k¥ cos S)*. 

As a consequence, diffraction effects must occur in the excitation of molecules 
by electron collisions. If we have the + sign, this will result in greater 
scattering at small angles, and if we have the — sign, there will be less scatter- 
ing at small angles. In order to detect such an effect, it would be necessary 
to use a heavy molecule so that the term a of (C) does not fall off too rapidly 
with increasing angles of scattering, and to employ an accurate method of 
velocity resolution of the scattered electrons. The lower the velocity of the 
electrons used, the more noticeable the effect should be. 

It is usually stated that inelastioally scattered waves are incoherent, but 
this applies only to the totality of such waves, not to the particular waves 
which are scattered with a given wave-length change. In the case of a crystal, 
the states which may be excited lie very close together owing to the very large 
number of similar components of the crystal ; as a consequence, no diffraction 
effects will be expected in such waves. In a diatomic molecule, liowever, the 
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energy states form a discrete set, and it is possible to separate out the difiarent 
inelastically scattered waves, each of which will show diffraction effects. 


The Excitation of the B State, 

Ab an ilhistration of the above ideas, we will consider the excitation of the 
B state of molecular hydrogen by electronic impact. This state is symmetric 
in the electrons, antisymmetric in the nuclei ; the wavfvfuuction has been 
determinc^d fairly accurately by Guillemin and Zener* by a variation method 
similar to that used by Wang (loc, di.) in determining the wave-function of 
the ground state. They express the wave-function in elliptic co-ordinates 
p, [i, where p, g., are d (‘fined by 

P - (r f p)/d , (A = (/ — ■p)ld, 


r, p, being the distanfjes from nuclei 1 and 2 respectively, and they find for 
(j/, the value 

where N| is the normalising factor given by 






e ( 2a f 1 — ' - efi 1 {sinh 2c + c^ — 6^) + 26% cosh c} 


i ^26 + j — 1 6 *) (sinh 2c (2ac^ ^ — a^) 4 . 2a% cosh c) 

-- " ( 2« f- I ~ I ««) ( 26 4- 1 6*j j, 


and a 1*5, 6 — 0 * 8 , c — ^ 1 * 2 ,/ — 0 in terms of a nuclear separation of 
1*25A.U. As we assume that during the collision the nuclear separation 
remains that for the ground state, namely, 0*75 A.U., the parameters were 
slightly adjusted to what was considered their most probable values for this 
separation, the values a — 1*4,. 6 ^ 0'65, c=l*2, /—O, being finally 
adopted. 

For the interaction energy V wc may take the potential 

^12 

fts the interaotioii between the colliding electron and the nuclei gives no con- 
tribution, owing to the orthogonality of the functions i}*© »“d (rjfa). 


* ‘ Phys. Rev.,’ vol. 34, p. m (192«). 
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The probability of excitation of the B state is then obtained by substituting 
the above values of V, 4^^, in the expression (11). Substituting the 
numerical values of the parameters a, 6, c, and as a result of the symmetry 
in the expressions between electrons 2 and 3, we find that we have to evaluate 
the integral 

[ — e‘ . r, ^2) 

for the following three diff(U'ent (-ases 

(1) 

(2) B A 

(3) 2B - A. 

ThtJ second of these is just tlu^ integral corresponding to the case of atomic 
hydrogen, whihi the first corresponds to the integral occurring in the elastic 
collisions in molecular hydrogen ; the third is characteristic of the B state. 

Now, using Bethe’s formula {h>c, ciL) and changing to polar co-ordinates 
throughout, we obtain for expression (12) the form 


in 


+ k'^ — 2kk' cos 8 , 


-(V, 


{in, -i 'll,) . 


' dxj dxg 


This integral can be evaluated in precisely similar maimer to the integral 
Ig o(H!urring above in the case of the elastic scattering. In this manner an 
expression is obtained for the probability which has to be integrated over all 
angles of scattering ; this is most rapidly and conveniently accomplished by 
graphical means. The probability of excitation of the B state for various 
velocities of the incident electron is thus finally obtained, and the result is 
illustrated in fig. 6. It is seen that the probability rises to a maximum at 
about 5 volts above the excitation potential of the B state, and then falls oil 
quite slowly, being still appreciable at comparatively high velocities. 



Fiu. 5. — Probability of Excitation of B state of H, by Electron Impact. 
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In the above calculations for the elastic scattering and for the excitation of 
the B state, the effect of electron exchange has been neglected ; the process of 
exchange, however, will only be appreciable in its effects over a small range 
of voltages just above zero volts in the case of the elastic scattering, and above 
the excitation potential in the case of the excitation of the B state. 

As an illustration of the general conclusions of § 4, fig. 6 illustrates approxi- 
mate angular distributions of electrons scattered after exciting the B state. 



Fiq. 6.— Approximate Angular Diatributioaa of RIectronH scattered after exciting the 

B state of Hj. 

As the B state is antisjmmetric in the nuclei, these angular distributions show 
a maximum due to the diffraction factor 1 — sin xjx. 

The Dissociation of the Hyd/rogm Molecule by Electron Impact. 

The quantum theory of the iuteraction of atoms due to Heitler and Loudon* 
introduced the (jonception of unstable states of molecules due to possibifities 
of atomic interaction giving a potential curve with no minimum. Thus for 
two hydrogen atoms in the ground state, there are two possible modes of 
interaction according as the atomic electrons have the same or opposite spin ; 
the potential curves of the two resulting states of the hydrogen molecule are 
shown in fig. 4. The stable one of these, the 1 state, is the ground state of 
the molecule ; the unstable one, the 1 state ; thus a transition from the 
ground state to the 1 state will result in dissociation of the molecule. The 
two states are analogoiis to the singlet and triplet states of helium, the stable 
state being the one with opposite electron spins, the unstable state having 
electrons with the same spins. Transitions between the two can only take 
place by electron impact with appreciable probability if electron exchange 
takes place, and Oppenheimer’s theory must be used to calculate the probability. 


♦ ‘ Z. Physik,’ voL 44, p. 455 (1927). 
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Assuming the validity of the Franck-Coiidou principle, we must take a 
transition from A to D in fig. 4, cornmponding to incident electrons of 11*5 
volts energy,* and producing two neutral hydrogen atoms with mutual kinetic 
energy 7*2 volts. 

The probability of the process is given byt 




(r/a) (r^ri) 


dTj (It 2 (It^ I ^ 


where the inti'rafdion energy V is taken to be 


and 




tlu^ same Z being used in both the initial and the final waA'(‘d'uneti()n for 
simplicity in calculation, the mean value of I *0 H/c/q lafing taloMi. it is then 
easily se<m that 


, - L , ,, v d l , , . I ^ ^ if \ d 1 

1 = -J -- I a sin j k nj) . ~ j -f h sm j (kn^^ + ^’ n^) . ~ j 

whenj a — (I„ — I^j) V (2Z) - - IJ'' (Z, k), 

r (Z) = I* dx 87tZ-=*. 

V' (Z) = I e-'-''-'-’' dx=-nc ’ Z' » ( I + 'M JZ* iP), 

F (Z, k) — j e’*"‘ dx — toZ (TP + IP) 


J*' .'*1 Pi 



r. - a-'n, . r, 
giJtno . r, 


♦ Thia value is unoerbain by at leant two volts owing to the appifiximate nature of the 
potential ourves. 

t * Froo. Roy. Soo,/ A. vol, 132, p. 005 (1031). 
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Tte latter five integrals are readily evaluable by expanding the terms 
I in spherical harmonics as before, the series being sufficiently 

convergent at low velocities. Averaging over all orientations of the axis of 
the molecule, ajid then integrating over all angles of scattering gives 


32TAn^ 


(a2 + h^) 


(1 


sin M sin k'd 

M k'd 


} + 2a6 ( 


sin kd 
kd 


sin k*d \ 
k'd 


The probability of dissociation of the hydrogen molecule so calculated 
as a function of the velocity of the incident electron in volts is shown in 
fig. 7. It is seen that th(‘ probability rises very steeply just at the excitation 
potential of the process, soon attains a maximum, and falls quite quickly to 



Fiq. 7, — Probability of Dissociation of Hg into 2H by Electron Impact. 

smaller values at a few volts above the excitation potential ; this is in sharp 
comparison with the slower fall ofi in the probability of excitation of the B 
state. Also the maximum probability of the process is quite appreciable, 
being 0 • 7 of the total cross section at that voltage. 

Experimental investigations on this subject have been carried out by 
Glocker, Baxter and Dalton,* and by Hughes and Skeilet.f Their observations 
showed that the process of dissociation of the hydrogen molecule by electron 
impact seta in at 1 ] • 5 volts ; this is the calculated voltage at which dissociation 
into neutral atoms in the ground state occurs, and is also well below the voltage 
at which dissociation might occur in any other manner. The fact that the 
process was foimd by these observers to have a measurable intensity just above 
the excitation potential is in agreement with the sharp rise of the calculated 
curve shown in fig. 7 ; also the fact that Glocker, Baxter and Dalton were 

* * Journ. Amer. Ghent. Soc.,* vol. 49, p, 68 (1927). 
t ‘ Phy«. Rev.,’ voL SO, p. II (1927). 
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unable to detect any trace of dissociation at 100 volts is in agreement with the 
sharp fall off in the calculated curve.* 

Summary. 

The theory of collisions due to Bom and Oppenheimer is applied to several 
phenomena involving the impact of electrons with molecules. 

Elastic, collisions are first considered within the range of the validity of 
Born’s formula. The scattered intensity due to a niunbcr of axially symmetric 
fields witii random orientation is showii to be a function of the product of the 
velocity and the sine of half the angle of a(;attering. A close relation Ls se( n 
to tixisi Ijctwc.en electron and X-ray scattering, and a simple formula found to 
relate tJiem. The intensity of clastic stjattering in molecular hydrogtm is 
treated in detail for all angles and velocities for which the Born formula is 
valid. 

Inelastic collisions are then considered, and the importance of the Franck- 
Condon principle discussed. It is shown that the latter implies the diffraction 
of electrons which have excited a particular electronic state of the molecule. 
This is illustrated by considering the probability of excifcauon of the B state. 
Finally, the probability of dissociation of the hydrogen molecule by electronic 
impact into two neutral atoms in the groimd state is calculated. 

• [Notn added m proof . — Further experimental evidence on this subject is provided bj'^ 
the work of Jones and Whiddington {‘ Phil. Mag.,’ voL 0, p. 880 (1028), who investigated 
the energy losses of electrons in hydrogen for zero angle of scattering. They find an 
energy loss of 0*5 volts which probably corresponds to dissociation. The pjolmbiiity of 
this Joss varies in much the same way as the calculated, but as only non*deviated 
electrons were investigated, no exact comparison is possible. ) 
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The Gyromagmtic Ratio for Paramagnetic Substances. IIL — Results 

on Salts of the Rare Barth Oroup. 

By W. Sitoksmith, University of Bristol. 

(Conununicatefl by A. P. Ohattock, F.R.S. — Received November 14, 1931.) 

In a previous paper* * * § (referred to in what follows as 1) a method for measuring 
the gyromagnetic ratio for paramagnetic substances was described, togethf^r 
with tlie results of experiments on a. strongly paramagnetic substance, dyspro- 
sium oxide. The ratio of the angular momentum produced by a given cliange 
of magnetiij moment givfjw tl»e Lande splitting factor, which in the case of 
the Dy ^ ^ ion waft found to be I *28. This indicates that the magnetic moment 
is compofte(l of both orbital and spin contributions, and agrees well with the 
theoretical value of I • 33 for the state ^IIi 5/2 deduced by Hundf as being the 
most probable for thifi ion. In a further contribution^ (II), the apparatus 
was used for similar m^^asuremeuts on some salts of the iron group, an account 
being given of the means used to obtain the necessary increased sensitivity. 
The results, taken as a whole, show that the only tenable view advanced to 
explain the magnetic susceptibilities of ions of this group is that of Stoner, § 
i.e., that the spin and orbital moments are quantised separately relative to the 
field axis, and further, the orbital moment may be wholly or partially sup- 
pressed by the fields of neighbouring ions. 

The present paper decals with measurements on some oxides of the rare 
earth group. The apparatus used was identical with that designed for 
inertiased senBitivity and described in II, so that no further description is 
necessary. 

Measurements on somt* three oxides have been obtained, and it is shown below 
that the Van Vleck development of the Hund theory is most successful in 
explaining the (experimental results. The expression developed by Van Vleck|l 
for the magnetic susceptibility is 

y + l)/3feT + a(i)} (2i + ^ ^ 

* ‘ Pro«. Roy. Soo.,’ A. vol. 128, p. 276 (1930). 

t ‘ 35. Physik,’ vol. 33, p. 856 (1925). 

t ‘ Proo. Roy. Soo.,’ A, vol. 138, p, 179 (1931). 

§ ‘ Phil. Mag..’ vol. 8. p. 260 (1929). 

II ‘ Phya. R«v.,’ vol. 31. p. 587 (1928) ; Phya. Rev.,’ vol. 34, pp. 1494 ud 1626 (1«2»). 
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where y — the total quantum number, p = the Bohr magneton, W 2 = AcAv is 
the diiferene(‘ in energy between tlje particular j level concerned and the 
ground level, the overall multiplet separation being dediKsed from Qoudsmit's 
equation. 

The term a (j) is due to the component of the magnetic moment perpendicular 
to the angular momentum vector, which gives rise to si’cond order Zeeman terms. 
It is generally negligible, but in (^aaes where the I and .s vectors are large, the 
resultant j l)eing small, the a (j) term becomes important. This holds in the 
(‘tises of Sm"^ ' ^ and Eu ^ ^ , and the previous discrepancies in the case of these 
ions in trlie Hund theory are completely removed. 

If the term a (j) is omitted from the (iquatiou, the expression for the sus* 
ceptibility is identical with that previoiusly obtained by Laporl t‘ and Sommer- 
feld.*** 

The gyromagnetic amplitude gives us a means of measuring the ratio of the 
cliange of magnetic moment to the an.gular momentum produt^ed. The 
(‘quation for this ratio oorrespouding to the expression for the magnetic sus- 
ceptibility given in equation (I) is 


e 

2nic 


U + l)/3^-T + « (.?•)} (2:; + 1) 
N i {g^^j (j -I- D/UT} {2j + 1 ) 



( 2 ) 


tlie expression for the angular momentum in the denominator carrying no 
term corresponding t.o the a (j) term in the srisceptibility. 


Dtscussion of liemUfi. 

The experimental results obtained are given in Table I, being calculated 
according to the formulaf 

1 ^ 2)lT^ 

e 7rXI 

where is the double gyromagnetic amplitude produced at resonance by an 
alternating square wave magnetic fieM Ho ; g is the Land^ splitting factor ; 
I the moment of the inertia of the specimen used containing mo gram of mass 
susceptibility x ; T is the time of oscillation ; and X the logarithmic decrement 
of the suspended system. 

♦ ‘ Z. Physik,’ vol. 40, p. 338 (1926) ; ‘ Z. Physik,’ vol 47, p. 761 (1928). 
t For full details see I and II. 
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The last (column gives the theoretical value ot q calculated by moans o( 
equation ( 2 ). 

Gd^ 4 + „_Tlu 8 ioix was used in the form of the oxide.* in all cases g is found 
to be 2*0 within the limits of experimental error. Huud obtaimid * 87 /^ as 
being the only possible ground state for this ion in, the gaseous state, the 
inaguetic electrons being Bcven in tlie 4/ shell. The g value is 2, since the whole 
of the moment is due to spia.f 

— -Two specimens of Nd 20 ;j were employed and satisfactory measure- 
ments were made on both specimens. The mean of the (‘xperiraental results 
gives 7 -™ 0*77. Tin* original Hand theory gives 8/11 —0*726 for the g 
value for this ion, assuming the grouml state to be The Van Vlocka(j) 

term increases this to 0*752 so that the results are in good agreement with 
the theory. Measurements on this oxidt* were particularly easy as the ratio 
of the angular to magneti(‘ moment is relatively large, which means that the 
disturbing couples are proportionately reduced. 

It is interesting to ( compare the variation of magnetic susceptibility with 
temperature as obtained from Van Vleck^s theory with experiment. Cabrera 
and DuperierJ have measured the susceptibility of this oxide over a range of 
400^" C. above room temj>erature. Their results show that 1 /^ plotted against 
the absolute temperature T does not give a linear relationship, but a curve 
convex towards the 1/x axis. The experimental rc^sults given are in fair 
agreement with tlie theoretical one, though the convexity is not so marked. 
The value of the mass susceptibility at 300® K. is 28*0 X 10 “'** according to 
Cabrera and Duperier, whilst theory gives 33*3 X 10“'**. The writer’s measure- 
ment on the NdjOg used was within 1 or 2 per c-ent, of the experim(*atal value. 

. Four specimens of EugO^were made, but owing to the relatively 

coarse nature of tht? powder, which causes a high horizontal magnetic moment 
due to non-uniformity in packing, only two could be used. A large number of 
experiments were carried out, of which the two given are indicative of the whole 
of the results. In no case was any amplitude greater than ^ 0 • 3 mm. obtained, 
whereas under approximately similar conditions NdgO^ gave amplitudes 
2*0 to 2*6 mm. It is only possible to put an upper limit to the amplitude, 

♦ All the oxides UHed wore obtained from Messrs. Adam Hilgor, and were of a high' degree 
of purity. 

t In this comieotion the work of Fi*eed and Spedding {* Phys. Rev.,’ vol. 38, p. 670 (1931)) 
on the absorption spectra of (idCl, 6H,0 and GdBrj 6H,0, though the work is not as yet 
Huflficientiy developed to admit of any relevant conolusionH being drawn. 

X ‘ C. H.,’ vol. 188, p. 1640 (1929). 
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i,e., 0*3 mm. on the scale. In the majority of cases this means that no 
discernible periodic oscillation was observed, the sharpness of the image often 
being slightly blurred by very small pendulum oscillatious of the specimen. 
The mean // value calculated from the results is !> 4*5. 

If we calculate the sus(ieptibility of EU 2 O 3 from the theory of Laporte and 
Sommcrfeld, tlit? room temperature value is about one-quarter that given by 
experiment. Inclusion of the oc (j) term of Van Vleck^s theory brings the 
susceptibility up to 30 X l<r ^ at 12'' C., as against Cabrera and Duperier’s 
ex|:)erimentai value of 27*0 at the same t<>mfH^rature. As painted out by the 
writer oleBew'here,* the agree^meiit between the latter theory and experiment 
over the range of temperature in which results ar<‘ availabh' is remarkably 
good, especially considering tlie laioertainty in deducing the raultiplet separa- 
tion and the screening constant necessary for the <ialculation. The g value 
calculated from the Van Vleck formula is 6-4, whereas the Laporte-Sommerfeld 
expression gives 1*5, corresponding to which an easily observable gyromagnetic 
amplitude would be obtaimid. The magnitudti of the effect observed is much 
too small to admit of explanation by the Laporte-Sommcrfeld theory and is 
thus in agreement with that of Van Vleck. 

The ion Eu ^ differs from most other paramagnetic ions in that the varia- 
tion of g with temperature sliould Ik? very considerable, so that it would hki of 
great iiiterosT if the ratio could be obtained over a range of tempera- 
tiu’os. Below 50^'' K., the amplitude should be ; 5 ero, ^ being 46 X 10 '®, 
wliilst at 60(f K., g decreases to 3-8, the cal<,iulated susceptibility being 
20 X 10“«. 

\)y^ 1 + _ — Poi- tixe sake of i*.ompleteness, two measurements on Dy 203 are 
included, the substance having been fully investigated in 1. The data now 
given serve as a check on the ik'W apparatus, and further, give an idea of the 
im^reased sensitivity. Comparison, with the data given in 1 shows that wliilst 
the field strongtJi has been inc.reased from 500 to about 1200 gauss, the 
logarithmic decrement lias been nearly halved, thus giviirg an approximate 
four-fold increase in sensitivity. The results agree with the g value of 1*33 
as deduced originally by Hund. 

Sufficient material to make one specimen of Ytterbium oxide (YbjOj) was 
obtained, but unfortunately it received some ferromagnetic contamination 
in the course of preparation, and it was found quite impossible to obtain any 
satisfactory measurements. 


■*' ‘ Proc. Fhys, 800 .,’ voL 42, p. 3H6 (1U30). 
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Summary and Condmions, 

In two previous papers a description of an apparatus for the measurement of 
the gyromagnetic ratio for paramagnetic substances was given, together with 
results on some salts of the iron group. The measurements are here extended 
to some paramagnetic substances in the rare earth group. 

The mean value of g, the Iiand6 splitting factor, for dijSerent ions is found to 
be in agreement with the modification of the Hund theory of paramagnetism 
as modified by Van Vleck. For the ions Eu^^^, and Dy'*'^'*", 

the theoretical values are ^ = 2*0, 0*75, 6-4 and 1*33, whereas experiment 
gives 2*12, 0*78, > 4-5, and 1*36 respectively. 

With the completion of the above measurements, as many paramagnetic 
substances have been investigated as appear necessary to decide on the correct 
theories of paramagnetism in the iron and rare earth groups. An apparatus 
with ten- or twenty-fold the present sensitivity would be an extremely valuable 
weapon for further investigation, but such an increase appears quite impossibh; 
on the lines of the present method. 

My thanks are due to the Colston Research Society of the University of 
Bristol for a grant towards the expenses of the work, which was carried out in 
the Wills Physical Laboratory of the University of Bristol. 
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The Addon of Halogens upon Arylazoaeetoanetaies and RHMed 
Compounds. — Fart 1 . 

By Fbedbkiok Daniel Chattaway, F.R.S., and Bboinald Jack Lyb. 

(deceived November 17, 1931.) 


Somewhat more tiiaB half a century ago, Victor Meyer* * * § observed that 
phenyldiazouium nitrate condensed with sodio-acetoacetic ester, giving a 
compound to which he assigned the structure (I), and which he termed ethyl 
phenylazoacetoacetate . 

A large numl)er of similar coupled products were soon afterwards made, 
but doubt was thrown upon the azo stnicture when R. Meyerf showed that, 
on hydrolysis, the product of the condensation of malonic ester with phenyl- 
diazouium chloride yielded mesoxalic acid phenylhydrazone. This, and 
siiniJar examples which were soon discovered, J led to the abandonment of the 
azo structure (I), and the general acceptance of a hydrazone structure§ (II) 
for the solid coupled product.. 


CO. CH, COCH, 

1 » I .. 

C^HyNH.N:C 


(1) 


(H) 


Much later, Bowack and Lapworth showedj! that the action of chlorine or 
bromine upon phenylazoacetoacetic tester caused, not only partial substitution 
in the phenyl nucleus, but also replacement of the acetyl group by a halogen 
atom, and that the same compounds could be obtained by coupling the corre- 
sponding diazonium salts with a-halogenated acotoacetic ester, an acetyl 
group being lost in the condensation. 

Bowack and Lapworth regarded the halogenated compounds (III) thus 
obtained as derivatives of oxalic acid, and the misleading title of their paper, 
Hydrizino-halides derived from Oxalic Acid,” caused it at first to be over- 


• ‘ Ber. deutw, Chewi. Ges.,’ vol. 10, p. 2075 (1877) ; Zublixi, " Ber. dents. Chetn. Ges,’ 
vol. 11. p. 1417 (1878). 

t * Cheinikerztg./ No. 66 (1887) ; * Ber. deute. Chem. Gob..’ vol. 21, p, 118 (1888). 

J O/. Japp and Klingemaun, ‘ Ber. deuts. Chem. Ges.,’ voL 20, p. 3284 (1887). 

§ In the present paper, for the sake of oonvenionce, the name “ethyl arylazoaoetoaoetatc^’ 
is retained, instead of “ ethyl ap-diketo-a-butyrate-a-aiylbydraeone.’’ 

II * J. Chem. Soc.,* vol. 83, p. 1114 (ICOS) ; voi, 87, p. 1864 (1906). 
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looked by Bulow and Neber, who, seven years later* again showed that chlorine 
replaced the acetyl group and also caused substitution in the phenyl nucleus, 
producing compounds similar in type to those described by Bowack and Lap- 
worth, but correctly designated as ethyl a-ohloroglyoxalate arylhydrazonea 
(formulse as (III)). 


CO.CH3 
R. NH.N: i 


Clgor Bra ^ 


Mai 

I 

R.NH.N:C 

1 

COjCjH^ 

(m) 




CO.CH, 

I ■ 

R.N.Cl CHHal 
" I 

CO,C,Hj 


Investigations in tliis laboratory have recently shown that when chloral and 
arylhydrazines react in alcoholic solution, hydrazones of gly oxalic ester are 
formed, t and that these react readily with chlorine or bromine to yield ethyl 
a-chloro- or a-bromo-glyoxalate arylhydrazonos, identical with the compounds 
obtained by the action of chlorine or bromine upon the coupled products of 
the corresponding diazonium salts with acetoacetic ester. 


R.NH.NH,+ CHO 

ecu 


CO. CM3 
CHj 

co,c,H, 


- R.NH.N: CH 

C O2 M 5 

^ R.NH.N: CHal 

CO. CHj 
->R.NH.N:C 

CO-C,H, 


COjCjH^ 


In these investigations, during the preparation from the azoacetoacetates of 
the a-halogenglyoxalate arylhydrazones required for comparison, it was at 
once observed that the pn)ducts differed according to the conditions under 
which they were formed, and the reaction between halogens and the azo- 
acetoacetates has therefore been re-examined. The azoacetoacetates chosen 
for investigation were those obtained by coupling 2:4: G-tribromo- and 
2:4: 6-trichlorophenyldiazonium chloride with acetoacetic ester, 


Br 




COaCjHj 


Br 



NH,Mi 


pO.CHj 

C 

UcjHi 


sinoe in these cases there is no possibility of additional complications due to 
nuclear substitution. 

If the brominstion of ethyl 2:4: 6-tribromophenylazoacetoaoetato is 
carried out in acetic acid solution, in the presence either of water or of anhydrous 


* ‘ B&c, dents. Chem. Ges,* voL 45, p. 8732 (1912). 
t * J. Chem. Soo.; p. 2860 (1927) ; p. 2766 (1928). 
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Mxlium aoetate, an almost qaantitative yidd of ethyl K'brmiiog^yDXtdate- 
2:4: 6-tribromophenylhydrazone (IV) is obtained, 

CO.CHj _ 

Wt’ 1 * OT I 

ih N; C 6r y 

(iv) 

this compound being of the same type as those previously obtained by Bowack 
and Lapwort»h, and by Billow and Neber. 

If, however, the bromination is carried out in chloroform, or in glacial acetic 
acid, simple substitution in the acetyl group occurs. Thus the action of 1 
molecule of bromine on ethyl 2:4: G-tribromophenylazoacetoacetate yields 
ethyl 2:4: 6-tribromophenylazo-y'bromoacetoacetate (V), the product being 
identical with that obtained by coupling 2:4: 6-tribtomophenyldiazonium 
chloride with y-bromoacetoacetic ester. 

pO.CH3 CO.CH,Br e, CO.CH,Br 

Br <f>NH.N'.C -Sli-v Br<'~>NH.N: C Br<~~^N,Cl > CH, 

COjCjH, ®'' OJjCjHj ®'’ COijCjH, 

(V) 


The action of 2 molecules of bromine carries the substitution in the acetyl 
group further, and siinilariy yields ethyl 2:4: 6-tribromopbenylazo-YY-di- 
bromoacetoacetate (VI). 

.3r 

Br<' C 
' Br I 

COjCjH, 

(vr) 

The acetyl group is not further substituted, even by the prolonged action of 
an excess of bromine at an elevated temperature, but under these conditions 
the carbethoxy group is slowly eliminated, and replaced by an atom of bromine, 
yielding the compound P[Jw-tribromo-a-ketopropaIdehyde-2 ; 4 : G-tribromo- 
phenylhydrazonc (VII), identical with the product of the action of S moleonles 
of bromine upon a-kctopropaldchyde'2 : 4 : G-tribromophenylbydiazone (VIII). 


CO.CH, 

Sr- 


8r , 

Br< >NH.N;C 

®'' COjCjH, 


iVBr 


CO.CHBrj 

"■ I 

NH.N:C 
ir t 


-(3 Bra 


Sr 


CO.CHj 


Br 


(VB) 


BrC5>NM.N: C 
'm 

(vm) 
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The a-kefcopiopftldehyd(i-2 ; 4 : 6-tribroia.ophenylhydrazone ie obtadued by 
coupling 2 ; 4 : 6-tribtomophenyldmzoiuum chloride vrith aoetoaoetio wnd, 
the carboxy group being lost during the condensation ,* ot by hydtolyring 
ethyl 2 ; 4 ; b-tribromophenylazoacetoacetate with an aqueous-alcohohc 
solution of potassium hydroxidc.t 


r, CO.CH, 

Br I ’ 

Bt''' >N.a + CHj 

Uh 


CO.CH, 
Br 1 ^ 

-Br<, >NH.N:C 
Br i 


MaOH 


CO.CH, 
Br I ^ 

Br C 


1 


The bromination of ethyl 2:4: O-trichlorophenylazoacotoacetate folJowa a 
similar course, ethyl a-bromoglyoxalate-2 : 4 : 6-trichloropheuylhydrazone (IX), 
ethyl 2:4: 6-trichlorophenylazo-y-bromoacetoacetate (X), ethyl 2:4:6 
trichIorophenylazo-YY"^^^^^^®*^^®l'^^<^®^^^*^ (XI), and ppw-tribromo-a-keto 
propaldehyde-2 : 4 : 6-tricbloropheiiyihydrazoue (XII), beiug obtabed. 


Br 

.-9 1 

C[< >NH.N:C 
■“XI 1 

CO,C,H, 

CO.CH, 0r 

Cl 

~ Cl 1 

COjC;Hs 

(JX) 

(X) 

C[ P- 

Cl <r^NM.N.C 

Cl 1 

_CI f 

Cl <C*^'Nm.N: C 

i 

Br 

(Xi) 

(XTl) 


The chlorinatiou of ethyl 2:4: 6*trichloropheDylazoacetoacetate, or of ethyl 
2:4: 6-tribromophenylazoaoctoacetate, also gives rise to two analogous 
products (XIII and XIV). 


P 

S NH, NiC 
1 

COjCjH, 

m) 


CO CH^Cl 
R.NH.N:C 

I 

CO^ 

(XJV) 


R - C<.H, 8t , or QHjCt, 


In the chlorination, however, there is a far greater tendency towards the 
formation of the ethyl a-chloroglyoxalate-arylhydrazone (XIII). Thus, whilst 
in glacial acetic acid solution, bromination of ethyl 2 : 4 : 6-tribromo- or 
2:4: 0-trichlorO'-phenylassoacetoaoetate gives an almost quantitative yield 
of the asso-Y-bromoaoetoacetate, and the presence of water or of sodium acetate 
is necessary for the formation of the ethyl a-broraoglyoralate arylhydrasone, 

♦ (7/, Japp and Klingemann, * Ann. Chem.,* vol 247, p. 190 (1888). 
t Cy. Richter and Mimaier, ‘ Ber. deute. Ohem. Ges.,* vol. 17, p. 1926 (1884). 
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ohlormation in glacial acetic acid at the ordinary temperature givee a 75 
per cent, yield of the ethyl a-chloroglyoxalate-arylhydrazone (XIII) even in 
the absence of water or of sodium acetate, and no isolable amount of the azo* 
y-ohloroacetoaoetato is formed. Ethyl 2:4: 6-trichloro- or 2 ; 4 : 6-tribromo- 
phenylazo-Y-chloroacetoacetato (XIV) is obtained however, when chlorine 
is passed at the ordinary temperature into a solution of the azoaoetoacetate in 
dry chloroform, which has been previously saturated with dry hydrogen 
chloride,* and the same compound can be obtained quite readily by coupling 
the corresponding diazonium salt with y-chloroacetoacetic ester. 

Similarly, altliough ethyl 2:4: 6-tribromo- or 2:4: 6“trichlorophenylazo- 
acetoacetate readily yields ethyl 2:4: 64ribromo- or 2:4: 6-triohloTo- 
phenylazo-YY-dibromoacetoacetate when treated with two molecules of 
bromine in glacial acetic acid solution, it has not yet been foimd possible 
satisfactorily to isolate the corresponding yY-dichloroaoetoacetates. 

Both the a-chloro- and a-bromo-glyoxalates, and the arylazo-y-chloro- and 
y-bromo-acotoacetates, are very reactive compounds. For example, the 
former react readily, at the ordinary temperature, with an alcoholic solution 
of ammonia, yielding the corresponding hydrazidines (XV), whilst the • 


R.NH.N;C 

I 

COaC^Hj 



latter, when heated with an alcoholic solution of potassium acetate, f 
readily lose hydrogen halide, and the corresponding 4-hydroxypyTaJ5ole 
(XVI), t is quantitatively formed. 

CO^CjH, CO^C.Hj 

C===^N 

'^NH.R — iU. ^N.R 

CO CHjHal CO CH, 

(XVl) 



* Even in this case only a 30 per cent yield of the azo-Y'Chloroaoetoaoetate is obtained, 
and a similar quantity of the ot-ohloroglyoxalate can be isolated from the reaction mixture. 

t This ring closure can also be brought about by other reagents able to withdraw the 
elements of hydrogen halide, such as an alcoholic solution of sodium ethoxido or of ammonia, 
but potassium acetate is most convenient. 
t Of. Wolff, * Ami. Chem./ vol. 318, p. 1 (1900). 
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In a similar manner, when heated with an alcoholic solution of potassium 
acetate, ethyl 2:4: 6-tribromophenylazo-YY-dibromoacetoaoetate and ethyl 
2:4: 0-trichlorophenylazo-YY-dibromoaoetoacetate yield the respective 4- 
hydroxy-l-aryh3-carbethoxy-5-bromopyrazoles (XVII) compounds which are 
also obtained by the action of bromine upon the (jorrespoiiding 4-hydroxy-l- 
aryl-3-carbethoxypyrazoles (XVI) in hot acetic acid solution. 


— N 

'^NH.R 
CO CHBr2 


~H Br 


COjC^H, 

C — — N 

^N.R 

C===CBr 

OH 


(xvn) 





P — N 



C==CH 

OH 


(XVl) 


N.R 


R — or Cg,H2 CI3. 


Although the uxo-yy-dichloroacetoacetates have not yet been obtained, 
the 4-’hydroxy-l-aryl-3-carbethoxy-6-chloropyrazoles which they would give 
on heating with an alcoholic solution of potassium aciotate, can readily be 
obtained by chlorinating the corresponding 4-hydroxy- l-aryl-3-carbethoxy- 
pyrazoles in acetic acid solution. 

All the 4 -hydroxypyra 2 olcs described above are colourless, very well 
crystallised compounds, soluble in the ordinary organic solvents, and in dilute 
aqueous alkalies. They yield colourless benzoyl derivatives when shaken in 
dilute alkaline solution with benzoyl chloride. 


Experimental. 

Prefaration of ethyl 2:4: 6-tnbromophenyhzo(icetoacetate (ethyl x^-diketo-u- 
iwtymte-a-2 : 4 : Q-tribromopJienythydrazove) and of ethyl 2:4: ^drioMorO' 
phei^fhzo(icetoacetat€. 

C0.CH3 

R.NH.N; C 

CO^C^H^ 

A solution of 33 g. of tribromoaniline (1 mol.), or 19-6 g. of trichloroaniline 
(1 xnol.), in 50 o.c. of boiling acetic acid, was poured, with constant stirring, 
into 150 o.c. of cold, concentrated hydrochloric acid to obtain a pulp of fine 
crystals. This was diazotised at 0 to —5'', with 7 g, of sodium nitrite (1 mol.) 
dissolved in 30 c.c. of water. The diazonium solution was filtered and added 
slowly to a well-stirred solution of 16 g. of acetoacetic ester (1 mol. + excess) 
in 100 c.c. of alcohol, containing 250 g. of powdered, crystalline sodium acetate. 
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The arylassoaoetoaoetate separated almost immediately as a yellow solid. 
The stirring was continued for 1 hour after the addition of the diazonium 
solution had been completed, and the product collected after standing for 12 
hours. The yield in each case was almost theoretical. 

Ethyl 2:4: ^4nbromophenylazQa4}dmoet^ separates from boiling light 
IJetroleum, in which it is easily soluble, in very small yellow needlijs, m.p. 123". 
(Found : Br, 50-9. Calculated for Cj2Hji03N2Br3, Br, 50 *9 per cent.) 

lt»s acetyl derivative, made by wanning with acetic anliydride containing a 
drop of concentrated sulphuric acid, crystallises from aqueous acetic acid, 
in long, slender, colourless prisms, wdth domed ends, m.p. r29"~130". (Found : 
Br, 47*0. Ci4Hi304N2Br8 requires Br, 46*8 per cent.) 

Ethyl 2:4: ^^richlorophmylazoac^^ separates from boiling light 

petroleum, in which it is very easily soluble, in slender, yellow prisms, m.p. 
96". (Found: Cl, 31*4. Calculated for C^jHiiOsN^Cla, Cl, 31-5 per cent.) 

Its acetyl derimtwCf made by warming with acetic anhydride containing 
a drop of concentrated sulphuric acid, crystallises from aqueous acetic acid, 
in colourless, rhombic plates, m.p. 122". (Found : Cl, 28-0. Cj4Hi304N3Cl8 
requires Cl, 28-0 per cent.) 

The brtymination of ethyl 2:4: ^dribromophenyhzoaeeloac^ie. Formation 
of ethyl (iii-bromoglyoxaUtte-2 : 4 : Q-tribfomophenylhydrazone, 

ei- CO.CH, Bt Br 

Br >NH.N C er < NM.N: C 

Bt Br COjC^hj 

9-4 g. of ethyl 2 : 4 : 64ribromophenylazoacetoacetate were dissolved in 
60 c.c. of acetic acid containing 2 c.c. of water. To the solution, cooled in 
running water, 3-2 g. of bromine (1 mol.) dissolved in 4 c.c. of acetic acid was 
slowly added. A red solution resulted, from which, on standing for 80 minutes, 
eAyl <K-brom)glyoxalaie-2 : 4 : ^-tribromophmylhyArazone separated as a 3reUow 
solid. It is moderately easily soluble in boiling alcohol, from which it separates 
in long, slender, colourless prisms, which turn yellow on exposure to light, 
m.p. 102" (yield 90 per cent. ), (Found : Br, 63*1. Calculated for CiQH80aN2Br4 , 
m.p. 102" (yield 90 per cent.). (Found: Br, 63*1. Calculated for 
CK^gOjNjBr^, Br, 63*0 per cent.) 

Action of an alcoholic sohtlion of ammonia on ethyl a-bro7mglyoxalate-2 ; 4 ; 6- 

tribrimiephmylhydmzon^ ^ Formation of ethyl 0L*a7mnoglyo3ixihte~2 : 4 : 6-in- 

br(mophenylhydrazone, 

Br Br wu , Bf* ^^2 

Br > NH.N: C ^>->8r<r > Nti.N: C 

Br COjC.H, Br CO,C,H, 
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6 g. of finely powdered ethyl a-bromoglyoxaIate-2 : 4 : 6-tribromophenyI- 
hydraasone were added, in small portions, to 25 c.c. of a saturated solution of 
ammonia in alcohol Heat was developed, and a brown solution was formed, 
from which, on cooling, ethyl oi-anUnofflyoxalate-2 : 4 : 64ribroTnophenylhydra~ 
zone separated as a c.olourless solid. It crystallises from boiling alcohol, in 
which it is fairly easily soluble, in colourless, compact prisms, which turn 
green on exposure to light, rn.p. 137^ (Found: Br, 54*0. 
requires Br, 54*0 per cent.) 

Coupling of 2:4: MribroniophenyMiazonium chloride rjoith y-hrofnoaoeto- 
acetic ester. Formation of ethyl 2:4: %4ribrom(phenylazo-ydmmoacetoacetale 
{ethyl y-bTorm-(xJ^diketo-n-hutyrate-oi-2 : 4 : 64ribromopJienylhydrazon>e), 

_Br CO.CHgBr 0r CO.CH^Br 

Br<2__) NjC! + CHj > Br C 

Br COjCjHj Br COjCaHj 


16*5 g. of 2 : 4 : 6-tribromoaniIine were Jiazotised using 50 c.c. of con- 
centrated hydrochloric acid and 3*5 g. of sodium nitrite, and the diazonium 
solution was added slowly, with vigorous stirring, to a solution of 10*5 g. of 
y-bromoacetoacetic ester’’* (1 mol.) in 50 c.c. of alcohol containing 70 g. of 
powdered crystalline sodium acetate. 

Ethyl 2:4: ^^rihro^nophenylazo-y-bfomoacetoacetate- began to separate almost 
immediately as a yellow solid, and was collected after standing for 12 hours. 
It crystallises from boiling benzene, in which it is moderately easily soluble, 
in long, slender, flattened, pale yellow prisms, rn.p. 160^ (decomp.) (Yield 
80 per cent.) (Found : Br, 58*3. n^quires Br, 58*2 per 

cent.) 

Action of brwnim (1 7nol,) upon ethyl 2:4; 64ribromophenylazoacetoacetate. 
Formation of ethyl 2:4: 64iribromophenyhzo-y’bromo4toeU)acetate, 


Br CO.CH 3 

Br< >NH.N; C 

Br ODjCjHj 



Br 

Br< >NH.N: 
Br 


CO.CHjBr 

C 

COjCjHs 


4*8 g. of bromine (1 mol), dissolved in 4 c.c, of acetic acid, were added to a 
solution of 14 g. of ethyl 2:4: 6-tribromopheny|azo-acetoacetate in 30 c.c, 
of glacial acetic acid heated to 100*^. The colour of the bromine at once dis- 
appeared, hydrogen bromide was copiously evolved/ipnd so much heat developed 
that the acetic acid boiled. On cooling, ethyl 2:4: Q^tribromophenylazo^y^ 

* Prepared by the method of Conrad, * Bor. deuta. Cheitt^ Gee./ vol p. 1042 (1896). 
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hfim(m^oa/oeUj(le separated as a bright yellow solid. It crystallises from 
benzene, in which it is moderately easily soluble, in pale yellow, elongated, 
flattened prisms, m.p. 160® (decomp.), identical in every respect with the ethyl 
2:4: C-tribromophonylazo-y-bromoaoetoacetate prepared as above. The 
yield is 80 per cent, of the theoretical. 


Action of an alcoholic solution of potassium acetate upon ethyl 2:4; 6~tri‘ 
bromophenyhzo-y-bromoaoeioacetale. Formation of 4-%dmcy-l-(2' : 4' : 6'- 
tfibrornophenyiy^-carbethoxypyrazole. 


CO, 

'^nhObh 
CO CHjBr 


CO,CiH5 


COjC^Hj 



10 g. of ethyl 2 : 4 : O^tribromophenylazo-y-bromoacetoacetate (1 mol,) 
were dissolved in 160 c.c. of hot alcohol, and a solution of 5 g. of potassium 
acetate (2 mols.) in a little hot alcohol was added slowly in small portions. 
After each addition of the potassium acetate solution a red coloration developed 
momentarily, and so much heat was evolved that the alcohol boiled vigorously. 
Potassium bromide was deposited during the addition, and a very pale yellow 
solution was formed, from which, on cooling and addition of an equal volume 
of water, 4-A^raa?y-l-(2' : 4' ; 6'4ribromophenyl)-S-carbethos?ypyrazole separated, 
in an almost pure condition, as a colourless, crystalline solid (8 g. ; 95 per cent, 
theoretical). It crystallises from boiling alcohol, in which it is moderat(dy 
easily soluble, in colourless, six-sided plates, m.p. 160®. (Found ; M, cryo- 
scopic in benzene, 466 ; C, 30*1; H, 1*86; N, 6*7; Br, 51*3. CuP^OsNi^ra 
requires M, 469 ; C, 30*7 ; H, 1 *9 ; N, 6*0 ; Br, 51*2 per cent.) 

l-(2' : 4' : 6'-«n6rowopiimyl)-3-oar6eiAoan/pyraz()i:yf-4-6enzoate, separated as a 
white solid when a solution of 4-hydroxy-l-(2' : 4' : 6'-tribromophenyl)-3- 
carbethoxypyrazole in 2 N sodium hydroxide, was shaken with excess of 
benzoyl chloride. It crystallises from boiling alcohol, in which it is moderately 
easily soluble, in colourless, obliquely truncated, flattened prisms, m.p. 166®. 
(Found; Br, 42*1. Ci 9 Hi 304 N,Br 8 requires Br, 41*9 per cent.) 

Action of bromine (2 mols,) on ethyl 2:4: ^-tribrornophenyhzoaoetoaceUU^ 
Formation of ethyl 2 : 4 : ^4ribr<mhophenyhzo^-dibronioac€tcHU^ {ethyl yy " 
d'Ujromo-a^4liketo~n-butyrate-a.-2 : 4 : 6’tril)romophonylhy(lrazone). 
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9*4 g* of ethyl 2 : 4 : 6-tribromophenylazoacetoaoetate (1 mol.) were dis- 
aolved in 20 ox, of hot acetic acid, and 6-4 g. of bromine (2 mola.) in 5 c.c. of 
acetic acid were added. The colour of the bromine at once disappeared, 
hydrogen bromide was evolved, and a yellow solution formed, from which, on 
cooling, ethyl 2:4: ^4TibTQmojphenylam^-dihr(mmi4^^ separated as a 
yellow solid (11 g.). It is moderately easily soluble in boiling alcohol, from 
which it crystallises in long, slender, pale yellow, flattened prisms, m.p. 110®. 
(Found : N, 4*4 ; Br, 04*0. CiaH^OaNaBr^ requires N, 4-45 ; Br, 63*6 per 
cent.) 


Actuyn of an alcoholic solution of potassium acetate upon ethyl 2:4: ^4ri- 
bfmrwphenylaw-Y^~dihr<nno(wetoo^^ Fortnation of 4-hydro3sy-l-{2' : 4' : 0'- 
tribrormphenyiy^-carbethoxy-^-bromopyrazole. 


COjC^H, 

c = 


N 


CO CHBn 


Br 

Br 


-HBr 


CO2C2H5 

C=.N 

I >~o- 

CO CHBr 


COjCjHj 



OH 


8 g. of ethyl 2:4: 6-tribromophenylazo-YY-dibromoacetoacetate (1 moL) 
were added in small portions to a solution of S g. of potassium acetate (3 mols.) 
in 50 c.c. of boiling alcohol. On each addition heat was developed and a 
momentary red coloration appeared, but this soon faded to a very pale yellow, 
potassium bromide meanwhile separating. On cooling and adding water, 
irhydroxy-l-i^* : 4' : & 4nbromophenyiyi-<xtrbethoxy’6’bromopyrazoh was de- 
posited as a colourless, crystalline solid (6*5 g.). It crystallises from boiling 
alcohol, in which it is only sparingly soluble, in colourless prisms with domed 
ends, m.p. 208®. (Found: N, 5*1 ; Br, 58-0, CijHaOaNgBr^ requires N, 
5-1 ; Br, 58*4 per cent.) 

The brominaiion of 4:-hydroxy-l-(2^ : 4' : &4rihro7ru)p}ienyiy3'(arbethoxy^ 
pyrazole. Formation of i-’hydroxy-l-{2* : 4' : ^'4rihromophmylyi-(xirb€tkoxy- 
bdmmopyrazole. 

1 g. of 4-hydroxy-l-(2' : 4' : 6'-tribromophenyl)-3-carbethoxypyrazole was 
dissolved in 20 c.c. of acetic acid, and 0*9 g. of bromine (1 mol. + excess), 
dissolved in 2 c.c. of acetic acid, was added. The solution was heated on the 
water-bath for 30 minutes, when, on cooling, i'hydrowy-l~{2 ' : 4' : 6'-^n6rot>M>" 
phenyiy3-<xirbethoxy-5-brofnopyrazole separated as a colourless, crystalline 
soKd. This, after one crystallisation from alcohol, melted constantly at 208®, 
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either alone or when mixed with a Bpecimen of the same substance prepared, 
as above, by the action of potassium acetate on ethyl 2:4; 6*tribromophenyl- 
a*o-7Y*dibromoacetoacetate, 

l-(2' : 4' : 6' - tribromophenyl) - 3 - carbethoxy - 5 - bromopyrazolyl - 4 - benzoate 
separated as a white solid when a solution of tlie 4-hydroxypyraaole in 2 N 
sodium hydroxide was shaken with excess of benzoyl chloride. It is moder- 
ately easily soluble in boiling alcohol, from which it crystallises in colourless, 
flattened prisms with domed ends, m.p, 165° (decamp.). (Found : Br, 49-5, 
C^t>Hi20^N2Br4 requires Br, 49*1 per cent.) 

Coupling of 2 : i : ij-tribrf)7m*pheny^iaz(mium chloride u)itk aceloacetic add. 
Formation of <x,-ketopropaldehyde-2 : 4 : Q4ribromophenylhydmzofie. 

Br COCH, Br CO.C-H, 

Or Nj Cl + CHj ^ Br<^^NH,N;C 

'Br COjH Br H 


A diazonium solution prepared from 33 g. of 2 ; 4 : G-tribromoaniline (1 mol,), 
using 100 c.c. of concentrated hydrochloric acid and 7 g. of sodium nitrite, 
was added slowly at 0° to a vigorously stirred solution of 12 g. of acetoocetic 
acid* (1 mol. + excess) dissolved in 250 c.c. of water, containing 150 g, of 
powdered crystalline sodium acetate. oL-ketopropaldehyde-2 : 4 : ^-Iribrmno- 
pfienylhydrazone began to separate almost immediately as a yellow solid, and 
was collected after standing for 12 hours. It is easily soluble in acetic acid, 
from which it crystallises in colourless, elongated, flattened prisms, m.p. 146°. 
(Found ; Br, 60*3. C»H 70 N 2 Br 3 requires Br, 60-1 per cent.) 

Hydrolysis of ethyl 2:4: (j4ribr(mu)phenylazoaeetoacetate. Formation of 
ad^topropaldehyde-^ : 4 ; ^tribromophenylhydrazone, 

4-7 g, of ethyl 2 : 4 : 6-tribromophenylazoaoetoacetate were heated on a 
water-bath for 2 hours with a solution of 3 g. of potassium hydroxide in 50 c.c. 
of 50 per cent, aqueous alcohol. From the resulting deep red solution, on 
cooling and addition of water, (x-ketopropaldehyde-2 : 4 ; ^-tribromophenyU 
hydixizone separated as a dark-coloured solid. It crystallises from acetic acid, 
in wliich it is easily soluble, in long, colourless, flattened prisms, m.p. 146°, 
identical with the compound obtained by coupling 2:4: 6-tribromophenyl- 
diazonium chloride with acetoacetic acid. 

♦ Prepared by allowing a solution of 15 g. of aoetoaoetic ester in 250 c.c. of N/2 potassium 
hydroxide to stand at the ordinary temperature for 24 hours, and then acidifying with 
hydrochloric acid. Of Japp and Klingemann, foe. cit 
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Actim, of bromim (3 mols.) vpon aL-keioprofdldehyde-2 : 4 : Q-tribnmojAenyl- 
hydrazone. Formation of ^^<o~tribromo-x-hdopropaldekyde-2 : 4 : 6-trUmmo- 
phenyViydrazone. 

Br CO.CHBrj 

BrO^H-N-.g 


4*8 g. of bromine (3 mols.) dissolved in 3 c.c. of acetic acid were added 
slowly to a solution of 4 g. of a-ketopropaldebyde-2 : 4 ; 6-tribromophenyl- 
hydrazone in hot acetic acid. Hydrogen bromide was copiously evolved, and 
a dark red solution fomuid, from which, on cooling, ^^ai-lnbromo^OL-ketoprop- 
aldehyde-2 ; 4 : 64riJbranuyphenylhydTaz(me> separated as a yellow solid. It is 
pol3rmorphic, the labile form crystallises from chloroform-alcohol in very pale 
yellow, slender, elongated prisms, m.p. 1 36^^-136''. Tliis form, on standing in 
contact with the solvent, slowly changes into the stable form, rhombic plates, 
of the same m.p. (Found: N, 4*4; Br, 75*0. C 9 H 40 NgBrg 

requires N, 4*4 ; Br, 75*4 per cent.) 


Action of bromine (eMess) v^pon ethyl 2:4: Q4TibTomophenyhzocu>eioaoet^ 
Formation of ^^oi4ribroim-X’lcetopropaldehyd€-2 : 4 : (}4ribro7nophenylhydra>^ 


zone. 


Br CO.CH3 

Br<^ )nH.N: C 


excess 


Br 


CO^CjHj 


Br CO.CHBr, 

Br<~~^NH.N;C 
Br Br 


5 g. of bromine (excess) dissolved in 3 c.c. of acetic acid were added to a 
solution of 2-4 g. of ethyl 2 : 4 : 6-tribromophenylazoacetoacetate (1 mol.) 
in 10 c.c. of glacial acetic acid. The resulting solution was heated for 3 hours 
on a water-bath, with occasional heating to boiling on a gauze. On cooling, 
^<^<o-tribroTno-x-ketoproj)aldehyde-2 : 4 : 6-tribromophenylkydrazone. separated, in 
an almost pure condition, as a yellow solid (3 g. : 90 per cent, theoretical). If 
undisturbed, it crystallises from chloroform-alcohol in pale yellow, elongated 
prisms, m.p. 135°-136°, or, on slow cooling and seeding with the stable form, 
in rhombic plates, m.p. 136°~136®. It is identical in every respect with the 
compound prepared as above by brominating a-ketopropaldehyde-2 : 4 : 6- 
tribromophenylhydrazone. 

The (ddorination of ethyl 2:4: ^-truihUyrophenyUizowietoaoetale. Formation of 
ethyl a.-chioroglyomlate-2 : 4 : Q-triohlorophenylkydrazone. 

6 g. of ethyl 2:4: (i-trichlorophenylazoacetoaoetate were suspended in 
15 c.o. of acetic acid, and a rapid stream of chlorine bubbled through to satura- 
tion at the ordinary temperature. Considerabk heat was evolved, the solid 
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di»»olvedj and hydrogen chloride was liberated. On cooling and addition of 
watt'r, ethyl (t~<Mofoglyoxala^-2 : 4 : 6-^ricA^()roj?Aeny^Ay(^m2fone separated as a 
ycUow solid. It is moderately easily soluble in boiling alcohol, from which it 
crystallises in flattened, colourless prisms, m.p. 74“. (Yield ; 76 per cent.) 
(Found : Cl, 43’0. Calculated for Ci|oHg02NaCl4, Cl, 43*0 per cent.) 

Ethyl CL-aminoglyoxalaie-l : 4 : ^-tru^lorophen^ylhydrazone. 

5 g. of ethyl a-chloroglyoxalate-2 : 4 : G-trichlorophenydiydra^one were 
added in portions to 15 c.c. of a concentrated solution of ammonia in alcohol, 
when ethyl (>i'<t,minoglyoxalate'2 : 4 : 6-irichloTophmylhydrazofhe separated almost 
immediately as a colouiiess solid. It crystallises from boiling alcohol, in 
which it is fairly easily soluble, in long, slender, colourless, flattened prisms, 
which become green on exposure to light, m.p. 136'^. (Foimd : N, 13*3; 
Cl, 34*2. C1OH10O2N3CI3 requires N, 13*5 ; Cl, 34*3 per cent.) 

OoupUiiy of 2:4: i]-(ricld(m>phmylduizofmini chloride with y-cMoroaeelo- 
acetic ester. Formation of ethyl 2:4: 64ri(Morophenyhzo-y-(M()roaceto(Xceiate- 
(ethyl Y-chhro-ciP-dikefo-ii-bnJyrate’OL'2 : 4 ; iy-hicMwvpJimylhydrazone), 

Cl CO.CH2CI Cl CO.CHjCl 

Cl <~^ N, Cl 4- CH; > C1 <~^ NH.N: C 

'Cl COjCjHj Ci COjCjHj 

5*2 g. of 2 : 4 : 6-irichloroamlinc (1 mol.) were dissolved in 20 c.o. of boiliug 
acetic acid, and the solution poured, with vigorous stirrings into 40 c.c. of cold, 
concHjntrated hydrochloric acid to obtain a pulp of fine crystals. This was 
diazotised at 0° with 2 g. of sodium nitrite (1 mol.). The diazonimn solution so 
obtained was filtered and added slowly to a well-stirred solution of 4*5 g. of 
y-ohloroacetoacetic ester* (1 mol.) in 50 c.c. of alcohol, containing 60 g. of 
powdered, crystalline sodium acetate, the whole being kept at 0® to 5*^. Ethyl 
2:4; Qdrichhrophmylazo - y - cldoremoetoacetaie began to separate almost 
immediately as a yellow solid, which was collected after standing for 12 hours. 
It dystallises from boiling acetone or benzene, in each of which it is easily 
soluble, in long, slender, flattened, pale yellow prisms, m.p. 106°'-107'\ (Found : 
C, 39*2; H, 2*3; N, 7*3; 01, 38*4. C12H1QO3N2CI4 requires C, 38*7 ; H, 
2*7; N, 7*6; 01,38*1 percent.) 

The chlorimtion of ethyl 2:4: ^4TichloTophenyhzo<wetoaceM Fomtatim of 
ethyl 2:4: 64TichlorQphmylazo-y-chloroac^^ 

* Prepared by the method of Alexaudrow, * Ber. deuts. Ghem. Gee./ vol 46, p, 1021 
(1913). 
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4 g. of ethyl 2:4: 6-trichlorophenylazoacetoacetate were suspended in 
16 c.c. of dry chloroform which had been saturated with hydrogen chloride. 
Chlorine was passed into the suspension in a slow stream as long as it was 
absorbed. A clear orange solution resulted. The bulk of the chloroform was 
allowed to evaporate ofE in an open dish at the ordinary temperature, and the 
resulting viscid mass stirred with a few cubic centimetres of alcohol, when 
ethyl 2:4: t^-truMorophenylazo^ynMoToo^ separated as a yellow 

solid. It crystallises from boiling acetone, in which it is easily soluble, in 
long, slender, pale yeUow prisms, which melt constantly at 106'^-107% either 
alone or when mixed with a specimen prepared as above by coupling 2:4:6- 
triohlorophenyldiazonium chloride with ester. (Yield : 

1 '4 g* ; 30 per cent, theoretical.) 

To the mother liquors after the treatment with alcohol and separation of 
the ethyl 2:4: O-trichlorophenylazo-Y-chloroacetoacetate, water was added, 
when a yellow solid separated. This was crystallised several times from 
alcohol, until it melted constantly at 74° (1%5 g.), and then proved to be 
identical with ethyl oL-ohloroglyoxalate 2:4: ^4richloTOf limylhydrazone, pre- 
pared as above. 

Action of an alcoholic solution of potassium acetate upon ethyl 2:4:6- 
trichlorophenyhzo-y-chloroaceJ<^ Formation of 4-AydmTy-l-{2' : 4' : 6'- 

tfiohlmophenyiyZHmhet^^^^ 


COjC^Hs 

^nhOci 

CO CHjCl 



6 g. of ethyl 2:4: e-trichlorophenylttzo-y-ohloroaoetoacetate were dissolved 
in 75 c.c. of hot alcohol, and 5 g. of potassium acetate (3 mole.) added. Heat 
was developed, the previously yellow solution became almost colourless, and 
potassium chloride separated. On cooling and addition of water, ^-hydroxy-\- 
(2' : 4' : 6'-triohloropIimyl)-&-mrbethoxypyrazole was deposited, in an almost 
ptue condition, as a colourless solid. It crystallises from boiling alcohol, 
in which it is moderately easily soluble, in colourless rhombic plates, m.p. 
-168®-I69®. (Found : 01, 32*0. CiaHgOsNjCla requires 01, 31*7 per cent.) 

l-(2' : 4' : 6'4riMm>phenyl)-9-iXirbethoxypyn^^ separates from 

aloohol, in which it is sparingly soluble, in clusters of small, colourless, slender, 
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jSattened prisms, m.p. 160°~161®. (Found : Cl, 24-6. Ci9:^,04N3Cl3 

requires Cl, 24*2 per cent.) 

Chlorination of 4:-hydroxy-l-(2' : 4' : &'4richlorophenyl)-i-carbeAoxypyrazole. 
Formation of i-hydroxy-l-(2' : 4' : Q'-triMorophmyiy3-carbethoxy--6-chloro- 
pyrazole. 


CO.CjH, 

I 5 S 5 



2 g. of finely powdered 4-liydroxy“l-(2' : 4' : €'-trichlorophenyI)-3'carbeth- 
0X3rp3a»zole were sitspendcd in 10 c.c. of acetic acid at the ordinary tempera- 
ture> and a rapid stream of chlorine bubbled through, 4-Avdroa:^-l-(2' : 4' : 6'- 

separated almost immediately, 
in a practically pure condition, as a colourless, crystalline solid. It crystallises 
from boiling acetic acid, in which it is easily soluble, in colourless prisms, 
m,p. 178°. (Found : Cl, 38*4, Ci2Hg03N2Cl4 requires 01, 38-3 per cent.) 

By methods similar to the foregoing, the following compounds were also 
prepared. 

Ethyl cL-chloroglyomhtS‘2 : 4 : iy-irUtrofmphmylhydrazone, long, slender, colour- 
less, flattened prisms, from alcohol, m.p. 108°-109°. (Found: Cl, ?•(>; 
Br, 61 *6. CioH^OaNgClBra requires 01, 7*66 ; Br, 61-8 per cent.) 

Ethyl <t-bromoglyoxalcUe-2 : 4 : ^^riMoropheMylhydrazone, long, slender, 
colourless, flattened prisms, from alcohol, m.p. 75*5°. (Found: 01, 28-3; 
Br, 21*3. CxoHgOgNaClaBr requires 01, 28*4 ; Br, 21*3 per cjent.) 

Both of these compoimds yield the corresponding hydrazidines (see above) 
on treatment with an alcoholic solution of ammonia. 

Ethyl 2:4: ^4riy0nu)phmyhm-y-<ihhroaoetocu}etate was prepared both by 
chlorinating ethyl 2:4: G-tribromophenylazoacetoacetate, and by coupling 
2:4: 6-tribromophenyldiazonium chloride with y-chloi^acetoacetic ester; 
It separates from benzene, in which it is moderately easily soluble, in long, 
slender, flattened, pale yellow prisms, m.p. 170°''! 71° (decomp.). (Foimd : 
01, 6*9 ; Br, 47*3, CaaHioOftNjClBrg requmis 01, 7*0 ; Br, 47*45 per cent.) 
When heated with a solution of potassium acetate in alcohol, it loses hydrogen 
chloride, ring closure takes place, and i-hydroxy-l-{2 ' : 4' : &-tribromoj^eii^y 
^^mbethoxypyrazole is formed, identical with that prepared as above from 
ethyl 2:4: B-tribromophenylazo^^-bromoaoetoaoetate, 
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Eikyl 2:4: ^4ru)MoTop}ienylazo-y-bromo<w€toaceta^ was prepared both by 
brominating ethyl 2:4: 6-tri(5hlorophenylazoaeetoaoetate, and by coupling 
2:4: 6-trichlorophenyIdiazonium chloride with Y'l>ronioacetoacetic ester. It 
is only moderately easily soluble in boiling alcohol, from which it crystallises 
in long, silky, yellow needles, m.p. (Found : Cl, 25*8 ; Br, 19*4, 

CijHioOsNaClsBr requires Cl, 25*6 ; Br, 19*2 per cent.) Wlieu heated with 
an alcoholic solution of potassium acetate it yields 4-%droa)y“l*(2' : 4' : 6'- 
trhhhrophenyiyd-mrbethoxypyrazole identical with that obtained as above 
from ethyl 2:4: C-trichlorophenylazo-Y-chloroacetoacetate. 

Ethyl 2:4: 64richhropl^nyhzo-yy-dibromoacetoaeetate was prepared by the 
action of 2 mols. of bromine on ethyl 2:4: 6*trichlorophenylazoacetoacetate 
dissolved in acetic acid. It crystallises from boiling acetic acid, in which it 
is easily soluble, in pale yellow, flattened prisms, with domed ends, m.p. 84®*- 
85^ (Found: Cl, 21*7; Br, 32*6. CiaHjjOaNgClgBrg requires Cl, 21*5; 
Br, 32*3 per cent.) 

^'hydroxy-l-(2 ' : 4' : (j'-trichloropkenyiyi-Garbethooi^-Q-bromopyrazole was pre- 
pan»d by the action of an alcoholic solution of potassium acetate on ethyl 
2:4: fl-trublorophenylazo-yy-dibromoacetoat^etate, and also by brominating 
4-hydroxy-l-(2' : 4' : (V-trichlorophenyl)-3-carbethoxypyrazole. It separates, 
from boiling acetic acid, in which it is moderately easily soluble, in colourless, 
obliquely truncated prisms, m.p. 190M91°. (Found: Cl, 25*6; Br, 19*1. 
CiftHgOaNaClsBr requires Cl, 25*7 ; Br, 19*3 pi>r cent.) 

1*(2' : 4' ; &4richlorophemyiy^-inTl}ethoxy-^-hToinopyrazohjlA~benzoate, crystal- 
lises from boiling alcohol, in which it is rather sparingly soluble, in colourless 
compact prisms, m.p. 147^". (Found : Cl, 20*7 ; Br, 15*6. CjyH^aO^NgClgBr 
requires Cl, 20*5 ; Br, 16*4 per cent.) 

a-hetopropcMehyde^l : 4 : ^4richlorophmylhydrazom was prepared by coupling 
2:4: 6-trichlorophenyldiazonium chloride with acetoacetic acid. It crystal- 
lises from boiling alcohol, in which it is moderately easily soluble in colourless, 
hair-like needles, m.p. 164°-165'^. (Found : Cl, 39*8. Ci,H70N2Cl3 rt^quires 
01, 40*1 per cent.) 

^^oi4ribromo-ot-k€topropaldehyde‘2 : 4 : ^4riehhrophe'nylhydrazone was pre- 
pared by the prolonged action of bromine (excess), at an elevated temperature, 
upon ethyl 2:4: 0-trichlorophenyIazoacetoacetate, and also by btominating 
a-ketopropaldebyde-2 : 4 : 6-trichlorophcnylhydrazone with 3 mols, of bromine. 
It crystallises from boiling chloroform-alcohol, in pale yellow, flattened prisms, 
m.p. lOOMOl*^. (Found: 01, 21*2; Br, 47*8. C0H4ON2Cl3Br8 requires 
Cl, 21*2 ; Br, 47*75 per cent.) 
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4:-hydroxy-l-{2 * : 4' : 6'~tribromophmyiy^-oa/rbeth^wy-b-chlor^^ was pre- 
pared by chlorinating 4-hydroxy-l-(2' : 4' : 6'“tribromophenyl)“3-carbethoxy- 
pyrazole. It crystalliBes from boiling acetic acid, in which it is easily soluble 
in colourless prisms, in.p. 195°-“! 97°. (Found: Cl, 7’0; Br, 47* 6, 
CiaHgOsNgClBrg requires Cl, 7-0 ; Br, 47*6 per cent.) 


Sunmary. 

The compounds obtained when bromine acts upon ethyl 2:4; 6-tribromo- 
phenylazoacetoacetate (ethyl aP-diketo-n-butyrate-a-2 : 4 : 6-tribromophenyl- 
hydrazone), depend upon the conditions under which bromination is effected. 
When this is carried out in acetic acid, containing water or sodium acetate, the 
acetyl group is replaced by an atom of bromin(i and ethyl a-bromoglyoxalate- 
2:4: 6-tribromopheuylhydrazone (I) is formed. When it is carried out in 
chloroform or in glacial acietic acid, however, substitution in the acetyl group 
takes place, one or two atoms of hydrogen being replaced according to the 
amount of bromine used, and ethyl 2:4: O-tribromophenylazo-y-bromoaceto- 
acetate (ethyl Y-bromo>ap-diketo-w-butyrate-a-2 : 4 : 6-tribromophcnylhydra- 
zone) (II), or ethyl 2:4: d-tribromophenylazo-Yy-dibromoacetoacetate (III), 
being obtained. 

The prolonged action of bromine at a higher temperature causes the slow 
replacement of the carbethoxy group by a further atom of bromine, with the 
formation of P(3o)-tribromo-a-ketopropaldehyde“2 : 4 : 6-tribromophenylhydra- 
zone (IV). 

8. 0r 

>NH.N. C 9r < >NH.N; C 

00,C,Hj COjCjH, 

(I) (H) 

CO.CHBr. 

I ' 

N;C 
1 

Br 

The bromination of ethyl 2:4; 6-trichlorophenylazoacetoacetate proceeds 
similarly. 

The action of chlorine differs somewhat from that of bromine. In glacial 
acetic acid it yields ethyl a-chloroglyoxalate-2 : 4 : 6-trichlorophenylhydrazone 
or ethyl a-chloroglyoxaIate-2 : 4 : 6-tribromophenylhydrazone, The arylazo- 
y-chloroacetoacetates are only formed, together with some of the a-ohloio- 
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glyoxalatc arylhydrazones, when chlorination is carried out in dry ohlotofozm 
which has been previously saturated with hydrogen chloride. 

The arylazo-y-halogenacetoacetates are very interesting compounds, since 
when heated with an alcoholic solution of potassium acetate they lose hydrogen 
halide, with the formation of derivatives of 4-hydroxypyrazole (V) and (VI). 
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The Half-Value Period of Urardum-Y . 

By < ). Gratias and C. H. Collie. 

(Communicated by F. A. Lindeniann, F.R.S.— Received August 6, 1931.) 

Although urauium-Y was discovered by Autonofi* in 1911, and confirmed 
by Soddy,t no concordant values for its decay constant have been obtained 
owing, amongst other reasons, to the difficulty of obtaining a pure source of 
sufficient strength. Using a small source which they suspected of being con- 
taminated with thorium, Hahn and MeitnerJ obtained 25 ±0-5 hours by 
measuring its decay in an electroscope fitted with a 10 |x aluminium foil base. 
Kirsch,§ using an electrometer, obtained the values 24*64 ± 0*27 hours, or 26 
hours according to the shape of ionisation chamber, but attributed the longer 
value to the use of a field too weak to give saturation. 

* * Phil. Mag.’ (6). vol. 22, p. 419 (1911). 
t ‘ Phil. Mag.’ (6), vol. 27, p. 216 (1914). 
t ‘ Phys. Z.,’ vol. 15, p. 236 (1914). 

§ * Sitaber. Akad. Wisfl. Wien.,’ 2a, vol. 129, p. 309 (1920). 
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On the other hand, uBing an a«ray electroscope, Guy and Bussell* obtained 
27*8 hours as the mean of six concordant readings. 

Since the authors had available a strong source of U-Y of exceptional purity 
prepared for another purpose, they thought it advisable to redetermine this 
constant so as to decide between the very conflicting values hitherto obtained 
and, if possible, suggest an explanation for the discrepancies between the results 
of other workers. 

The chief difficulty is the impossibility of obtaining a pure source of U-Y, 
since it is always accompanied by the isotopic U-X in a proportion depending 
on the time for which the U-Y has been allowed to accumulate in the parent 
uranium nitrate. 

Since the proportion of the equilibrium quantity of a radioactive substance 
growing from its parent is given by (1 — it might be thought that for 
times small compared with the half -life period, no advantage would be gained 
by using larger quantities of uranium than would give suitable readings in a 
sensitive electroscope, for the ratio U-Y /U-X on which the accuracy of the 
determination ultimately depends remains unchanged by increasing the amount 
of startiiig material : if the only considerations are the preparation of a source 
free from other radioactive bodies this is indeed true, but, as will be shown, 
the use of small quantities of material leads to another error imless special 
precautions are taken. 

The following conditions are necessary for a good determination of the period 
of U-Y 

(а) The ratio U-Y/U-X should be as large as possible. 

(б) The source, as well as being free from radioactive contaminations, should 

contain the minimum quantity of the isotopic elements thorium and 
ionium, which give rise to a constant activity. 

The offtHjt of a large amount of constant activity is to give a logarithmic 
decay curve of too small slope and marked curvature, but if the amount 
of constant activity is small it will hardly be detected by the curvature 
of the decay curve and too small a value for the period of half-life will 
be found. This result is due to the over-estimation of the activity due to 
U-X, which has to be subtracted from the actual readings ; this clearly 
increases the slope of the logarithmic curve. 

(c) Since the ionisation due to U-Y must always be accompanied by a greater 
ionisation due to the more penetrating ^-rays from U-X, particular care 


* ‘ J. Ohem. Sots.,’ vol. 123, p. 2618 (1923). 
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must be taken to ensure that) saturation is reached or too long a half* 
value period will be obtained. 

The experimental methods used in this investigation were directed to 
satisfying the conditions just enumerated. 

Preparation of Source, 

The method adopted was essentially that used by one* of us in some 
previous work. 

About 2 kg. of uranium nitrate dissolved in other were extracted with water 
so as to free them from all isotopes of thorium, and allowed to stand for about 
18 hours for the uranium-Y to accumulate ; the mixture of U-X and U-Y 
was then extracted with a little water and separated from the remaining 
uranium by precipitation on a cerium fluoride base. Since it was essential 
that the source used should be as free as possible from constant activity, the 
cerium fluoride was always freed from the last traces of uranium by fusion 
with acid potassium sulphate and extraction of the precipitated cerium with 
an excess of sodium carbonate solution. The cerium carbonate? was separated 
on an “ ash-less ” filter paper, ignited, and spread in a thin film on a copper 
plate. In this way it was possible to obtain a source of uranium-Y ready for 
measurement about 4 hours after separation from the parent uranium nitrate, 
a timer which compares favourably with the 7-~B hours txsually required. Since 
the original uranium had been freed from all thorium isotopes by several 
previous extractions and the cerium used was known to be free from radio- 
active elements, the uranium-Y source was only contaminated by the unavoid- 
able quantities of U-X and ionium ; a simple calculation shows that the 
constant activity of the latter may be neglected. By using small quantities 
of cerium and fiopper plates 4 cm. diameter it was possible to obtain films which 
did not weigh more than 2-3 mgrm. per cm.* and thus by avoiding absorption 
of the soft rays from U-Y to get the greatest advantage from the high U-Y /U-X 
ratio obtained by rapid working. Usually two sources were prepared from the 
same cerium fluoride precipitate. 

Method of Memuremenl, 

The decay of the preparations was followed by tliree entirely different 
methods 

(a) lomeaivm Chandm and Ekettomeier. — The source was placed between 
the plates of a parallel plate condenser across which a potential difference of 
♦ ‘ Proo. Roy. Soo..’ A, vol. 131, p. 541 (1931). 
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660 volts was maintained by a set of high tension accumulators ; the plates 
were 8 cm. in diameter and 4*9 cm. apart and were enclosed in an earthed case 
which acted as a guard ring ; one plate was connected to the needle of a 
Lindeinann electrometer. 

The activity of the source was obtained by measuring the time required for 
the ionisation current to charge up the needle to a given potential : sin(!e an 
almost uniform field of 135 volts per tjcntimetre was maintained between the 
plates saturation was complete, and owing to the small distance between 
the plates the U-Y /U-X ratio was particularly favourable ; the natural leak 
of this arrangement was so small as to be negligible. 

(6) Null Method. — The ionisation curnuit due to the source flowing on to the 
needle from the previously des(*ribed parallel plate ionisation chamber was 
balanced by the current from a polonium source ; the polonium was deposited 
on a V-shaped area on the surface of a small copper cylinder so arranged that 
by rotating the cylinder varying areas of polonium were e3q;)08ed beneath a 
lead slit, while a constant potential difference of about 6 volts was maintained 
between the cylinder and earth. The ionisation current produced by the 
unknown source could be balanced by the variable and opposite current 
produced by this variable polonium source. The instrument was calibrated 
by following the decay of a source of ThB whose decay constant ( X — 1 • 82 . 10“® 
8.“^) is accurately known. A balance was obtained every few hours after the 
introduction of the ThB into the ionisation chamber and a calibration curve 
constructed by plotting the dial reading at the null point against the calculated 
value of the ionisation. 

To take a reading the potential across the variable polonium source was first 
checked to see that it was the same as the value at the time of the calibration 
and the dial rotated until the electrometer needle (whose image was projected 
on to a screen with a Baker projection microscope) was seen to be stationary ; 
the needle was then momentarily earthed and the electrometer sensitivity 
increased to its maximum value {about 400 d.p.v.). After a few minutes the 
needle was again earthed ; if it showed a ** kick on earthing, the variable 
source was adjusted until after a few minutes simultaneous charging from leak 
and source no kick was shown on earthing the needle. The value of the activity 
was then read off the calibration curve. 

(c) Electroscofe. — Since the measurements with the electrometer gave a 
value for the decay constant which was not in agreement with that usually 
accepted, the decay was also followed, for purposes of oomparison, by means 
of a gold leaf electroscope. As great sensitivity was not required, a com* 
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paratively heavy leaf was used, thus ensuring a considerable potential gradient 
even at the base of the instrument. 


liestiUs, 

The activity of each preparation was measured at first every 6-7 hours, and 
then every day for the next 10 days ; by this time all the U-Y had decayed 
and it was only necessary to show that the rcimaining activity was entirely 
due to U-X by taking two more readings at a few days' interval, and verifying 
that the decay was (exponential. The method of working out the half-life 
period is best seen by an actual example : — 

July 2. — The U-X, U-Y mixture was separated from the parent uranium 
nitrate after 24 hours’ growth at 9.00 hours, and was ready for measurement 
at 12 hours 35. 


Time in 

Activity 

Activity due 

Activity due 

} liOgjo activity 

houra. 

in d.p.m. 

to U-X. 

i 

to u~y. 

j due to U-Y. 

0 

51 9 

34*8 

17*0 

1-246 

91 

47*4 

33-9 

13*5 

1*130 

241 

42*3 

33*3 

9*0 

0*954 

88 -3 

! 89-8 

1 33*0 

6*8 

0*832 

44-2 

87*9 

32*6 

5-3 

0*724 

79-2 

32*4 

! 31*2 

1*2 

0*080 

98-3 

30*8 

1 30*5 

0*3 

— 

128 1 

290 ; 

29*5 

. — 

— 

152*2 

28*7 j 

1 

28*7 

— 

— - 


The values in column 3 representing the activity due to the U-X were calcu- 
lated as follows : the last two measurements were made at a time when all the 
U-Y had decayed and represent the values to which the U-X had decayed 
aocordmg to the decay formula = Iq . From these figures 

one finds the initial activity Iq due to U-X at time i = 0 as 34*24 and 34 *81 
d.p.m. respectively, giving a mean value 34 • 27 d.p.m. The excellent agreement 
between the two values ahowB that the residual activity remaining after the 
decay of the U-Y is due entirely to U-X. The values in column 3 were then 
calculated from the exponential decay formula. I, 34 * 3 . * and the 

activity due to U-Y, tabulated in column 4, obtained by subtracting the 
activity due to U-X from the total measured activity. Log U-Y was then 
plotted against the time (fig. 1, curve I) and the period of half-life calculated 
from the slope in the usual way. 
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In all 12 separate sources were measured ; the logarithmic decay curves are 
shown in fig. 1 and the results are given below : — 


Eldctrometor. 

Period of half -life (in hours). 


Mull method. 

Period of half-life (in hours). 


Eleotroeoopo. 

Period of half-life (in houre). 


23 ‘42 (ourvo a, fig. 1) 
24 *25 (ourvo 6, fig. 1) 

23-83 average 


24 09 (curve c, fig. 1) 
23 *42 (curve d, fig. 1) 
23 * 87 (curve r, fig. 1 ) 


23-79 average 


24-87 (curve/, fig. 1) 
25*08 (curve g, fig. 1) 
25*10 (curve A, fig. 1) 
26*51 (curve i, fig. 1) 
2fi-2l (curve j, fig. 1) 
25 -20 (curve k, fig, 1) 
26*80 (curve fig. 1) 

26-39 average 


Dumss^im of Resvlts, 

It is quite clear that, while the mean value for the half- value period 23-83 
hours, obtained with the electrometer is in excellent agreement with the value 
28-79 hours obtained with the Null method, the electroscope, results are all 
distinctly higher and are closely grouped about the mean value 25-39 hours. 
Since the preparations measured by these three methods had a common origin, 
the same cerium fluoride precipitate being divided into two portions, one for 
measurement in the electroscope, and one for one of the electrometer methods, 
the different results obtained can only be due to S 3 ^tematic errors in the method 
of measurement. 
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To test this supposition two sources were prepared each about half the 
strength of those previously used and their activity me-asured first together 
and then separately ; the measurements were repeated 10 days later when all 
the less penetrating rays from the U-Y had decayed with the following results ; 

Before the U-Y had decayed. After the U-Y had decayed. 



d.p.m. 

d.p.m. 

Source A 

23-31 

11-80 

Soun^e B 

= 32-80 

16-81 

Source A -f* B . . . . 

- 54*68 

28*64 

Loss due to incomplete saturation = 1*43 d.p.m. 

= 8 per cent 

Source C 

= 30*55 

18-33 

Source D 

= 30-97 

18-76 

Sourcje C +- D . . . . 

00 *18 

37-10 


Loss due to incomplete saturation = 1*34 d.p.m, — 7 per cent. 


From these measurements it is clear that the electroscope is an unsuitable 
instniment for measuring the half-value period of uranium U-Y, since unless 
exceptional precautions are taken saturation is not obtained. This accounts 
for the discrepancy in the values for this constant obtained by the different 
authors who have used electroscopes without making separates mtiasurements 
to verify that saturation was complete. 

In our oiim an approximate calculation shows that the larger half-value 
period obtained with the electroscope is accounted for by the lack of saturation 
causing an initial value of the activity due to U-Y to be 7 per cent, to 8 per 
cent, too low. An examination of the curves (/, g, h, i, jy ifc, 1) also shows that 
this effect does not make the logarithmic decay curves depart sufficiently from 
straight lines to make one reject the half -value period obtained from the slope. 

In the calculation of the mean result, therefore, only the measurements made 
with the parallel plate condenser have been taken into account ; to calculate 
the mean value all the measurements were combined by multiplying the read- 
ings of each set by the factor necessarj" to translate them to a common initial 
value of 1*50. 

The result of this is seen in fig. 2. The fact that readings taken by different 
instruments on different preparations can be combined together in this way 
makes it improbable that there is any systematic error affecting the measure- 
ment of the ionisation current. jBVom the combined readings the most probable 
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value for the decay constant was calculated by Gaiiss’ formula* giving a half- 
value period of 24*0 hours corresponding to a decay constant X — 8*02 . 10"® 
sec."^. The maximum deviation of any determination from this mean was 
0 • 58 hours. This value is not very different from that of Kirsch obtained with 
a parallel plate ionisation chamber and electrometer, and, although distinctly 
leas than the value given by Hahn and Meitner, it must be remembered that 



Fio. 2. 

these authors obtained values ranging from 22 hours upwards, but rejected the 
lower values be<5ause they thought tliat their preparation was contaminated 
with the more quickly decaying ThB. 

In conclusion, we have to thank Professor Lindemann for extending to us the 
facilities of his laboratory, for liis unfailing interest in the work and for many 
helpful suggestions. 

Summary, 

The half-value period of uranium-Y has been redetermined ; the ionisation 
current was measured by an electrometer, and a null method in which the 
current from the U-Y was balanced by that from a variable polonium source. 

These gave as a mean of five concordant determinations X = 8-02 . lO"* 
sec,“^ corresponding to a half-value period of 24*0 ± 0*58 hours. 

* If y tt + 6a: then the best values for a and b are given by 

Sa: , 

" [£ («)]* ™ 

S(a;).£(y) -nS(a;y) 


a 
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The Thermal Decomposition of Gaseous Diethyl Ether at 
High Pressures. 

By D. M. Newipt and M. A* Vernon. 

(Communicated by W. A. Bone, F.R.S. — Received July 24, 1031. — Revised 

November 25, 193L) 

Tbe few supposed gaseous unimolecular reactionis are thermal decompositions 
of relatively complex molecules which occur in two or more stages. The course 
of the reactions can be followed by the rate of change of pressure in a closed 
system in which the decomposition is proceeding at some suitable temperature, 
and the experimental results may be explained kinetically on the assumption 
that the measured rate of reaction is determined solely by the slowest of the 
intermediate stages of the process. 

The usual criterion of a unimolecular reaction is the proportionality between 
the absolute rate of change and the first power of the concentration, and in 
this respect it is improbabh? that any complex process would survive the test 
over a wide range of pressures ; for not only may the relative speeds of the 
consecutive stages be influenced by pressure but the actual course of the 
reaction may be changed. 

So far as we are aware, no homogeneous gaseous reaction obeying a uni- 
molecular law has yet b(xm investigated over a wide pressure range. There 
are, however, two cases of bimolecular reactions for which such data are 
available, namely the thermal decompositions of hydrogen iodide and of gaseous 
acetaldehyde. In the former case Kistiakowsld* has shown that up to pres- 
sures of several hundred atmospheres the decomposition is substantially 
bimolecular, his results being in good agreement with those of Bodonstein 
at lower pressures. In the latter case Kasself foimd that, whereas in individual 
experiments the bimolecular law is followed fairly closely, the results over a 
wide range of pressures are such as would result from a reaction of a lower 
order. 

This difference in behaviour is not surprising when it is considered that the 
decomposition of hydrogen iodide can hardly be other than a simple process, 
whilst it is known that acetaldehyde may break down in two ways yielding 

♦ * J. Amer. Chem. Soc.J voL 50, p. 2315 (1928). 
t * J. Phys. Chem.,’ vol. 34, p. 1166 (1930). 



808 


D, M, Newitt and M. A, Vernon. 


methane and carbon monoxid^^ in the one c^o and carbon, hydrogen and carbon 

monoxide in the other. *** 

In the present paper experiments upon the thermal decomposition of gaseous 
diethyl ether at initiaJ pressures up to J 7 atmospheres are described and it is 
shown that under the given exj>erimental conditions pressure exerts an 
influence not adequately accounted for by the simple form of the theory. 

It may he recalled that at pressunis of between 150 mm. and 600 mm, of 
mt^rcury and temperatures between 425*^ C. and 687*^ C. diethyl ether decom- 
poses homogeneously in a quartz vessel according to the unimolecular law ; 
(below 160 mm. the velocity constant falls rather abruptly in the manner 
predicted by Lindemann’s theory). The products of the reaction are ethylene, 
ethane, carbon monoxide and methane in the proportions 1 : 1 : 3 : Of approii- 
mat<3ly. 

We find that, at pressures above about 2 atmospheres, the decomposition 
apparently takes place in two ways giving, in the one case formaldehyde, 
methane and ethlyene, ami in. the other acetaldehyde and ethane, as the 
primary products, as represented by the following equations : — 

(1) , 0 . Calls H . CHO f CH 4 + 0^11^ 

H.CHO-Ha 1 CO 

CaH4 } Ila-CaK 

(2) CaH^ . 0 , CaH^ = CH 3 . CHO + 

CH 3 . CHO == CH 4 + CO. 

The pro{K)rtion of the ether that decomposes in one or other of the two ways 
is a function of the initial pressure, high pressures tending to favour the forma- 
tion of accitaldehyde and ethane. 

The thermal decomposition of diethyl ether would thus seem to be an example 
of pressure producing an alteration in the course of a reaction and a study of 
its kinetics should be of special interest. 

Apparatus and Experifuental Method. 

The apparatus employed consisted essentially of a cylindrical copper lined, 
steel pressure vessel of 500 c.c. capacity, provided with an inlet valve, pressure 
manometer and accessory gauges and control valves. The inlet valve com- 
municated with a steel bottle containing ether which could be forced into the 

* Bone and Bmith, * J. Chem. Soc.,’ vol. 87, p. 910 (1906). 
t Hinshelwood, ‘ Proc, Roy. Soc./ A, vol. 114, p. 84 (1927), 
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reaction chamber by means of compressed nitrogen. A full description of the 
apparatus and method of manipulation has been given in a previous com- 
munication* to which the reader is referred for details. The pressure vessel 
was completely contained in an electric furnace so that all parts including the 
pressure manometer (iould be maintained at the reaction temperature ; the 
temperature was measured by a platinum-platinum rhodium couple contained 
in a copper tube traversing axially the reaistion chamber. 

Tlie operation of filling the vessel could usually be completed in from 2 to 
3 seconds and the first pressure reading taken within 10 seconds from the com- 
mencement of filling ; the initial pressure was subsequently found by an extra- 
polation from the pressure-time data. 

The experimental method consisted in filling the reaction chamber with 
ether to a pre-determiued pressure and then following its rate of decomposition 
by the change in pressure with time as the reaction proceeded. Samples of 
th(! products were withdrawn at the conclusion of the experiment or at some 
desired intermediate stage. For a complete analysis of the permanent gases 
the whole of the contents of the reaction vessel were passed through coils 
immersed in liquid air and the condensate then fractionally distilled and each 
fraction analysed in the ordinary way. Traces of aldehyde were removed by 
leaving the various fractious in contact with solid zinc chloride for 24 hours. 

The aldehyde content of the products was determined by withdrawing 1 
litre samples and estimating (a) the total aldehydes by the bisulphite method, 
and (6) the formaldehyde by the potassium cyanide method. 

The ether employed was the purest obtainable anhydrous product and was 
further dried over metallic sodium. 

ETpemnental RtisuUs. 

I. Exjmwie/rda at 490^ 0. — The first complete series of experimeuts was 
carried out at 490° C. and at six initial pressures between 2*96 atmospheres 
and 13*8 atmospheres ; beyond the higher pressure the ratci of reaction became 
too great to follow accurately. At first each run was continued until no further 
pressure rise took place, and in each case the total increase in pressure was 
1 • 76 ± 0 • 02 times the initial pressure. This was less than the 2 * 0 theoretically 
required by the equation on p. 308, the difference being due to the presence of 
some condensed aldehydic products in addition to methane, ethane and 
carbonic oxide. In subsequent runs the final pressure was calculated from the 

• * Proc. Ray. Soc.,’ A, voJ. 128. p. 238 (1929). 
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initial pressure, and to save time the runs were only proceeded with to about 
three-quarters completion. 

The analyses of the residual permanent gases after complete decomposition 
showed ethylene and hydrogen to be present to the extent of about 2 per cent, 
each with approximately equal quantities of methane, ethane and carbon 
monoxide ; at intermediate stages rather more ethylene and hydrogen were 
present although never in amounts comparable with those of the remaining 
three gases. The following are three typical analyses : — 


Analysis of Products from the Thermal Decomposition of Diethyl 

Ether. 


i 

1 

TImHj-fIfthe 

docouipoeed. 

1 

1 Ciomplete Decomposition, 

(1). 1 (2). 

CO, ' 

1 0'2 

0*1 

01 

CiH, 


0*8 

1-9 

CO 

24-4 

31*4 

30*6 

CH. 

33 C 

32*2 

33*3 

C,H. 

28-4 

31*1 

31*6 

H, 

d'8 

21 

1*4 

Kosidue 

2-7 

2*3 

1*0 


Both fonnaldehydt^ and acetaldehyde were always present in the products 
in quantities depending upon the initial pressure of ether and upon the stage 
of decomposition at which the reaction was arrested ; thus in one series in 
which the pressure was in(5rea8ed from 2*4 atmospheres to 14*3 atmospheres 
the aldehyde contents of samples taken when the pressure had increased by 


60 per cent, were as follows : — 

Initial pressure (P,) (atmospheres) 2 • 4 

3-8 

7-3 

10-1 

14-3 

Percentage total aldehydes by 
volume of product when P< had 
increased by 60 per cent 13*3 

16-4 

15-8 

16-3 

17-2 

Ratio H . CHO/CH, OHO — 

0-61 

0-60 

0-32 

0-30 


In individual experiments aldehydes appeared in considerable quantities at 
a very early stage, increased to a maximum when decomposition was about 
half completed and thereafter diminished slowly. They could always be 
detected however, in the products even when the pressure had attained a 
constant value and decomposition was substantially complete. 
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The results of analyses of samples taken at difEerent stages during decom- 
position at an initial pressure of 6 • 1 atmospheres are given below : — 

Pressure at which sample was 


taken ( atmospheres ) 

Percentage total aldehydes by 

6-2 

7-8 

10-5 

11-95 

13-8 

volume of products 

9-6 

131 

14-4 

11-6 

7-4 

Ratio H . CHO/CHgCHO 

— 

0-21 

0-48 

d-50 

0-88 


Prom these figures th(j amount of aldehydes present at any stage of the 
reaction can be estimated and the necessary correction applied to the observed 
pressure when calculating the reaction velocity. 

The results for the individual experiments at all pressures showed the decom- 
position to take place according to the unimolecular law. The figures for a 
typical experiment at an initial pressure of 7*5 atmospheres are given in 
Table I ; on plotting, as in fig. 1, time (i) and log (P„, — P^) a straight line 
relationship is found to liold with reasonable accuracy. 



Fio. 1. 


Table I. — Temperature 490'' C. 

Initial pressure of ether (P^) = 7*5 atmospheres. Maximum pressure (P„) =? 

20*62 atmospheres. 


Time (0 
(mins,). 

Observed 

pressure 

(atmos.). 

Total 
aldehydes 
per cent, 
by volume 
of products. 

Total pressure 
corrected for 
aldehyde content 
of pt^uots (P/) 
(atmos.). 

log(P«-P,). 

2-6 ! 

90 

10*6 

1 9*71 

1-04 

fi*0 

10-55 

16*8 

! 11-80 

0-96 

7-6 

11*95 

16 3 

; 13-31 

0-86 

10*0 

13-3 

13*8 

16-18 

0*77 

125 

U*3 

12*2 

16-65 

0*70 

15 0 

16*1 

11*0 

16-34 

0-68 

17*6 

15-66 

9*7 

16-79 i 

0-68 
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Another test of imimolecularity is to compare the ratios of the times taken for 
successive fractions of the reaction to occur at different initial concentrations. 
In the following table (Table 11) the times for one, two and three-fifths comple- 
tion of decomposition respectively, at six initial pressures are tabulated. In 
all cases the ratios compare closely with those calculated from the law. 


Table 11. - Comparison of times for 1/5, 2/5 and 3/5tha completion of Decom- 
position of Diethyl Ether at 490° C. and various Initial Pressures. 




1 

1 



Ratio, 


Initial 

t 1/6. 

1 r2/6. 

i 3/6. 




proHBure. 

(mins.) 

1 (mins.) 

(mitiH.) 

n/6. 

i2/6. 

<3/6. 

13S 

2*4 

5‘6 

10*7 

1 

1 

1 2*29 

' 4-46 

10*1 

2*7 

5*9 

9*56 

1 

2*18 

1 3-64 

7*6 

2*7 


U*2 

1 

i 2-33 

1 4- 16 

(M 

3*4 

8*1 

14*7 

1 

1 2*38 

! 4-38 

4-0 

6*6 

11-8 1 

23*2 

1 

1 2*15 

4-22 

2-96 

i 7*7 

17*9 ! 

— 

1 

i 2*32 

i 

■*“ 


Judged by the results of individual experiments the reaction conforms 
satisfactorily to the requirements of imimolecularity. When, however, the 
velocity constants are compared they are found to vary with pressure in a 
regular manner and as though the reaction were of a liigher order than the 
first. The possibility of a surface reaction introducing a disturbing factor was 
tested by carrying out a parallel series of experiments with the reaction chamber 
packed closely with coppiu’ turnings ; the results indicate that the reaction 
is mainly homogeneous. 

Table Ill.—Comparison of Velocity Constants (k) at 490° C. and various 
Initial Pressures 

(a) With Reaction Chamber Unpacked, 

(b) With Reaction Chamber packed with Copper Turnings. 


{«) i {b) 






Initial piesBnre 

k 

Initial presauro 

k. 

(atmoft. ). 


(atmoa.). 

2*96 

7 *52 X 10-'' 

3-15 

0-66 X 10-‘ 

4-0 

1 l*12xl0-« 

4-85 

1-180 X 10-* 

6*1 

l*70xl0“» 

7-60 

1-681 X 10-* 

7*6 

2 22 X 10-» 

10-00 

1-784 X 10-* 

lO-l 

13*8 

2*61 X 10“» 

2-57 X 10“» 

13-2 

2 -140 X 10-* 
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II. EaDperiments at 462^ C. and 610® C. — ^Two aeries of experiments were 
carried out at 462® C. and 610® C. respectively, the initial pressures of ether 
covering the range 2 • 76-17 -0 atmospheres. 

In both cases the individual pressure^time curves conformed satisfactorily 
to the unimolecular law, but the velocity constant calculated from the rate of 
pressure increase showed a dependence on initial pressure similar to that 
observed at 490® C. (Table IV). 


Table IV. — Unimolecular Velocity Constan ts at 462® C. and 610® C. 


Initial pressure 
(atmofi.). 

k a 

Initial preuaurd 
(atmos.). 

i5IO"C. 

fi-66 

2*36 X 10-* 

2*76 

23-6 X 10-* 

6*8 

2*89x10-* 

4*6 

32*7 X 10-* 

9*4 1 

3*65X10-* i 

7*6 

37*9 X 10-* 

130 

513 X 10-* i 

915 

42*1 X 10“* 

170 1 

6*40 X 10“* 

11*6 

45*5 X 10-* 



13 ‘65 

47*8 X 10”* 


III. The Infiuence of Diluents . — ^Employing as diluents hydrogen, nitrogen, 
carbon monoxide and acetaldehyde in approximately equimolecular propor- 
tions with ether, experiments were carried out at 462® C., 490® C, and 510® C. 
In all cases the rate of decomposition corresponded with that of pure ether at 
its partial pressure in the mixture. 

These results, and in particular the experiments with acetaldehyde, indicate 
that the efEect of pressure upon the velocity constant is due neither to the 
establishment of equilibrium in the system nor yet to the bimoleoular decom- 
position of acetaldehyde which, under the given experimental conditions, 
would probably take place with comparatively great speed. 

General Condmions. 

The pressure-time curves for all values of the initial ether concentration at 
any one temperature are similar in form and indicate that the decomposition 
is unimolecular in character ; it is only when the velocity constants calculated 
from the time of half change at different pressures are compared that a de- 
parture from unimolecularity becomesevident. Therelation between the constant 
and initial pressure points to the reaction being of a higher order than the first. 
Thus the results at 490® C. correspond almost exactly to a reaction of the 3/2 

order as can be seen from the following figures : — 

Atmospheres. 

Pressure (P<) 3-16 4-85 7*6 10*0 13*7 

Time for half change X 1/P<* . . 21-7 24-4 20*4 20*9 20*6 


vou oxxxv.— A. 


Y 
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With rke of temperature the velocity constant tends to become independent 
of pressure and above about 650® 0. little change in its value would be observed 
over the range included in the present experiments. 

In view of thf^ (complexity of the pro<cesses involved in the thermal decom- 
position it would seem unnecessary at this stage to search for any elaborate 
explanation of the results. The decomposition so far from being a simple 
proccess, takes place in at hiast two different ways, each including from two to 
three intermediate steps and it may well be that the observed velocity is 
influenced by contributions from secondary reactions which increase in 
importance with pressuie. 

In this connection it will be observed that the suggested mechanism for the 
breaking down of the molecule differs from that adopted by Hinshelwood 
(loc. cit.) for the decomposition at low pressures in a quartz vessel. Our 
results resemble more closely those obtained by him in a later series of experi* 
ments in which tlu^ reaction was catalyscjd by iodine. 

An iinpoitant difference lies in the fact that we always find free hydrogen 
amongst the products at all stages of the decomposition. Furthermore, as 
decomposition proceeds the proportions of hydrogen and ethylene diminish 
whilst that of ethane increases. Taking the^e facts into consideration it is 
probable that hydrogenation of ethylene forms one of the intermediate 
steps in the decomposition and that where hydrogenation is favoured, 
as it is by increase of pressure or by the presence of a suitable catalyst 
such as iodine, the products will consist mainly of methane, ethane and 
carbon monoxide. If this view is correct we should expect to find free hydrogen 
asHO(dated with ethylene and ethane in the products of decomposition at low 
pressures. Experiments were therefore carried out in a quartz vessel at a 
temperature of 530® C., the pressure of ether being 28 cm. of mercury ; the 
contents were withdrawn when decomposition was three-quarters complete 
and were analysed with the following results : — 


Unsaturated 7*4 

Hydrogen 4*1 

Carbon monoxide 30*8 

Methane 47*9 

Ethane 8*7 

Residue 1*1 


100*0 


In addition traces of aldehydes were present in the products. 
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Under similar conditions but at a temperature of 588^ C. Hinshelwood found : 


Ethylene 7-8 

Carbon monoxide 28*7 

Methane 65 • 3 

Ethane 8-2 


100-0 

The difterenoo between these results, namely, the occurrence of hydrogen in 
our experiments, is possibly due to the fact that, having reasons for susjjecting 
its presence, we took steps to detect and estimate it by preferential combustion 
over oxidised palladium. The presence of such a relatively small quantity in 
a methane-ethane mixture would, of course, not b(‘ indicated by the ordinary 
explosion analysis. 


The Oxidation of Phosphorus Vapour at Low Pressures in Presenoe 
of Platinum and Tungsten, 

By H. W. Melville, Carnegie Scholar, and E. B. Ludlam, Carnegie Teaching 

Fellow. 

(Communicated by J. Kendall, F.K.S. — Eeceived October 12, 1931.) 

Introduction. 

Since the publication of Christiansen and Kramer’s theory of chain reactions* 
numerous researches have now established the main critoriaf by means of 
which such reactions may be recognised. Those distinctive criteria describe, 
in a general manner, how the chains are propagated and terminated. In 
recent work on chain reactions in the gas phase, however, attention has to a 
large extent been directed to elucidating the mechanism of the initiation of 
the chains. This work has revealed a rather strange type of chemical reaction 
which is partly heterogeneous and partly homogeneous. The interpretation 
of the experiments, at present, suggests that the reaction is initiated at a surface, 
is then propagated through the gas phase and finally ends either in the gas 
phase or at a surface. 

* ‘ Z. Phys, Chem.,* vd. 104, p. 461 (1923). 
t Hinshelwood, Ann. Rep. Ohem. Soo,/* p. 41 (1930). 

Y 2 
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For example^ it has now been shown^ that a mixture of hydrogen and 
oxygen which normally explodes m a hot quartz or porcelain vessel does not 
ignite when brought into a large vessel under conditions in which the hydrogen 
and oxygen do not have an opportunity of difhxsing to the walla of the con- 
taining vessel. If a hot quartz or iron rod at the same temperature is intro- 
duced into the gas mixture explosion occurs. Similarly, a hot mixture of 
carbon disulphide vapour and oxygen may be ignited by introducing a glass 
rod at the same temperature into the gases. f A third example of the initiation 
of reaction chains at a surface is given by the non-explosive oxidation of 

propane.J 

These experiments suggested that conditions might be foimd for the chain 
oxidation of phosphorus vapour in which the reaction is initiated at an interface 
in the reaction vessel. Since the kinetics of the chain propagation have been 
worked out in some detail by Semenoff and co-workers, § a study of the kinetics 
of the reaction would show whether suitable conditions have been realised. 
Further, since chain oxidations resemble each other in many respects, it was also 
desirable to find conditions for the oxidation of phosphorus vapour occurring 
completely at a surface. The phenomena of the oxidation of phosphorus would 
then resemble the oxidation of hydrogen which may occur at an interface, or 
as a chain reaction, the chains being stable or unstable according to the 
conditions of the experiment. 

The action of hot metallic filaments on mixtures of phosphorus vapour and 
oxygen at pressures below the lower explosion limit was therefore investigated 
in detail. The metals used were platinum, gold, silver, tungsten and molyb- 
denum. Some preliminary experiments had been carried out by Chariton 
and Walta,|| but the course of the reaction was followed by a method, which, as 
Bodenstein^l pointed out, gave misleading resiilts. These results will be 
considered later. 

The experiments recorded below point to the conclusion that, in presence of 
platinum the reaction takes place entirely on the surface of the filament. 

♦ Alyea and Habor, ‘ Z. Phya. Chem.,* voL 10, B, p. 193 (1930) ; Alyea, * J. Amor, Ohem. 
Soc./ vol. 53, p. 1324 (1931) ; compare also Garstang and Hinshelwood, * Proo, Koy, Soc.,* 
A, vol. 130, p. 640 (1931) ; and H. S. Taylor, ‘ Ohem. Rev.; vol, 9, p. 12 (1931). 

t H. W. Thompson, * Naturwiss,* vol. 22, p. 680 (1930 ) ; ‘ Z. Phys. Ohem.,’ vol. 10, B, 
p. 273 (1930). 

t Pease, ‘ J. Amer. Ohem. Soo.,’ vol. 61, p. 1829 (1929). 

5 ‘ Z. Physik,’ voL 46, p. 109 (1927) ; ‘ Z. Phys, Ohem.,’ vol. 4, B, p. 288 (1929). 

11 ‘ Z. Physik,’ vol. 39, p. 647 (1926). 

H ‘ Z. Phyaik,’ vol, 41, p. 648 (1927). 
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Tungsten, on the other hand, is able to initiate the reaction at its surface, the 
chains then spreading into the gas and presumably terminating on the walls 
of the reaction tube. Gold and silver exhibited similar behaviour to that of 
tungsten, but the reaction was only measurable when the temperature of the 
filament was close to the melting point of these metals. Frequent fusion of 
the filaments occurred so that an extended investigation of the reaction could 
not be carried out. 

Experimental Method and Apparatus. 

The experimental method used throughout was somewhat unusual and will 
therefore be described in detail. The difficulty which had to be overcome was to 
measure pressures of oxygen of 10“^ mm. of mercury in presence of phosphorus 
(and in some cases in presence of foreign gases) with an accuracy of about 2 per 
cent. It is not possible to use a McLeod gauge preceded by liquid air trap to 
follow the changing pressure of oxygen {of. Bodenstein, he. oil.). Glass spring 
manometers and sulphuric acid manometers are not sensitive enough. The quartz 
fibre manometer cannot be used to measure the rate of a reaction which takes 
place to 50 per cent, of its full extent in 6 minutes, while the Pirani-Hale gauge 
requires reoalibration for changing environment of the filament, e.g., diameter 
of reaction tube, presence of inert gases and changing phosphorus concentra- 
tion. 

Tluj method finally adopted made use of the known value of the critical 
oxidation pressure. In short, the method consisted in adding a known amount 
of oxygen to the phosphorus vapour, heating up the filament for the desired 
time and then determining how much oxygen had to be added to bring its 
pressure up to the critical value. 

The arrangement of the apparatus is shown in fig. 1. R is the reaction tube 
(diameter 2 cm.) connected at the top to reservoirs of phosphorus vapour, 
inert gas and through the capillary C to the oxygen reservoir. The filament 
is supported by degassed nickel wire which in turn is connected to borated 
copper wire passing through the pinch seal. The reaction tube is divided by 
the ground joint G which permits of “ liners ” of glass tubing* being put into 
position inside R thereby decreasing its effective diameter. In this way the 
same filament could be used conveniently and rapidly in reaction tubes of 
different diameter. The pumping system consisted of a liquid air trap followed 
by a three-stage mercury condensation pump which was backed by a “ Hyvac 

♦ The volume of glass in the “ liner ” was less than 1 per cent, of the vohime of the 
reaction tube and connections. 
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oil pump. The filament, about 15 cm. long, was situated near the axis of K. 
In order to ki^ep its temperature constant the filament formed part of a Wheat* 
stone bridge, the current for the bridge being supplied through a potentiometer 
from a battery of accumulators. 



Fio. 1. 


With taps 1, 6 and 9 closed and 2, 3 and 5 open, 4 was turned so that 0 was 
connected to the oxygen reservoir ; simultaneously the stop-watch was started 
and the time for explosion determined (Tj). R was then pumped out and filled 
with phosphorus vapour. When oxygen had been allowed to flow into R for 
the nHjuisite time (Tg), the barrel of 4 was rotated quickly through 180°, 8 
being open to the pump. The pressure of oxygen in a-6 was therefore reduced 
suddenly to a small fraction of its former value and hence the flow through C 
practically instantaneoiisly arrested. The volume of tube Ori was about 
0*05 c.c. while the oxygen reservoir held I litre. Separate control experiments 
showed tlurt no appreciable error arose in this method of admitting the oxygen 
to the reaction tube. The filament was then heated up for the desired time, 
after which the flow of oxygen was started and the time (T3) required for the 
oxygen pressure to rise to the critical value was noted. The amount of oxygen 
used up in the reaction is Tj + T3 — T^, and the fraction of oxygen used is 
(T2 + Th*T,)/T2. 

In some of the best experiments when the critical oxidation pressure remained 
steady the time of explosion could be repeated to within 1/6 second with an 
e^losion time of 60 seconds* This very desirable constancy was not pre^ 
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served for long, the critical pressure usually drifting slightly throughout a 
series of experiments. Corrections (not given in the tables) wore applied 
whenever this drift occurred. 

The source of phosphorus vapour was white phosphorus obtained by heating 
anhydrous red phosphorus in vacuo. The oxygen used was obtained from a 
cylinder. (No difference in results was observed if pun^ electrolytic oxygen 
was used instead of cylinder oxygen.) The argon contained 1 per cent, 
nitrogen and the noon 2 per cent, helium. 

Platinum Filament. 

The first wires used had a diameter of 0*1 mm., but after a few experiments 
they became brittle and fell to pieces. Somewhat thicker wires (0*3 mm.) 
were substituted ; these lasted very much longer, although after a large number 
of experiments they, too, fell to pieces. The reaction velocity was conveniently 
measurable wht^n the temperature of the wire was below nid heat, and when 
the activity of the wire bt^cume steady the temj)erature used was about 200° C. 
A new wire had jilways a much greater activity than one which had been 
used for several experiments. The activity of an old wirti could be increased 
greatly by heating it to redness in vacuo for a few minutes. Tins treatment 
shortened the life of a wire considerably. Throughout its life the catalytic 
activity of the win*, varied somewhat irregularly. This nmdered accurate 
comparison of long series of results impossible. It was therefore almost 
impossible to make reliable measurements of the temperature coefficient of 
the reaction. 

Table I gives the results of two typical series of exjK'ximents. 


Table 1. 


‘ Initial 
uouoentralion 

Amoujnt of 

Oj, used up 

KractiiHi of Oj 
remaining 

- t>gio Oar. 

Time of 
beating 

of Oa (sec.). 

(sen.). 

(0,r). 


of filament. 

55 

S'S 

0*S4 

0 07« 

minn. 

1 

55 

10*9 

0*69 

0 161 

2 

55 

20*7 

0*62 

0-208 

3 

55 

25-7 

0*63 

0‘276 

4 

56 

30-9 1 

0*44 

0*357 

5 

55 1 

33*7 

0*39 

0 409 

6 

56 

360 

0 36 

0-46<S 

7 

36 

162 

0*67 

0*244 

1 

36 

19*3 

0*46 

0*347 

2 

36 

23-6 

0*33 

0-4S1 

3 

36 

26*6 

0*24 

0*620 

4 

36 

294 

0*16 

0*696 

6 
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The second series of results was obtained with the same wire as was used for 
the first series. At the end of the first series the wire was heated to redness 
in vacuo and as shown in fig. 2 : an increase in activity results. Since the 
result of plotting — logjo O^r (O^r = fraction of oxygen remaining) against 
the time of heating the wire is a straight line, the reaction must be unimolecular 
with respect to the oxygen molecule. 


O' 


o'* 

z 

ha 

o 


0 * 


Fio. 2. — Plot of reaction time against the logarithm of the fraction of oxygen remaining 
showing that the reaction rate is proportional to [0|]. 

Table II gives four series of results using different ooncentrabions of phos- 
phorus vapour. 

These results are shown graphically in fig. 3, where it is seen that although 
the pressure of phosphorus changes from 0*0014 nun. to 0*038 mm., a 27-*fold 
increase, the reaction velocity varies irregularly between small limits. This 
variation may be ascribed to the varying activity of the wire. It is reasonable 
to assume, therefore, that the reaction velocity is independent of the concen- 
tration of the phosphorus vapour. 

The influence of argon on the velocity of the reaction was next investigated. 
The pressure of argon was measured by the sulphuric acid manometer. The 
results are given in Table III. These results were obtained at different times 
in the life of the filament. 

The argon is therefore without influence on the velocity of the reaction. 
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Table H. 


Piessuie of 
phosphortu 
(nun. Hg). 

Initial 

oonoentration 

Og (seo.). 

Amount of 

Og used up 
(•eo.). 

0 ^. 

—log Or, 

Time of 
heating, 
(mins.y. 

OOOU 

46 

16*4 

0-66 

0*180 

1 


46 

16*2 

0*64 

o-m 

2 


46 

19*6 

0*66 

0*262 

3 


45 

22*7 

0*49 

0*310 

4 

0 0043 i 

60 

9*2 

0-82 

0*080 

1 


60 

11-5 

0*77 

0*113 

2 


60 

14-2 

0*72 

0*143 

3 


50 

17-7 

0*66 

0 187 

4 


50 

! 21 0 

0*68 

0*237 

6 


50 

1 24*6 

0*51 

0*293 

0 

0 0043 

60 

1 7*4 

0*86 

0*066 

1*2 


60 

1 11 6 

0*77 

0*114 

2 


60 

i 16*2 

0*70 

0*165 

3 


60 

19*8 

0-60 

0*222 

4 


60 

23 1 

0*64 

0*268 

5 


60 

33*6 

0*33 

— 

6 

0*038 

50 

9*6 

0*81 

0*091 

1 


60 

14*2 

0*72 

0*143 

2 


60 

19*0 

0*62 

0*208 

3 


60 

23-6 

0*63 

0*276 

4 


60 

33*8 

0*38 

0*481 

5 


50 

44*6 j 

0*11 

— 

6 



Fio. 3.— Irregular variation of reaction velocity within small limits with widely varying 

oouoentration of phosphorus. 


Another observation of importance serves as a reliable guide to the nature 
of the reaction when it is considered in relation to the behaviour of tungsten, 
If oxygen is allowed to leak into the reaction vessel filled with phosphorus 
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Table IH. 


Init-iaJ concentratiojj 

Time of heating 

of Og {noc.). 

1 

30 

1 

1 2 

30 

1 2 

.30 

* 

30 

1 4 

30 

1 

30 j 

f 4 

30 1 

4 

30 i 

4 

30 

2 

30 

2 

30 

2 

30 

2 


of urgon 
finm. Hg). 


0*064 

0 

0*081 

0 

O‘ 08 i 

0 

0 081 
0 

0*136 

0 

0*136 


Amount of ()« 


30-0 
32*6 
14*8 
12 2 
17-4 
16 0 
2M 
22-6 
13(> 
12-6 
13 0 

n-2 


vapour until a glow appears and then the current is switched on in the platinum 
wire the glow is immediately extinguished. 

The two facts, (a) velocity of reaction independent of phosphorus and argon 
concentration, and (6) absence of glow during the reaction, would thus appear 
to point to the reaction occurring on the surface of the platinum wire. The low 
temperature at which the wire functions would also tend to uphold this point 
of view. 

Tungsten Filament. 

Before considering the results obtained in these experiments it is necessary 
to re-examine the work of Chariton and Walta (loc. dt.) in the light of Boden- 
stein’s criticism. It was foimd that the pressure of the oxygen foil rapidly 
at first and then gradually approached a constant value. If this constant 
value actually corresponds to zero pressure of oxygen in the reaction tube, 
then, on recalculating the res^ilts, it was found that the rate of consumption 
of the oxygen was closely proportional to its pressure. Owing to the fact that 
the current in the wire was kept constant during the experiment, the tempera- 
ture of the wire must have increased so that the results are not absolutely 
reliable. There is no doubt, however, as will be shown below, that if the 
reaction is allowed to proceed for a sufiiciently long time all the oxygen is 
used up. 

In th(^ experiments with tungsten filaments it was first of all ascertained that 
the velocity of the reaction was conveniently measurable at temperatures 
where the oxidation of the tungsten wire itself was negligible. During these 
preliminaiy experiments it was found that the activity of the tungsten wire 
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did not deteriorate with use, bat remained fairly constant thtonghoot a large 
number of experiments. The diameter of the wire used was 0*1 mm. ; it 
was mounted in nickel supporting leads. Another precaution which enabled 
more reproducible results to be obtained consisted in heating the wire for 
2 minutes to the same temperature as tlxat used for the experiments previous to 
the carrying out of each experiment. If this heating was omitted the critical 
oxidation pressure was always slightly low. This was probably due to the 
wire being covered with a layer of phosphorus peutoxide deposited thereon 
from the previous experiment. Since the wire formed an interface in the 
reaction tube and therefore was in a condition to stop reaction chains, it was 
quite <;onceivable that the nature of the surface presented to the chains might 
alter the efficiency of their termination. The removal of the layer of pentoxido 
increased the critical pressure by about 10 per cent., so that it would appear 
that phosphorus pentoxide is not so efficient in stopping the chains as a tungsten 
surface covered (in this case probably) by a layer of oxygen atoms. 

Further, although a fairly efficient pumping system was used, the time of 
pumping out the reaction tube was kept the same for every experiment. In 
addition, all operations such as the heating tip and cooling down of the filament, 
the preliminary heating of the filament, etc., were kept to a strict time schedule 
so that there would be as small a variation in results as was experimentally 
possible. 

The experiments recordcjd in Table IV show tliat the order of the reat^.tion 
with respect to oxygen molecule is unity. 


Table IV. 


Initial 

ooncontration 
of Oj (b»c’.). 

Amount of 

Oa used up 
(see.). 

0 ,t. 

-l"KioO,r. 

1 

j 

Time of 
heating 
(miuH.). 

-log(V 

Time of hcatiuj 

1 

40 

18 fl 

0*63 

0-276 

1 

0-276 

40 

23*8 

0*40 

0-898 

2 

0-199 

40 

27-4 

0*31 

0*609 

3 

0-169 

40 

32 •» 

0*18 

0*746 

4 

0-186 

40 

34*8 

013 

0*886 

6 

0-177 

40 

371 

0*07 

1*156 

6 

0-192 

55 

19*7 

0*64 

0*194 

1 

0194 

55 

289 

0*48 

0-819 

2 

0-159 

55 

36*6 

0*36 

0*466 

3 

0-162 

55 

41*6 

0*24 

0*620 

4 

0 - 1 S 4 

55 

46-3 

0*16 

0*796 

5 

0-169 

56 

49*6 

0*10 

1-000 

6 

0-166 
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Table V gives five series of results with varying concentrations of phosphorus 
vapour. The temperature of the wire was maintained constant and the 
experiments were carried out in the order given below. 


Table V. 


Pressure of 
phosphorus 
(mm.). 

Initial 

concentration 
of Oi (sec.). 

Amount of 

0| used up i 
(sec.). 

0.r. 

Time 

of 

heating. 

-*log 0»f. 

0 007 

40 

1 10 

0-976 

2 

0011 



20 

0 080 

3 

0-022 



1 4*8 

0-880 

4 

0*066 



8*4 

0-790 

5 

0-102 

0-026 

40 

9-4 

0-77 

1 

0*116 



12-4 

0-69 

1 

0*161 



13 4 

0-66 

2 

0-180 



16*4 

0-69 

3 

0*229 



20 0 

0-60 

4 

0-301 

0 026 

40 

9-8 

0-76 

1 

0-119 



110 

0-72 

2 

0*143 



14*6 

0-64 

3 

0*194 



18-4 

0-64 

4 

0-268 



22-6 

0*43 

6 

0-367 

0 007 

50 

2*4 

0*962 

1 

0-022 



4-0 

0*920 

2 

0*086 



6-0 

0-880 

3 

0*066 



7*4 

0*862 

4 

0*079 



8-0 

0-840 

5 

0-081 

0017 

60 

6-0 

0-900 

2 

0-046 



3*6 

0-892 

2 

0*060 



8-2 

0-836 

3 

0*078 



11-8 

0*764 

4 

0*117 



16-4 

0*692 

6 

0-160 

Velocity constant....! 

0 07 

0-08 

013 

0*34 


Pressure of P ! 

0 007 

0-007 

0017 

0*020 



From these results the rate of the reaction is very nearly proportional to the 
first power of the concentration of the phosphorus vapour. 

Temperatwe Coefficient of the Reaction . — ^To make the investigation of this 
reaction complete the temperature coefficient was measured in order to calculate 
the apparent heat of activation. The temperature of the wire was obtained 
from its resistance which could be immediately read off from the bridge. No 
corrections were applied for the cooling effect of leads. The resistance /tempera- 
ture equation used was that experimentally established by Langmuir.* 

The method of carrying out the experiments was somewhat modified, so that 
rapid comparison of velocity constants could be made with the filament at 
different temperatures. The time of heating of the filament was kept constant 
throughout a series and the velocity constant for each experiment was calou- 
* ** International Critical Tables,’* vol, 6, p. 136. 
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lated by the iisual logarithmic formula. The pressure of phosphorus vapour 
^ras maintained constant at 0*007 mm. during all temperature coefiBicient 
measurements. Table VI (fig. 4) shows in detail the record of a series of experi- 
ments, while Table VII summarises the data from other experiments. The 
heat of activation is thus comparatively small. Its significance will not be 
discussed until other factors influencing the reaction have been investigated. 



Fio. 4, — Temperature ooeffioient of reaotion. — logu, 0,r is equal to the velocity ooustant 
einoe time of the reaction was maintained constant. 


Table VI. 


Temperature 
of wire 

•K. 

Initial 

oouoentratiou 
of Oj (boc.). 

Time for 
explosion 
(soc.). 

Time of 
heating 
(min.). 

Amount of 
Oj used up 
(hoc.). 

0,r. 

«iog 0,r. 

666 

0 

46*4 

0 




666 

40 

190 

2 

13-6 

0*70 

0 166 

676 

0 

47-8 

0 




676 

40 

21-2 

2 

13-4 

0*70 

0*165 

684 

0 

48*6 

0 




684 

40 

24-4 

2 

16*8 

0*66 

0*187 

698 

0 

496 

0 




693 

40 

28-0 

2 

18*4 

0*59 

0*229 

702 

0 

60*8 

0 




702 

40 

31 2 

2 

20*4 

0*65 

0*260 

7U 

0 

52*0 

1 ^ 




711 

40 

86*4 

2 

23>4 

0*48 

0*310 

720 

0 

64*0 

1 0 




720 

40 

40*6 

2 

26*6 

0*41 

0*387 

728 

0 

65 0 

0 




728 

40 

45*0 

2 

30 0 

0*33 

0*481 

737 

0 

56*8 

0 




737 

« i 

49*6 

2 

32*8 

1 

0*27 

0-669 
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Table VII. 


Heries uumber. 

1 Heat of activation. 

! 


k. cal. 

W.34 

14 

W.37a 

Hi 

W.37I* 

18 

W.38 

14 

w.ae 

17 

Av«rago 

16 


Effect of Inert Gdses an the According to the chain theory of the 

kineticB of the oxidation of phosphorus at low pn^sBures, the presence of an 
inert gas prevents tlio chains reaching the wall of the containing vessel ; this 
results in a lowering of the critical oxidation pressure. It would be expected 
therefore that, if the reaction now being described exhibits chain characteristics, 
the prf^scnce of an inert ga« ought to results in an acceleration of the oxidation. 
Preliminary experiments showed that an acceleration did ensue. Table VIII 
shows results for argon and neon. 

Table VIIL 


Initial 

ooaoontration 
of O 2 {(iCC.). 

Pro8Hurc 
of ga8 
(mm.). 

Time 

for 

expioHion, 

1 

Time of 
hoatmg 
(min.). 

Amount of 
0, used up 
(iec.). 

0 


Argon. 

40*4 



0 

0 089 

27*6 

— 


26 0 

— 

31 ■« 

2 

10-2 

26 0 

0*089 

31*4 

2 

28-8 

0 

— 

47-8 

— 

— 

0 

O' 136 

27*4 


— 

26*0 

— 

38-0 


16-2 

250 

0 136 

360 

2 

22-0 

0 

— 

49-6 




0 

0 087 

33-6 

— 



26 0 

— 1 

39*4 

2 

14-8 

26 0 

0-087 1 

36*2 

2 

37-6 

0 

— 1 

Neon. 

56*4 1 



30 


31-8 

3 

6-4 

0 

0*103 . 

43*6 



30 

0*103 

24*4 

1 

9-8 

0 


61*8 


- 

80 

— 

38 4 

1 

6*6 

0 

0*130 

44-6 

— . 



80 

0*130 

26*4 

1 

11*8 

0 

— 

ei-6 





80 

— 

39-6 

1 

8-0 

0 

0*162 

42 4 

— 


30 

0-162 

25*4 

1 

13-0 
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^rhe effect of neon is not quite so great as that for argon. This is to be 
expected, since owing to its smaller mass and diameter the neon atom is not 
80 effective in preventing the reaction chains from reaching the walls of the 
reaction tube.* 

The quantitative calculation of the effect of inert gases is somewhat com- 
plicated and the following treatment is based on Semenoff’sf expression for 
the hnigth of the reaction chains in the phosphorus oxygen reaction. 

It will now be assumed that the reaction in presence of hot tungsten is 
propagated in the gas phase, the chains starting on the tungsten filament. 
The length of the reaction chain is proportional to 


Vv *^>0 ( 1 + 


Vx 


Pv + Po 


)d*, 


when? />o px f^be preBsures of phosphorus, oxygen and inert gas 
respectively, d is t-he diameter of the reaction tube. If the rate of starting of 
the chains is represented by/(pQpp), then the rate of reaction which is equal to 
— dpo/dt will be given by the expression 

( 1 ) 


where K is a constant. Since it has been shown that the rate of the reaction is 
proportional to pp . Po value of / (p^ . p^) must be independent of the 
concentration of P4 and Og, so that (1) simplifies to 


dl 


Kpo(l + --f-). 

' Pi' + Po' 


( 2 ) 


K being another constant, pp and d are for the present being maintained at 
constant values. Rearranging (2) and integrating 


or 


_Kt 




J?o(l 


dPo 


+ 


JE3L. 


Pp + Po 

i*»Po(Po+Pp+Pi)+|pp 


)’ 


1 


Pv+Px 


( 8 ) 


In £ . 9 . . ... — 

Po+Pp+Px 
+ const. 


* ‘ Proo. Koy. Soo.,* A, vol, 132, p. 108 (1931). 
t ‘ Z. Phys. Ohem.,’ vol. 2B. p. 161 (1929). 
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Therefore 

— Ki = — ^ — Inpo + — ^ — . In (po + 7>p + px) "1“ const. (4') 
Pp + Px Pv + Px 

(If “ 0 this expression = iwpo + const., as would be expected.) 

Now since px is much greater than pi., e.^r., in most experiments Px ^ ^ ‘ 1 
and Pp = 0*007 mm. (4') may be simplified to 

^Kt In po + In (po + Px) 4* const. (5) 

Px 

There is a further complication to be disposed of. px must be multiplied 
by the appropriate diffusion coefl&cient. It has been shown* that for mesitylene 
the equation 

Po Pp ( 1 ^ — ) = const. (6) 

Pp + Po^ 

holds since the value of the constant obtained when px — 0 is equal to that 
obtained when an experimentally observed value of po for a given px is inserted 
in the equation. To allow for gases which do not lower the explosion limit 
to the same extent as mesitylene (6) is written in the form 

+ = (7) 

Pp + Po > 


A is the slope of the line obtained by plotting 1/po against (1 + P%IPf + Po) 
and Ax and A^ are the values of A for the gas lused in the experiment and for 
mesitylene respectively. Introducing this correction into (6) and evaluating 
the constant of integration, the velocity constant K is given by 


t 


'■Vo' 


( 8 ) 


where p'o and Pq are the initial and final pressures of oxygen for a reaction 
tune t 1 |x “ 

Table IX gives two separate sets of results for neon. These ate shown 
graphically in fig. 5, where it is seen that the velocity constant oaloulated from 
(8) is independent of px- 


* ‘ Proo. Roy. Boo.,’ A, vol. 182, p. 108 (1081). 
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Table IX. 


Prt^HHuro 

Initial 

Amount of 


1 

1 Time of 

of neon 

concentration 

Oj used up 

O^r. 

doptOjir. 1 lugZ. 

1 heating 

(mm.). 

of Ojf (see.). 

(HO.-.). 


1 

! 

(mins.). 



SerioM 

A. 



0-210 

2H 

! 114 

<1-59 

0-177 

0*5 


2H 

' ltt'4 

o:n 

, 0 ' 352 

1*0 


2S 

2:t-3 

017 

; 0*481 

15 

0’(KI() 

38 

9'7 

0 05 

(MS5 1 

0-5 


38 

14 2 

0-49 

0*3()0 1 

1*0 


38 

20-4 

0*27 

0-508 [ 

1*5 


28 

2:$-8 

0*15 

()-823 

2*() 


28 

27 <» 

0 03 

1 531 ! 

2*5 



Series B. 



o-(mr) 1 


0-4 

0 i\\) 

0*147 i 

<»'r> 



10 0 

0*47 

0*284 * 

1 0 



Ut-7 

0*34 

! 0*390 

1*5 



22 ‘4 

0*25 

; 0*478 

2*0 



24 B 

017 

! 0*578 

2*5 

0'080 


7-7 

0-7H 

: 0*U3 

0-5 



14(> 

0*00 

™ ! 0*260 

l-O 



20 1 

0*43 

! 0*354 

1 



238 

0*32 

i 0-457 

1 2-0 



28-4 

0*19 

0*620 

2*5 

OUft 

35 

to 3 

0-71 1 

i 0-120 

0-6 



17-2 

0-51 1 

! 0-233 

10 



243 

0-.20 j 

0-389 

1-6 



27*9 

0-20 

! 0*486 

2-0 


Po Po + 



Fra. 5.— X = 0-216mni.Ne: Q = O-OOO; A = 0 080; V = 0-095 ; 0 =: 0-146. 
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Table X gives two sets of results for argon (fig. 6). 

Table X. 


Press 

1 Initiiil 

i' iijmount of 

i 

1 

Ti/ne of 

of 

( JO n pent ration 

O3 used up 

; 

log Z. 

1 heating 

argon. 

1 of Oj (sec.). 

f (sec. ). 

1 

1 


1 

j ( mins. ). 

0-144 

30 

8*5 

0-72 

0*065 

0*5 



I 15*8 

0-47 

0*129 

1*0 



21*6 

0*28 

0*193 

1-6 



24*4 

0*19 

0-230 

2*0 

0*135 

30 

10*0 

0*07 

0*072 

0*5 



16*6 

0-48 

0*125 

1*0 



20-9 

0-30 

0 181 

15 



24 -0 

0-18 

0*231 

2*0 



Variation of Reaction Tube Diameter , — was changed as described above. 
Difficulty was experienced in obtaining reproducible surface conditions even if 
the reaction tubes were subjected to the same treatment previous to their 
being used. The results showed definitoly that an increams in velocity occurred 
with increased diameter of tube. Two series of results arc given. These 
were obtained with a molybdeniun filament at 487° C. Molybdenum functioned 
in a similar manner to tungsten in this reaction. 

The ratio of the half-life periods of the oxygen is 3 : 1, whilst the theoretical 
value on the assumption that the half-life period varies inversely as the square 
of the diameter is 3*0 : 1. 

These experiments indicate that a homogeneous reaction is being considered. 
Visible proof of this opinion is given by the fact that a glow is emitted during 
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Table XL 


Diameter of tube — 1*9 cm. Diameter of tube — 1*1 cm. 

Initial cone, of oxygen — 65 secs. Initial cone, of oxygen = 30 secs. 


Amount of 



Time of 

Amount of 



Time of 

0| used up 
(«ec.). 


-log 0*r. 

heating 

(mins,). 

Oj iwed up 
(rec.). 

0,r. 

-log 0,r. 

heating 

(mins.). 

24 2 

0-56 

0-252 

0-6 

4-5 

0-85 

0*070 

0*5 

:U‘4 

043 

0-367 

1 1-0 

8-4 

0*72 

0-143 

1*0 

36 5 

0-34 j 

0-469 

1-6 

111 

0*63 

0*201 

1*6 

3S'8 

0-29 

0-538 

1 2-0 

14-0 

0-53 

0-276 

2*0 

40*5 

0 26 

0-586 

[ 2-6 

i 

16-3 

i i 

0-46 

1 

0*336 

1 

2*6 


the progress of the reaction. The glow is entirely similar, so far as the eye 
can discern, to the glow obtained in the explosive reaction between phosphorus 
and oxygen. Its intensity is directly dependent on tlie speed with which the 
reaction goes forward. It does not persist when the current in the filament is 
switched ofi, but it reappears gradually when the current is switched on again. 
This process can be reptjated until the glow becomes too faint to be seen. It 
is of interest to note here that in the slow oxidation of phosphorus at pressures 
above the upper explosion limit no glow can be detected even with sensitive 
detectors.* 

As was stated, molybdenum filaments behave similarly to tungsten with 
respect to their action on phoaphorus/oxygen mixtures. Moreover, the 
temperature at which molybdenum becomes effective is nearly equal to that 
observed for tungsten. 

Gold and silver filaments when heated to the requisite temperature also 
induce the combination of phosphorus and oxygen. A glow is emitted during 
the progress of the reaction. The temperature to which gold and silver have 
to be raised in order to obtain a conveniently measurable reaction velocity is 
close to 1000® C. Hence there is great difficulty in preventing the filaments 
from fusing during the course of an experiment. Many attempts were made 
to obtain extended series of results, but the destruction of several of the filaments 
prevented this being accomplished. 

From the experiments described above it would appear that the rate of 
starting of the chains is independent of the concentrations of the phosphorus 
and the oxygen. Since the presence of hot tungsten induces oxidation, some 

♦ Bayleigb, * Proc. Roy, Soc.,’ A, vol. 106, p, 1 (1928). 

z 2 
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material body must leave the tungsten surface, subsequently collide with and 
activatti (hither a phosphonis or an oxygen molecule. This activated molecule 
then initiates the chain. Before suggesting how this process might occur there 
is one small point which may suggest a different mechanism for the starting 
of the reaction c.bain. 

Altliough theory indicates that the length of the chain is proportional to 
concentration of phosphorus molecules, Semenoff* fouiid experimentally that 
the chain length was proportional to the square root of the ])ho8phorus con- 
centration. This lias been repeatedly confirmed during this and other work on 
this rt^aclion. It may tlierefore be possible that the rate of starting of the 
chains is proportional to the squam root of the phosphorus concentration so 
that the apparently simple experimental result (covers a mon^ complex 
mechanism. 

Under the experimental conditions employed the tungsten surface was 
probably covered with a layer of oxygen atoms, but owing to the comparatively 
low temperature (450” C.)i no oxygen-activated molecules or atoms or WO^ 
would evaporate from the surface. Initiation of the chains owing to the 
evaporation of activated oxygen thus seems to be precluded. On the other 
hand, a phosphorus molecule might strike this layer of adsorbed oxygon and 
rebound taking an oxygen atom or molecule with it. This oxide might then 
start the reaction. This me<‘,hani8m leads to the appearance of piJ^ in the 
kinetics of the reaction and is therefore excluded. 

A third possibility is that phosphorus itself is adsorbed as a completed uni- 
molecular layer on the layer of oxygen atoms attached to the tungsten surface 
in the same way as csesium, for example, is tenaciously held to a layer of oxygen 
on a silver surface. The evaporation of a phosphorus oxide molecule from this 
layer might initiate the reaction but, if the layer of phosphorus is saturated, 
the rate of evaporation of the oxide would be independent of the concentration 
of phosphorus molecules in the gas phase. Therefore, the rate of reaction 
would be proportional to pp. 

With these suggested explanations in view, furtker experiments are being 
carried out on this reaction. 

We wish to express our thanks to Professor Kendall for continued encourage- 
ment, to tlie Carnegie Trustees and to the Trustees of the Moray Research 
Fund of Edinburgh University. 


* ‘ Z. Fhysik,’ vol. 4*i, p. 109 (1927), 



Oxidation of Phosphorus Vapour at Low Pressures. 


333 


Summary, 

The action of hot filamont« of platinum and tungsten on mixtuires of 
phosphorus vapour and oxygen at pressures smaller than the lower explosion 
limit has been investigated in some detail. 

With platinum it was found that the reaction rate is conveniently measurable 
with the filament at a temp(!rature of about 200^^ C. The reaction velocity is 
directly proportional to the oxygen pressure. Argon is witliout inflxience on 
the rate of the reaction. No glow is emitted during the oxidation. The 
reaction therefore probably occurs at the platinum surfacje. 

With the tungsten filament at 500° C. the rate of the reaction can be con- 
veniently measured. This rate is proportional to the pressure, of the oxygen 
and of the phosphorus. It m increased by xxsing wider reaction tubes and by 
the presence of neon and of argon. A green glow accompanies the progress of 
the reaction. The apparent heat of activation is 16 k. cal. Those facts are 
summarised in the equation 

— ipi-po ( 1 H I ^ 

dt ' P\-+Po 

where p|>, and px are the pressures of phosphorus, oxygen and inert gas, k is 
constant, |i,“0‘46 for argon and 0*20 for neon, d is the diameter of a 
cylindrical reaction tube, U — 16 k. cal. 

The reaction thus probably starts on the timgsten surface, is propagated 
through the gas phase and finally ends on the wall of the reaction tube. 

Gk)ld, silver and molybdenum bebave similarly to tungsten, but have not 
been studied in detail. 
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The Photosensitised Explosion of Hydrogen and Oxygen by 

Chlorine. 

By R. G. W. N0ERI8H, Department of PhyaicaJ Chemistry, Cambridge. 

(Communicated by Professor T. M. Lowry, F.R.S.— Received October 14, 193L) 

The kinetic mechanism of the explosion of hydrogen and oxygen has recently 
been the subject of numerous experiments, notably by Haber and his 
oo-workers, and it would appear that the chain mechanism put forward by 
Bonhoffer and Haber* has with some slight modifications been substantiated. 
According to this view the hydrogen-oxygen flame is propagated by chains 
involving hydrogen atoms and hydroxyl molecules, according to the scheme 

H + Hg + O2 ^ HjO + OH + 100 k. cal. 

OH + Ha == HaO + H + 11 k. cal 

The first reaction is strongly exothermic, but the second is of much lower 
affinity, and is only propagated appreciably at temperatures approaching 
400 ® C., with the result that at lower temperatures, hydrogen peroxide makes 
its appearance : 

OH + OH + X = HgOa + X'. 

Thus considerable quantities of hydrogen peroxide can be isolated if the 
hydrogen-oxygen flame be played on ice or solid carbon dioxide, while hydrogen 
peroxide also makes its appearance when combination of hydrogen and oxygen 
is photosensitised both by mercuryf and by chlorine.^ I»l both these instances 
hydrogen atoms are undoubtedly first formed and hydrogen peroxide is then 
formed as above, since the chain cannot be propagated. Recently Franken- 
burger and Klinkhardt,§ by measuring the ratio of hydrogen peroxide to water, 
and the quantum effiioiency in the mercury sensitised reaction, have obtained 
some measure of quantitative evidence in favour of the above scheme. 

The study of the explosion sensitised by hydrogen atoms, by Haber and his 
co-workers, has perhaps provided the most convincingproof of the mechaniam.|| 

♦ ‘ Z. PhyB, Chera.,’ A, vol. 137, p. 263 (1928) ; ‘ Z, angow. Chem.,’ vol. 42, p. 476 (1929). 

t Marshall, ‘ J. Amer. Chem. See.,* vol. 49, p. 2768 (1927), 

t Norrish, * Trans. Faraday Soc.,’ vol. 27, p. 461 (1931). 

§ ‘ Z. PhyB, Chem.,’ B, vol. 8, p. 138 (1930). 

II Haber and Graf von Sohweinitz, * SitzBer. preusz. Akad. Wi«8., p, 499 (1928) ; Farkas, 
Goldfinger and Haber, * Naturwias.,’ vol. 17, p, 674 (1929) ; Haber, ‘Naturwisa.,’ vol 18, 
p. 917 (1930). 
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They have shown that it is possible to start a flame in hydrogen-oxygen mixtures 
by the introduction of hydrogen atoms, provided the temperature is above 
400^ C., while, more recently Farkas, Haber and Harteck* have effected the 
photosensitised explosion by ammonia. In this work, mixtures of {2Ha + 0.) 
at total pressures of about 500 mm., mixed with about 3 mm. of ammonia* 
were exploded by short wave (220-160 [xp) ultra-violet light which liberates 
hydrogen atoms from the ammonia. At temperatures between 350° and 400° C. 
there was a rapid reaction between the hydrogen and oxygen, which was 
not explosive, but the reaction became explosive at 400° C. The experiments 
indicated that, at tlie higher temperature, an exposure of less than a minute 
was followed by an induction |)eriod in the dark during which an apparently 
autocatalytic reaction was proceeding, which terminated in an explosion after 
some 12 minutes. The explosion could be effected within 30 seconds if the 
light was kept on continuously. The existence of this sharp temperature limit 
for explosion, and the autocatalytic charai^ter of the reaction is indicative of 
a branching chain mechanism, and the authors modify the reaction scheme 
outlined above to include a branching chain mechanism which sets in above 
400° C,, according to the equations 

H + Oa + Ha = OH + OH + H ^ 14 k. cal 
H + Oa = OH + 0 - 20 k. cal 

It appeared to the present author that it would bti of particular interest to 
investigate the explosive combination of hydrogen and oxygen in the presence 
of chlorine with a view to finding if the same conditions as to sensitisation at 
temperatures round 400° C. apply in this case. The results obtained were 
both unexpected and illuminating. 

It is well known that the reaction between hydrogezi and chlorine is inhibited 
by oxygen at ordinary temperatures. This may be interpreted on the Haber 
mechanism referred to above, as a fixing of the H atoms of the H-Cl chains 
by the oxygen to form water and hydroxyl and subsequently hydrogen peroxide.f 

♦ ‘ Naturwisfl.,’ vcl. IS, p. 266 (1930) ; ‘ Z. Klectrochem/ vol. 30, p. 711 (1930). 

t Recent work by Bonhoeffer and Pearson (‘ Z. phys. Chem.,* B, vol. 14, p. 1 (1931), 
suggests that the formation of hydrogen peroxide by the reaction 

OH -I- OH f X - + X' 

is secondary to the reactions 

f OH + OH - H,0 + 0 
\ o f 0 0 „ 

and that only al>out 0*47 per cent, of the hydroxyl molecules form hydrogen peroxide. 
‘Measurements of the Chlorine Photosensitised Formation of Hydrogen Peroxide,** by 
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At liigher temperatures approaching 400^ C,, however, we might have exjwscted 
that the hydrogen-oxygen chains would be propagated from the hydrogen 
atoms of the H-Cl reaction, and a copious reaction of hydrogen and oxygen, 
culminatmg with an explosive combination at 400'" C. to result. The first 
experimental observations were roughly in agreement with this view, since it 
was found that round 300'" C., the hydrogen-oxygen explosion could be sensitised 
by chlorine, using only the liglit from the mercury vapour lamp which is 
transmitted by glass. Further indications, however, very soon ui^cumulated 
which failed to substantiate the correctness of this idea. With about 300 mm. 
of a mixture of the composition ( 2 H 2 + 0^) a very sharp limit of pressure of 
chlorine w'as found, above which explosion of the hydrogen and oxygtui occurred, 
and below which a negligible amoimt of water and only a comparatively slow 
reaction between the hydrogen and chlorine occurred. Further, the explosion 
(!0uld be sensitised at temperatures as low as 25*^ C., although a much griuiter 
pressure of (hlorine was required at the lower temperatures. A detailed study 
was then made, using a constant molar concentration of ( 2 H 2 + Og) in the 
bulb, of the variation of this limiting pressure of chlorine with temperature. 
Other experiments were carried out to elucidate the dependence of the 
limit of ehlorim^ pressure on the partial pressures of hydrogen and oxygen, 
and on the hydrogen-oxygen ratio. 

The results indi(jat(^ clearly that in the present instance the photosenjaitising 
function of the chlorine cannot be solely attributed to the initiation of reaction 
centres for the hydrogen -oxygen reaction. These in any case would be in- 
capable of projecting reaction chains at low temperature ; we have to do here 
primarily with a thermal explosion, which is engendered adiabatically in some 
element of the systtim (jonsequent upon the exothermic character of the 
hydrogen-chlorine reaction. 

Once any part of the system is raised to the explosion temperature the 
hydrogen atoms form plentiful starting points for the hydrogen-oxygen chains, 
and combination spre^ids out from this point by flame propagation. A 
mechanism of this kind involves cert.am definite kinetic consequences, and it 
is possible to treat the reaction in a quantitative fashion, the results of which 

J. G. A. GriflfiUifl and tht^ present author (shortly to be publinhed), confirms this view. 
In this respect there appears to be a marked difference in the mercury sensitised reaction 
sttjdied by Frankenbiirger and Kiinkhardt (foe. ctf.), which is not yet explained. We are 
not concerned, however, in the present work with the ultimate fate of the OH molecule 
below the explosion limit, for it is immaterial whether the chains are terminated by the 
formation of hydrogen peroxide or of oxygen mid water. 
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a.ppear to boar out tliis hypothesis. These points will be more fully treated 
after a description of the experimental results. 


Experimenlah 

The reaction vessel consisted of a cylindrical glass bulb of lengt^h 20 cm., 
diameter 3*5 cm. and voluriK; 150 c.c. The bulb was heated in, an electric 
tubular furnace, of length 46 cm., and diameter 7 cm. One end of the furnace 



Fig. 1. 

was closed by a glass plate P, and the bulb was illuminated by a mercury lamp 
L from this end, placed 14 cm. from the window. The other end was closed 
by an asbestos plug. A movable screen was arranged between the lamp and 
th(* window. The lamp was a “ Hewittic *’ quartz mercury vapour lamp 
straight pattern, consuming a current of 4 amps, at a nearly constant burner 
voltage of 150 volts. 

The bulb was connected by a side arm to a vertical mercury manometer M 
situated near the electric furnace, and the gases w(^re introduced into the centre 
of the bulb, by the internally sealed tube A. The temperature of the furnace, 
which was never taken above 350^" C., was read by mercury thermometers. 

The hydrogen, oxygen and chlorine were obtained from cylinders, and 
stored, for only short periods over brine, in aspirators. The gases were 
introduced through sulphuric acid bubblers, and the phosphoric acid drying 
tube B, the chlorine always being added last. In this way the manometer 
was always filled with a buffer of hydrogen and oxygen, and the chlorine did 
not corrode the mercury surface. A new manometer tube was sealed on for 
each experiment after thorough evacuation of the bulb and washing with air. 
The operation of washing was done first by a filter pump connected through 
drying tubes, dry air being introduced through the tap 8, and finally, when all 
the corrosive gases had been cleared from the system by a hyvac pump.*’ 
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A series of rmis were carried out at fixed temperatures, using always the 
same molar concentration of a mixture of (2Hj + 0 j) and varying concentra- 
tions of chlorine. In this way it was established that there exists a sharp 
limit of pressure of chlorine above which the mixture explodes upon admitting 
the light, but below which, judging from the duration of the “ Draper effect 
there is a steady reaction between hydrogen and chlorine, lasting some minutes. 

In Table I are shown in detail the results of runs at three different tempera- 
tures. The “ experiment number gives the serial order of the ex})erimeut and 
it will be seen that the explosion limit could be bracketed closely and repeatedly 
with precision. The pressures are in millimetres of mercury, and in all (^ases 
were so chosen as to reduce to 156 mm. of (2Ha + Og) at O'" C., thus giving a 
constant molecular concentration in the bulb independent of temperature. 
The total water produced by the explosion is calculated from the pressure fall 
and represented in millimetres of mercury. This estimated quantity is always 
liable to be somewhat high, owing to the condensation of water in the cold 


Table I. 


Expt. 

T. 

Pfieastires (mm. Hg), 

Draper effect. 

Ex- 

Comments. 

No, 


H,. 

0,. 

HgO. 

Initial. 

Duration. 

plosion. 

U 

297 

106 

218 

56 


mm. 

.. 

No 

Drtttier effect 

n 

200 

106 

211 

123 

■ - 

3 

3 mins. 

No 

decreased 


289 

101 

203 

126 


4 

3 mins. 

No 

rapidly at 

16 

280 

106 

211 

130 


4 

3 mina. 

No 

first, then 

12 

289 

106 

210 

135 


4 

6 niiriH. 

No 

slowly. 

U 

280 

106 

211 

135 

224 



Vm 

Delayed J sec. 

13 

289 

106 

211 

143 

224 


J see. 

Ye8 

Delayed 1 sec. 

10 

289 

106 

212 

149 

212 



Yes 

9 

289 

107 

212 

164 

218 


— 

Yoa 


8 

280 

106 

214 

179 

186 

— 

— 

You 


7 

289 

107 

211 

106 

104 



1 Yea 

— 

3 

290 

108 

212 

222 

196 


, — 

Yoa 1 


is 

206 

105 

218 

252 

190 



Yes 1 

Instantaneous. 

72 

39‘6 

59 

121 

236 

-r... 



18 1 

>►2 miiiB. 

No 

— 

70 

40 

50 

119 

241 j 



13 

>2 mins. 

No 

— 

60 

40 

59 

123 

248 ! 

80 

14 

2 aoca. 

Yea 

2 secs, delay. 

71 

1 40 

59 

118 

258 ! 

1 77 

23 

1 sec. 

Yea 

1 see. delay. 

73 

1 40-6 

59 

120 

471 ! 

1 ^ 

— 

— 

Yes 


m 1 

108 1 

90 1 

179 ! 

135 


17 1 

2 mirm. j 

1 No"' 1 

— 

123 I 

199 1 

90 ■ 

180 

134 

— 1 

18 

2 mina. 

No 1 

1 — 

m 

200 

89 

181 

137 

174 

— 

— 

Yea 


124 

200 

90 

180 

137 

180 

— 

— 

Yea 

- — 

121 

198 

SO 

180 

140 

174 

— . 

— 

Yea 

— 

120 

200 

89 

ISl 

152 

170 



Yea 
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manometer tube, but the figures serve to show that the explosions were always 
far more complete at high temperatures than at low. The initial magnitude 
and duration of the Draper effect (pressure increase) when no explosion 
occurs is roughly indicative of the velocity and duration of the associated 
hydrogen-chlorine reaction. 

The limiting pressures of chlorine were reduced to 0° C. to obtain figures 
proportional to molar concentration (see Table II) and plotted in fig. 2, the 
curve so obtained always referring to a mixture of ( 2 H 2 + Og) at constant 
molar concentration corresponding to a pressure of 156 mm. at 0° C. 


Table IL— Collected data showing Limiting Pressures of Chlorine. 




PressureH (mm. Hg.) 

Draper effect. 

ICxperiment 

No. 

Tem^rature 







0 ,. 

H.. 

Cl,. 

HgO. 

Initial, 
(mm. Hg) 

Duration. 

(rains.) 


104-1091 

120-128/ 

340 

119 

238 

I3i 

260 

6-10 

1 

1-16 

289 

106 

210 

136 

210 

4 

6 

17-24 

260 

09 

197 

134 

190 

9 

3 

81-01 

200 

90 

180 

166 

166 

21 

3 

120-126 

200 

90 

ISO 

13S 

174 

18 

.3 

26-^30 

162 

81 

162 

147 

126 

14 

6 

31-36 

01 

69 

138 

200 

90 

16 


67-61 

91 

70 

140 ! 

197 

90 

14 


62-68 

60 

63 

126 

210 

90 

12 

>3 

113-116 

50 

61 

122 

233 

— 

16 

>4 

60-73 

40 

59 

119 

244 

79 

18 

116-110 

36 

50 

118 

266 

70 

16 

— 

160-163 

26 

67 

114 

307 

48 

22 


63-66 

20 

67 

114 

1 

>660 

[ 


24 

>4 

L . — 


At temperatures above 250° C. the limiting pressures of chlorine are liable to 
be too high on account of the thermal reaction between the hydrogen and 
chlorine which took place to some extent during the 2 minutes allowed for 
mixing the gases before irradiation was effected.* It was found that if the 
period allowed for mixing were made shorter, the explosion occurred at a 
somewhat lower chlorine pressure, but it was considered preferable to adhere 
to the standardised method of experiment. The curve showing the limiting 
pressure of chlorine should therefore slope somewhat more steeply at the higher 
temperatures, to allow for the loss of chlorine in the thermal reaction prior 

♦ For this reason also the Draper effects at these temperatures are less than the average 
for lower temperatures. 
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to illumination. For a similar reason the experiments could not be performed 
at higher temperatures than 340° C. 



DiscifMion of Results, 

In order to explain these results, we shall assume that for explosion to occur 
some element of the system must be raised to the enflaming temperature of 
hydrogen and oxygen corresponding to the total pressure used. Now the 
photosensitised explosions obtained by Haber at 400° C. only occurred after 
a considerable period of self-heating, during which a branching chain reaction 
or autocatalytic reaction was occuiTing in the gas. In such cases there were 
induction periods of about 30 seconds. For instantaneous explosion (lag less 
than 0*5 second), on the other hand, Dixon, Harwood and Higgins* found that 
the enflaming temperature is between 500 and 625° C. according to the pressure. 
In our case, a pressure of 156 mm. at 0° C. corresponds to a pressure between 
400 and 500 mm. at temperatures between 600° and 600° C. We shall, there- 
fore, take the enflaming temperature of 620° C. (i.e., ca. 900° absolute) found 
by Dixon for a gas pressure of 450 mm. as a basis for calculation. 

As soon as the light is admitted the system will, if there is no explosion, 
reach a stationary state in which the rate of emission of heat by the hydrogen- 

♦ ' Trans. Faraday Soc.,’ voL 22, p. 20 (1926). 
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chlorme combination is equal to the rate at which it is removed by conduction 
from the system. The result will be a rise of temperature, and a corresponding 
increase of pressure which we call the Draper effect. The magnitude of this 
pressure increase just below the explosion limit was never more than 25 mm., 
and nearly always between 10 and 20 mm. ; this corresponds to an equilibrium 
increase of temperature of between 10° and 40° C. according to the temperature 
and magnitude of the Draper effect, a rise which is quite inadequate to account 
for the explosion of the hydrogen and oxygen. It might be suggested that 
we are hens dealing essentially with an explosion of hydrogen and chlorine, 
originated by the light, which acts as a detonator for the hydrogen-oxygen 
mixture. That is, that once started by the light, the hydrogen -chlorine system 
is self-heating up to its thermal explosion limit. 

The kinetics of such purely thermal explosive reactions have been (levelop?d 
by Semenoff,* who shows that for reactions of large heats of activation 
(E ^ 30,000 to 100,000 cals.), using a bimolecular law, the relation, 

2 !^+ B. (1) 

holds good, where P is the limiting pressure of the explosive gas, T the absolute 
temperature of the system, and B a constant dcpcndcint on the dimensions, 
condition, etc., of the reaction vessel. 

In our case the limiting chlorine concentration does fit such an equation 
fairly closely, but the agroemerit cannot be anything but fortuitous for the 
following reasons : — 

Firstly, the thermally self-heating reaction in question is the phototihemical 
rea(5tion between hydrogen and chlorine ; for this reaction the h(sat of activa- 
tion is less than 4000 cals., a magnitude for which the above equation is quite 
invalid, and which is further in disagreement with that calculated by the 
application of the experimental results to equation (1), namely 5200 cals. 
Indeed for reactions with heats of activation of tliis magnitude, it may bo 
deduced by a slight extension of Semenoff ’s reasoning that the limiting pressure 
for explosion should be very nearly independent of temjierature. 

Secondly, if we take into accoimt the experimental error in the determination 
of the limiting chlorine pressure at the higher te.mperatures the agreement of 
the results with equation (1) disappears. There was, in addition, no evidence 
of the formation of an appreciable quantity of hydrogen chloride during the 


♦ ‘ 1 . Phywk; vol. 48. p. r>71 (1928). 
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explosions, since the hydrogen present was sufficient only for its explosion 
with oxygen which was usually almost complete. 

It would therefore appear that we cannot explain the limit of chlorine 
pressure as one appertaining to a chlorine-hydrogen explosion which acts 
as a preliminary detonation for the explosion of the oxy-hydrogen mixture. 

Taking these facts into consideration, the simplest mechanism which can 
be suggested is one based upon the adiabatic heating of a volume element 
to the limiting explosion temperature of hydrogen and oxygen. This must 
occxir before temperature-equilibrium represented by the Draper effect 
can be established by conduction. We may take an ideal case, and suppose 
that conduction is not established to an appreciable degree before the explosion 
sets in. In such a case the total heat evolved is proportional to the total 
quantity of hydrogen chloride produced during this adiabatic period. 

The speed of formation of hydrogen chloride at constant temperature is 
given as a function of the concentrations of hydrogen, chlorine and oxygen 
by the equation of Cremer.* 

d[HCi] ^-i[HJ[Cla]W (o) 


where labs, represents the light energy absorbed by the chlorine. The ratio 
^ 2 : = 10 : 1 , and taking laXw. proportional to [CI 2 ] we see that with high 

concentrations of oxygen as used in the present experiments this relationship 
reduces closely to 

^[HCIJ . 
dt ^ ^ 


[Cl,? 

[OJ- 


( 3 ) 


The temperature coefficient of the reaction, determined by Padoaf is between 
1 ‘ 2 and 1 • 3 for violet light, and gives a mean value for the critical increment 
E of 3800 cals. Taking into account the effect of temperature, the velocity 
of formation of hydrogen chloride is therefore given by 

e- 

* ~ [ 0 ^ 


3800 
ET . 


( 4 ) 


The heat emitted per cubic centimetre, dQ, in a volume element in time dt 
is proportional to the HCl formed in the interval, i.e., 

dQ = d [HCl] . 9 , ( 5 ) 

where j is a constant. 


* * Z. phys. Ohem./ voL 128, p. 285 (1927). 

t “ Photoprooeeses in Gaseous and Liquid Systems,” p. 657, QriMths and McKeown. 
(Longmans, 1929.) 
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The heat evolution raises the temperature of the element by (iT. Taking 
the molal heat capacity of hydrogen and oxygen at constant volume as 5 
and of chlorine as 7, the total heat capacity of the element is proportional to 
(5 ([HJ + [Og]) + 7 [Clg]} where the terms in square brackets represent partial 
pressures reduced to 0® C., which are proportional to the molar concentrations. 

Thus 

dQ oc {5 ([Hal + [0,1) + 7 [Cl,]} . dT. 

Hence, from (5) 

d [HCl] . 7 oc {5 ([HJ -f [0,]) f 7 [Cl,]} . dT. • 


Whence from (4) 

rpi 12 :i800 

<7 . . e-W . di oc {5 ([H J + [0,1) 4- 7lCl,]} . rfT. 


Including k and g in a constant of proportionality, and integrating over 
the period ( — 0 to ^ t, the period during which adiabatic conditions hold, 

rni 12 fr rT nH(H> 

^0 • S?. • ([Hal + tOal) + 7 [Cl,]} c W . dT, (6) 

[O,.! Jn Jt, 

The solution of this equation will give us the temperature T at which the 
volume element starting from the experimental temperature will arrive 
in the time interval t. In order that explosion shall oc(Uir, this temperature 
T must equal the “ instantaneous enflaming temperature of hydrogen and 
oxygen (m. 900° absolute). Hence for explosion, remembering that T — Tq 
when t = 0 

*0 ^ ^ ^ {r> ([H,] + [0,1) + 7[C1,|} c T“ . dT. (7) 

The evaluation of the integral 

( ttOO lttO(» 

e~ dT 

* 


may be obtained by drawing the graph of 

j T KXII) 

eT^.dT, 

which may be readily obtained by taking 

j-T I»00 IWK) WO IBOII 

j el' dT = + e * + ... c i 


(8) 

(9) 


for integral difierences of T. 
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In the present instance the curve is only wanted between 300" and 900“ 
absolute. Hence we use 


imui 


IIHIO 11 ) 1 ) 1 ) 

X 25 -f- e~'^ X 25 + ... 


em> X 25, 


taking intervals of temperature of 25^' up to 950^' absolute which will be close 
enough, in view of the experimental errors. 

The curve (calculated on this basis is shown in fig. 3. From it the numerical 
value of the integral 

fOOO iHO(l 

c~.dT 

Jr. 

corresponding to any particular temperature Tq may be obtainccd as the 
difference of the ordinates corresponding to T == 900 and T — T^. 



7 I 1 ^ 1 1 I 

ZOO 600 1 000 


TEMP '’ABS. 

Fto. 3. 


The period t during which the adiabatic conditions persist in the reaction 
vessel, will be a property of the vessel depending mainly on the conductivity 
of the walls, and over the range of temperature investigated may be taken as 
constant. We shall therefore combine t with in a single constant K, and 
equation (7) finally becomes 

/ !*»(«} U)0() . — 

[i\] ( {5 ([Hg] + [0,]) + 7 [CUD ^~dl) 

J T„ f 

This equation contains the single imdetermined constant K, whose evaluation 
therefore provides a numerical test of the kinetic hypothesis above described. 
In Table III these values of K corrt>sponding to different experimental values 
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Table III. [H 2 ] + [O 2 ] — 166 mm. 


Absolute 
temperature 
of rumaoe 

To. 

limiting 01, 
pressure 
reduced to 

0 ^C. [Cl,]. 

* T ^ 

' 1C1.)» 

ifOt] . (0,] )+ 7 [Ci,]}- 

i 

1^00 ISOO 

K X 10*. 

m 

58 

i 0 066 

3760 

1 >49 

m 

(i5-5 

i 0 068 

4700 

1*45 

523 

70 

' 0 076 

5900 

1-25 

473 

78 

0 090 

8100 

1-n 

473 

90 

0112 

8100 ! 

! 1-38 

425 

i 96 

0‘122 

11301) 

1-08 

364 

1 150 

0-238 

17800 

1 i-;i4 

304 

! 147 

0-229 ! 

17800 

1 -29 

333 

168 

0-282 

24300 

1-16 

323 

! 197 

0$5() 

26800 

! 1*30 

313 

1 214 

1 0*390 

30100 

I 1*29 

308 

! 227 

0*421 

: 31500 

1*30 

298 

i 278 

1 

0-5J2 

i 36300 

1*40 


1 Mean K 

1-28 


of To have boon calculated from the observed critical pressures of chlorine 
[ClgJ, using fig. 3 to evaluate the integral The approximate constancy of K 
may thus be takexj as coufimiation of the correctness of the general basis of 
the explanation, though it is to be exnplmsised that in assuming perfectly 
adiabatic conditions, and an absolute constancy of t, we are only 
approximating to the truth. 


Effe^ of Variation of Hydrogen md Oxygen Gonoentratmis. 

In the experiments so far described, the partial molar concentrations of 
hydrogen and oxygen liave been kept constant. A further test of the hypothesis 
upon which equation (11) is based is secured by varying the partial molar 
concentration of hydrogen and oxygen and also the ratio of these two at constant 
temperature and determining the limiting pressure for explosion. For this 
purpose the fixed temperature of 200° C. (473 absolute) was taken. At this 
temperature we find from fig. 3 that 

^900 1900 

1 . rfT B8iX). 

J 47 S 

Hence equation (11) becomes 

mw ( 12 ) 

88(K){5([6j4-i'Hs]) -f 7[CI,1) 

Table IV gives the cxperimeutal results, and in Table V the pressures have 
been reduced to 0° C. and then taken as proportional to the molar conoen- 
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Tablo IV. Limiting Pressures of Chlorine at 200® C. coneaponding to various 
Pressures of Hydrogen and Oxygen. 


Kxpt. No«. 


74--SO 

120-125 
Hi-88 
92-103 
1 HO 137 
138-140 


i 


Oxygen 

Hydrogen 

Chlorine 

(mm.). 

(mm.). 

(limiting mm.). 

31 

62 


49 

98 

1 78 

49 

98 

I 83 

90 

180 

136 

90 

180 

156 

120 

240 

160 

90 

90 

j 115 

350 

150 

> 202 


Water formed 
(mra.)* 


50 

80 

7 « 

174 

150 

214 

m 

124 


trations, 8o that the values of K calculated from the above equation and listed 
in the last column of Table V» are directly comparable with those given in 
Tablo in. It will be seen that in spite of some ii’regular variation, K renin ins 
approximately constant and that the mean value of the determinations of 
Table III (K — 1 * 28) agrees well with the numn value of thosi*. of Table V 
(K — 1*19), Such variations as there are are easily understood when wc 
i^funernber the errors to which the apparatus is subject. The chief of these lies 


Table V. 


f «oo ittoo 

e T (iT = 8800. 

V 47:j 



l^miAure* reduced t o 0® C, 



Kxpt, Nok, 

- 



IC1,1* 

[0;j{6(THj+"lb.J)+7fCI.,}- 

K X l0^ 


LO,]. 


lOlJ. 


96-101 

18 

36 

34 

0126 

1-68 

74-80 

28 

56 

45 

0-099 

1-22 

89-91 

28 


48 

0-109 

1-34 

120-125 

52 

104 

78 

0-089 

lOl 

81-88 

62 ! 

104 j 

90 

0 -no 

1-26 

92-103 

69 : 

138 

1 94 

0-076 

0*87 

130-137 

1 52 

52 

67-5 

1 0-089 

1-01 

138-149 

82 

H2 ' 

114-5 

1 0-099 

1-22 





j Mean K 

1-19 







in the use of the gas buffer protecting the merciuy from the chlorine, on acjcouut 
of which, the tnie chlorine pressure in the bulb is never given accurately by 
the mercury manometer. By comparing the volume of the manometer arm 
with the volume of the reactiem bulb, it may be judged that errors of ± 6 per 
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cent, may be expected in the measurement of the chlorine pressure. In addition, 
the limiting pressure of chlorine is dependent on the light intensity which was 
susceptible to slight variations from day to day. In view of the dependence 
of K on the square of the chlorine pressure, it is very sensitive to such errors, 
yet of all the determinations of Tables III and V the deviation from the mean 
only exceeds 20 per cent, in two cases. 

Further, in assuming truly adiabatic conditions of heating of the volume 
element in which the explosion originates, we are probably only approximating 
to the truth, though in view of the small beating effects which correspond 
to the obst^rved Draper effects, it is believed that the error involved is not 
serious. 

Finally, in taking 900® absolute as the eiiflaming tempt^rature of the oxy- 
hydrogen mixture, we have assumed (sec p. 340) Dixon’s figure for the 
‘‘instantaneous’’ explosion, involving lag of less than 0*5 second. While 
in nearly all the expcrimcnitH the lag was certainly less than this, there were 
cases when lags of I to 2 seconds were observed. For such cases, equation (11) 
would be somewhat inaccurate. 

Taking all these facts into consideration, the agreement obtained is as good 
as can be expected, and may be taken as confirming the kinetic mechanism 
proposed. 

fiummary. 

It is shown that hydrogen and oxygen can be exploded by the photo- 
sensitive action of chlorine, using light from the menuiry vapour lamp passed 
by glass. Temperatures between 25® C. and 340® C. were investigated, using 
a mixture of (2Ha + Oj) at constant molar concentration. 

For each particular temperature, other things being kept (constant, there 
exists a sharp limit of pressure of chlorine, above which the explosive com- 
bination of the hydrogen and oxygen occurs, and below which the hydrogen 
and chlorine unite by a slow reaction to form hydrogen chloride. 

The mechanism of the explosion is not of the same type as that of the photo- 
sensitised explosion of hydrogen and oxygen by ammonia, studied by Haber 
and bis co-workers, since in the present case the explosion can be made to 
take place at room temperature. The limiting pressure of chlorhie is very 
strongly dependent on temperature, and it increases rapidly as the lower 
temperatures are approached. 

The photosensitising function of the chlorine cannot be solely attributed to 
the initiation of reaction centres for the hydrogen oxygen reaction. These 
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would be incapable of projecting reaction chains at low temperature. An 
hypothesis is suggested according to which some element of the system is 
first raised adiabatically in temperature by the photochemical union of the 
hydrogen and chlorine. If this temperature reaches the “ instantaneous ” 
explosion temperature of the hydrogen and oxygen, explosion will be propagated 
from this point. If not, the heat will be dissipated and manifested as a Draper 
effect when (X)nductivity equilibrium is attained. It is interesting that no 
explosion between hydrogen and chlorine was ever obtained. 

A quantitative expression based on this hypothesis is obtained and shown 
to bo in general agreement with the above experimental results, and also with 
further experimental data obtained by varying the hydrogen and oxygen 
concentrations at constant temperature. 

The author is indebted to the Government Grant Committee of the Royal 
Society for a grant which has defrayed the expenses of the experimental part- 
of this work. 


The Thermodynamics of the Surfaces of Solutions. 

By J. A. V. Butler, D.Sc., University of Edinburgh. 
((Communicated by J. Kendall, E.R.S.- -Received October 17, 1931.) 

Intriduotion, 

In his classical treatment of the thermodynamics of capillarity* Gibbs con- 
sidered the equilibrium of the matter contained within a closed surface (A, 

fig. 1), drawn so as to cut the dividing surface 
(S) between the two phases normally everywhere 
and to include part- of the homogeneous mass 
on each side. The matter contained within 
this surface is divided into three parts by two 
surfaces (B, B), one on each side of S and v(U*y 
near to tliat surface, although at such a distance 
as to lie entirely beyond the influence of the 
discontinuity in its vicinity. If e, c', c" and 
7 ], r{, vj" are the value of the energy and entropy of the part between the surfaces 

♦ J, W. Gibbs,’"" Scientific Fapetrs,” vol. 1, p. 219. Longmans Gi«en & Oo. (1906). 
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BB, aud of the homogeneous parts outside these surfaces respectively, the 
condition of internal equilibrium of the whole mass is 

dz + dt' + dz" SO, (1) 

for all possible variations for which the total entropy remains constant, f.e,, 
for which 

dy\ + dy{ + dr{' -= 0. (2) 

Gibbs considered in the first place variations in whicli tin* area of the dividing 
surface remains constant. Then if ... are the quardities of the 

components Sj, S^, ... (jontained in the part betwetm the surfaces BB, 
the variations of its (mergy can be cxjm'ssed by means of'the equation 

dz ^ I dr^-]r (Jt-i + [^2 • • “f (^) 

Similarly, if m'g, etc., are the quantities of the 8am(‘ <H)mpoiicnts 

in the homogeneous parts, the variation of their energy is expressed by the 
equations 

dz ^ i' dri' + jx\dm\ -f (4) 

de" dr{^ + (X"i dm'\ f ... + [x",, dm",. (5) 

(1) must be satisfied when the differentials in e(|uati<)Txs (4) and (5) have 
all possibh^ values. These are subject to (2) and, when the components arc 
inconvertible, to the equations 

dW] + dm\ )-* dm*' y ™ 0, dm^ + dm ^ + dm"^ — d, ... 

dm„ + dm'„ + dui",^ 0. (0) 

Hence, if every component is actually present in eaijli of the three parts, so 
that all the quantities in (6) may have either positive or negative values, it is 
necessary that « = i'\ and 

Hi h'i H-'V f^a = i*'a = I^"a. (^n = (7) 

t.fj., tlie value of p. for any component in the region containing the dividing 
surface is the same as its value in the homogeneous parts. 

This argument, however, does not necessarily give any information as to the 
values of the (x’s in or very near to the physical surfaee of discontinuity, for 
since the surface area remains unchanged, the variations considered do not 
nec^essarily involve any change in the quantities of the components in those 
ports of the surface region which come under the influence of the discontinuity. 
When considering variations in which the area of the dividing surface does 
not remain constant, Gibbs introduced into (3) the additional term pds, 
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representing the energy increase consequent upon an increase of surface area 
(fe. Integrating the equation so obtained, viz., 

dt idv) + IJt'i d/f^i + dm^ + pds, (8) 

we have 

e tri ... + + p 8 , ( 9 ) 

Now, z — tri may be rogardt^d as the total free energy of the part containing 
the dividing surface, and ... is the free energy of the same 

quantity of matter in either of the homogeneous phases, so that p is the 
additional free energy associated with unit art'a of the dividing surface. We 
propose to enquire whether this additional free energy can bo regarded as 
being associated with the nioleciules present in or near the surface layer. In 
other words, it is possible to assign values to the potentials in or near the 
surface, in such a way that we may write 

e — ^ 7 ) — £ [x^* 8m/ + S ... + S 8m/, (10) 

wlierc fij'' is the potential for the element Sm^* of Sj, and the sunomation extends 
over the whole of the surface region. 

It is evident that no simple solution of this problem is possible unless [x/, 
etc., vary in a very simple way with the distance from the surface. We propose 
to investigate the case in which there is a single layer of molecules at the 
interface which differ in their projM^rties from those in the bulk of the solution. 
If Wi*, n/ are the numbers of molecules of the substances §1,82, ... S„, 

present in an area s of the surface layer and the superficial areas occupied by 
these substances are Aj, Ag, ... A„, respectively, we have 

Ai%* + Agnj* . , . + A^n^** ^ s, (11) 

or, if we write w//s = v^, n{l% ^ Vj, etc., 

Aiv, + A,Vg... + A„v, = 1 , (12) 

The possible variations of the surface layer, wh^ « remains constant, must 
then be in accordance with the equation 

A, dfii* + A j d«g* . . . + A„ dw„* = 0. (13) 

It was the great merit of Gibbs’s treatment of the thermodynamioe of material 
systems that he made no hypotheses about the arrangement of molecules in 
the bodies, and his results are thus oom|detely independent of such assumptions. 
With homogeneous bodies this generality has proved no disadvantage, for ^en 
the composition is independently known the thermodynamioal quantities 
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can bo determined m functions of the composition. But in capillary systiims, 
it has not been possible to determine independently the composition of the 
different parts, and a more detailed development of the thermodynamical 
relations, involving the introduction of tlic composition as a known variable, 
has not been possible. An attempt to advance in this direction is made in 
this paper. The correctness of the results depends on the validity of the 
initial hypothesis, and therefore tlie relations obtained (jan only be valid in 
so far as the possible variations of composition in the surface region are iu 
accordance with (IB). The validity of this condition can be tested by the 
agreement between the thermodynamical relations which follow from it and the 
exjierimental data. There are probably oases m which this condition is 
insufficifmt, e.^., there may exist at the boimdary of two liquids, in some cases, 
two layers each of which is characterised by an equation similar to (IB) ; 
in other cases the Influence of the discontinuity may be effective beyond the 
surface layer of molecules. We shall investigate the thermodynamical conse- 
quences of the hypothesis that the effect of the discontinuity doe^ not extend 
beyond a surface layer of molecules characterised by (11) and examine the 
data for the air-solution intierface of dilute aqueous solutions from the point of 
view of the relations obtained. 


Girnditiom of Equilibrium at the Surfacfi tvhm the Components are 
Inde/pfmdent. 

Suppose that the two dividmg surfaces BB (fig. 1) are placed so t-hat tliey 
have Ijetween them only the molecules of the surface layer as defined by (11) 
or ( 12 ). Let e*, 73*, %*, n^\ ..., be the energy, entropy and the numbers 
of the molecules of the components Sg, ..., S„, in the area s of the surface 
layer which is contained within the cloeed surfaice A. Let t\ y\\ n\y ..., 
and c", 73'', be the values of these quantities for the 

homogeneous masses on each side of the surface layer. Lot v, be the volume 
of the surface layer, and v\ v** the volumes of the homogeneous phases on 
each side of it. The variation of the energy of the sxixhm layer for any small 
change in its composition, when its area remains constant, may be represent^id 
by the equation* 

ig* <*d7)* — p* + (ii* + (x«* dn^\ (U) 

where dn^\ are not independent but are subject to the condition 

♦ It is assumed in this paper that the surface ia plane or nearly plane. 
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(18). Similarly the variations of the energy of the homogeneous masses on 
each side of the surface layer are given by the equations 

(ic' = t'dY)' — 'p'dv' -f 

dt" = t" dri" - p" dv" + fx", dn'\ + . . . f p"„ dn"„ 

Applying the criterion of equihbrium (1), we have 

t’dif — p‘dxf‘ + (Ai*(/rq“ + p,“dn„‘ 

+ l’dri’ — p' dv' + p\dn ' 1 + (I'jdn's ... -f iJi.'„dn'„ 

+ rdfi" - p-dv" ) ix'Vfo", + (A"*d«"a Si 0. (16) 

for all po.ssible variations for which the entropy remains constant. It is 
easily shown, by the consideration of variations in which the entropy, volume 
and composition of the surface layer remains unchanged, that for the equili- 
brium of the two homogeneous masses it is necessary that f ~ t", p' = p", 
g.', = p."i, p'j -- p",, .... p'„ — p"„, provided that Sj. Sg, ..., S„, are actually 
present in both of these masses. (16) may, therefore, be written in the form 

f'dTj* — p*dv‘ -f- pi'd/ni -f Pa'efoig" 

-f t (dt)' + dt{') — p (dv’ -b dv") f [Xj (dn'i f du"^) 
f p, {dn\ 4- <in"a) . . . + p„ {dn\ + An"„) ^0. (17) 

where t, p, p^, pj, .... p„ are the values of the twnperature, prc.s.sure and 

potentials in the homogeneous masses. If none of the components Sj, Sg 

8„, can bo formed out of others, the total aiuouut of each component is constant, 
and therefore 

dm* == - (dn\ + (k"i) 

dug* — (dn' 2 4" 

dv„‘ r- - (dn'„ 4- dn"J ; 

and since the total entropy and volume an^ also constant, 

d.r,‘^~idyi' + dyi") | 
do* = - (dc' 4- do") J’ 

80 that (17) may bo written iu the form 

(f - 1) dt)* ~ (p* - p)du* 4- {\h‘ - 4- (Hg* - |i 2 )*»** ... 

+ (l^n* - 4«) dn„‘ ^ 0. (20) 
Now, dt)' and dv’ may have either positive or negative values independent of 


( 18 ) 


(19) 
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the other texnn, eo that and p* =: p, but dwj*, arc Hubjcct 

to condition (13). (20) can only be satisfied when <^%^ dn^, dn,,\ have 

any positive or negative values which satisfy (13), if 

iiilzJil =. ^ - ^ h! - (21) 

Ax Aa A„ ' 

When these conditions are satisfied the composition of the surface layer is 
such that the surface energy is a minimum, for the given area and entropy. 
Consider now a variation in which the surface area is increasiid by ds, while 
the equilibrium composition of the surface layer is maintained. The numbers 
of molecules entering the surface layer in this extension are (b)^ (12) ) 

Vgefa, v„ds. The increase of the energy of the surface layer is 

de* ^ idrf -- pdtf f ix/v^ds + ... + |i„*v„djf, 

while the change in the energy of the homogeneous masses is 

de -- idf] + pdv^ — fAxVjds — [XgVjd# ... — * 

The increase in the energy of the whole system is therefore 
de* 1 de ™ t (dr)* f drj) H (fJt-i" (^i) Vj d.s b (h**/ — IH) • • 

Since the surfacio tension is the work which must b(‘ (?xpend<!d to bring about 
increase of the surface area, while equilibrium is maintained, we have 

ds \ ds 

-= {(Al* — [Aj) V, + (|As’ - (A,) V, ... + ((A.‘ — |xj V„. ( 23 ) 

Substituting th« values of ji,* — [a,, jAj* — [a,, given by (21) we have 

p = ({Ai* - |Ai) ( ^ I- ^ ... 4- ^), 

Aj A^ Aj 

or, by (12) uid (21), 

P _ fa* - - Ms* - _ 1^* - |x. (24) 

Ai A« A- 


We oanuot proceed farther without introducing a relation between the 
quantities (Aj*, g.,*, etc., which we shall call the partial surface free, energies, 
and the corresponding surface concentrations. In sohitions which oI)ey 
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llaoult^B law, the partial free energy (per molecule) of a component ia related 
to its molar fraction by the expression 

[jLj — (V* + Np (25) 

where ^ ^ ‘ *H + ®tc., an<l k is the gas constant per molecule. 

In solutions whiidi deviate from llaoult s law, the vahu^s of (Xj can W- formally 
(expressed by the (Mijuatioii 

|Xj |XjO 4- kt log a,, (26) 


where is the activity, and tla^ ratio aj/Nj is (jailed i\ut activity cwdEcient. 
We may expetjt the partial free? energms to be. determined by (1) the composition 
of the surhice layt^r, and (2) the composition of the underlying liquid. W(‘ 
may assume as an ideal law tliat th(i variation of (x/, etc., with the com- 
position of tlu^ surface lay(.'r can be expressed by equations analogous to (25), 




Pi* == p./" + kt log N/, 


(27) 


where Hi ~ vjvi + + V3 + etc. Deviations from this iMiuation can be 

expressed by equations sinailar to (26), viz., 


P*/ == P-t"" + 1»8 (28) 

In dealing with dilute solutions it is most convenient to let p.i*“ be constant, 
so that expresses the whole deviation from (27), but in other cases it might 
be more convenient to include in pi*% that part of the change of p.^* which is 
due to changes in the composition of the liquid underlying tlie surface layer. 
Introducing the values of (26) and (28) in (24), we have 




A, 


^2 ^2 a2 


etc. 


(29) 


Surface Temim of TJilule Solutions (xmlamin^ wte Solute. 

Consider a dilute solution of a substance S, in a solvent S,. (Xj and |x, are 
expressed, as in (26), by the equations 


Pa = [ii» + i<Iogai 
[1, — ji,® + log a. 

We shall supiKise tliat the activities are defined so that oq = 1, when N, 


(30) 


= 1, 
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Le,, in the pure solvent 8i, and «a = Nn when Nj is very small. Similarly 
the partial surface free energies are expressed by the equations 

+ kt log N,yi* I 
+ kt log N,y/ J ’ 

and we shall suppose that /'/ — 1 when 1 , and — 1 when is 

very small. Then, ))y (29), (fx/* — is the value of p when 04 = 1 

and Nj* ™ 1 , i.e., the surface tension of tlie pure solvent, and wo may write 
(29) in the form 

P==Pi" + |^l0g^'. (32) 

A| aj 

In some simple cases the quantity ^ if 1 / 01.1 can be evaluated in terms of the 
activities of the solute and the solvent. When Aj = A 2 (™ A), we have from 
(29) 

log - log (Nj'/i'K) = - (Ai*) - ([!■*’• - (^2®)} 


or 


Na’/N/ = paa/a,. 

where 

(33) 

P-ZiV/a'-e « 

(34) 

Since Nj' -f N,* = 1, we have from (33) 


I/Ni* = 1 + P*a/«i. 

(35) 

and substituting this value in (32) 


p = p,o-^^log(a, + P<x,)/i*. 

(36) 


Now, in dilute, solutions Oj is nearly 1, and (36) reduces, when p is a constant 
and fi is unity, to the equation put forward by Szysakowski on empirical 
grounds 

p=^Pi«^Blog(l+c/a), (37) 


where c is the concentration of the solute, and B and a are constants. 

It is of interest to note that since — vg/v^ and A^v^ + AgV* 1, 

(83) can be written in the form 




1 — AgVg 




(38) 


In a dilute solution of a surface active substance, the surface concentration 
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V 2 is equal to the surfaoe excess r^, as defined by Gibbs, when the dividing 
surface is placed so that Fj = 0, and (88) is equivalent to Langmuir’s equation* 

= const. X Cj. 

The urgumeint given above <3aiJ be regarded as a tliermodynamical derivation 
of this equation for cases in which = Ag. 

In order to teat the applicability of (36), it can be observed tlxat when 
and fi are taken as constant, 

+ (39) 

i,e., doijdp varies linearly with ag. In only a few eases of dilute solutions, for 
which mn be regarded as constant, have accurate measurements of both 
the surface tensions and the activities of the solutes been made. The data 
for n-butyl alcohol, w-butyric acid and phenol are given in Table I. The 
surface tensions were determined at 20^ by Harkins and King,t and Harkins 
and Grafton.J The activity coefficients of the butyl alcohol solutions have 
recently been determined by Harkins and Wampler.§ Jones and Bury have 
determined the activity coefficients of »i-butyric acid and phenol at concen- 
trations down to m 0*25 and m = 0*14 respectively, || and have obtained 
values which vary almost linearly with the concentration. The activities 
given in Table I have been calculated on the assumption that the linearity 
holds to the lower concentrations. 

The values of Aag/Ap corresponding to the successive intervals between 
these figures are plott<^d against the mean values of in fig. 2. The curves 
obtained are nearly linear for values of ag between 0*1 and 0*5 and have 
nearly identical slopes in this region. For values of smaller than 0*1, the 
values of Aag/Ap reach a minimum and become greater at very small con- 
centrations.^ 

Over the linear range the surface tensions are therefore expressed accurately 

♦ ‘ J. Amer. Ohem. Soc./ vol. 40, p. 1360 (1919). 

I * Kana. State Agr, Coll., Tech. Boll. No. 9 ’ (quoted from * Intemat. Chem. Tables,’ 
vol. 4, p. 468 (1928) ), 

t ‘ J. Amer. Chem. Soc.,’ vol. 47, p. 1329 (1925). 

i * J. Amer. Chem. Soc.,’ vol, 53, p. 860 (1931). 

it * Phil. Mag.,’ vol. 4, pp. 841, 1126 (1927). 

^ The curve for butyric acid also becomes steeper at concentrations greater than those 
shown in the figure. 
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Table I. — Surface Tensions, Activities and Values of A«j/Ap. 



7t-butyl alcohol. 


1 n-butyi'i 

c acid. 



Phenol. 


1 

m^. j 


1 

P * ' 

1 

AaJAp. 

Ttl^. 

1 

«r 

! 

1 



1 p 

(Hmoothed) 

Aa^fAp. 

0 (>033 

0 0033 

72-80 


0-0066 

0-0080 

72-29 


0 01 

i 71-4 

1 

0 0060 

0-0065 

72 -20 

0 -0060 

0-013 

0-0158 

71-22 

0-0073 

0-02 

1 70:3 

I 0 0091 

00132 

0-0130 

70-82 

0-0045 

0-026 i 

0-0290 

68-72 

0 0053 

0-06 

1 65-3 

1 0 0080 

0 0264 

0-0268 

68-00 

0-0045 

0-050 

0-0602 

04-69 

0-0077 

0-10 

i 60-7 

1 0 0087 

0 0536 

0*0518 

63-14 

0-0054 

O-lOl 

0-121 

58-63 

0-0101 

0-16 

1 55-6 

1 0 0121 

o 1050 

0-0989 

r > 6 - 31 i 

0-0069 

0-159 

0-188 

54-04 

0-0146 

0-20 

53-0 

1 0 ' 01 S & 

0 - 2 UO 

0 1928 

! 48-08 

0-0114 

0-322 

0-369 

46-17 

0-023 

0-30 

; 48-0 

0-0201 

0*4330 

0 ■ 3790 ; 

1 38-87 

i 0-0203 

0-663 

0-712 

38-31 

0-042 

0-40 

: 44-3 

0-027 

0 -85401 

0-71191 

! 29-87 

0 0369 

1 -409 

1 -289 

. 30-95 

0-078 


1 j 

j 

1 







i 

i 


... 





Kia. 2. —Values Aa^/Ap plotted against aj, for w-buyti alcohol* w-butyric acid and phenol, 

by (36), when fy and ^ have constant values. The values calculated by 
this equation, and the constants employed, are given in Table IL* The valu(‘ 
of A for all three substances is 26*6 X 10“^® cm.^ corresponding to 3-75 x 10^* 
molecules/cm.^ in the surface layer. 

According to (36), yrhenfy* and p are constant, 

r — -- - = A / \ ( 40 ) 

* Jctdloga^ A U + 

and by (35), Vj == (1 — ^i)IA. has the same value. It follows tliat /^* and fi 
can only be constant when conditions are such that the surface excess of Gibbs 


* A small oorreotion has been made in deducing the values rjf ki/A from the slopes of 
tlie curves in fig. 2, because the value of a, for which d«|/dp «= Aa^/Ap not exactly 
equal to the mean value of otj corresponding to the interval for which the latt^^r is calculated. 
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Table 11. — Comparison of Observed and Calculated Values of the Surface 
Tension over the “ Linear Region.’* 


n-butyl alcohol. 

2 .303I-</A-«34*8, j8^34, 
/,•»:= 0*68. 

Ti-butyric acid. 
2-808«/A = 34-8, /} = 16, 
/,»==. 0-90. 

Phenol. 

2*803il:t/A:^34-8, 

/j*=:.0'77. 

19, 

a*. 

p (calo.). 

p (ob«.). 

Oj. 

p (oalo.). 1 

p(oba.). 


p (oalo.). 

/»{oh8.) 

0 0618 

(63-3) 

63*14 

0*0158 

71-2 

71-22 

0*06 

66-3 

66*2 

O-0989 

66-4 

66-31 

0*0290 

68*9 

68-72 

0-10 

60*7 

60-6 

0*1928 

48* 1 

48-08 

0-0002 

64*6 

64-69 

0-16 

66*6 

66-8 

0-3796 

38*86 

88-87 

0-121 

68*7 

58*68 

0-30 

63*0 

63-0 

0-7119 

29*85 

29*87 

0-188 

64*1 

54*04 

0-30 

48-0 

48-0 

— 



0-369 

46*0 

46*17 

0-40 

44-3 

44-2 



— 

0-712 

(38-31) 

37-26 

— 




is practically equal to the total amount of the solute (V 2 ) in the surface layer. 
The values of Vg calculated according to the third term of (40), for butyl alcohol 
solutions for which p has the constant value shown in Table II, arc given in 
Table III, together with tlie values of Fg as calculated by the Gibbs’ equation 
by Harkins and Wampler.* The agreement between the two sets of values 
exhibits in another way the constancy of and p in (36) over this range of 
concentrations. 

Table HI.— Composition of Surface Layer of Butyl Alcohol Solutions. 


p = 34,-i = 3-76 X 10“ 

A 



vg (calo.). 

i'i(oalc.). 

r, (H. and W.). 

0-0989 

2 -89 X 

0-86 X 10** 

2-86 X 10>* 

0-1928 

3-18 

0*67 

3-19 

0-3796 

3*47 

0*28 

3*46 

0-7119 

3-60 

0-16 

3*66 

00 

3-76 

0-00 



T<i obtain an oatimate of the total quantity of butyl alcohol present in the surface 
layer, Harkins and Wampler added to the tsalculated valuee of Fg quantities representing 
the amounts already jwesent when the composition at the surface is the same as that in 
the interior of the solution. They estimated this quantity as the number of butyl molecules 
which would be cut by a plane, 1 sq. cm. in area, in the interior of the solution. This 
allowance appears to be excessive, for the quantity of water in the surface layer is much 
leas than that which would be present if there were no adsorption. If there are Vj mole- 
cules of water in the surface layer, the number of butyl alcohol molecules which would 
accompany them, if their relative proportions were the same as in the solution, is Vj , N|/Nj. 
This quantity is negligible for the solutions shown in Table HI. 
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The available data are too aeaiity to make it very profitable to seek to 
determine the dependence of f^ on the eurfaoc <omj)osition, below the region 
for which it remains constant. The values of for low conoentrationa of 
butyl alcohol, calculated from (32), uaing for Nj* the values calculated from 
the Gibbs’ adsorption by the equation N,* =:^ 1 — AFg, are given below. 


Table IV. 


aj. 

r,. 

N/. 

N,*. 

-niA . log/,*. 

o>oia<» 

0 -76 X 10‘^ 

0-80 

0-20 

1 -49 

0 0268 

1-31 

0-66 

0-86 

1-71 

0 -06184 

2-14 

1 o-4;i 

0-67 

:M7 

0-0989 

2-86 ! 

1 0-287 

0-76 

6-82 


/.** 


0'9I 

OSS 

O'SI 

0-70 


The accuracy of only perniits the conclusion that, to a rough approximation, 
— kt \ogfi is proportional to 

• hYuinkin (‘Z. phys. Cheiii.,' vol. 116, p. 466 (1926)) has added to Szyszkowski’s 
oipiation a oorpccting factor which is equivalent to the relation, 

ht 

.log//.- a(N/)» 

tVoiu Langiimir’s equation, he derived Szyszkowaki’s equation in the form 

Pi° - P >'« (I "• whore * AjF,. (1) 

In van der Waal’s equation, p - kil(v — h) ajv^ the term u/v^ is introduced to acemmt 
for the forces of attraction iK^tween molecules. By analogy, kVumkin introduced into (1) 
a term inversely proportional to the square of the surface area available for each adsorlwd 
molecule, t.e., directly proportional to and so obtained the equation 

p,» - p = _ ^^log (1 - *) _ a'*', (2) 

the oonoentration being related to x by the equation 

„ ac .. 

B.c ^ . e « \ 

I — 0? 

He found the values for the constants B, A, and a\ with which these equations give 
excellent agreement with the data for iso-caproic acid, etc. The term approaches 
oonstanoy os sc approximates to unity. But it cannot be regarded as established that this 
form of the correcting term is correct. Frumkin uses different values of A* for dlfierent 
substances and thus has three adjustable constants at his disposal. In order to establish 
(2) it would have to be shown that the value of A* is supported independently and that x 
oorresponds to independently observed values of AjP,, It is shown below that excellent 
agreement can be obtained with the data for iso-caproic acid over a wide range of con- 
centration when A* is obtained from the slope of the dr /dp curve and la given a constant 
value. 
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It wiU be of interest to examine from the same point of view the surface 
tensions of solutions of other substances, the activities of which have not 
been determined. Fig. 3 shows the values of dc/dp of some aliphatic acids 
and esters, plotted against the corresponding mean values of c. Except at 
the extremities the points lie on straight lines having, within the experimental 



Fio. ?l,— VabiPH of Ac/Ap for aliphatic acids and esters plotted against c, (T ^ Traube ; 

S =s= Szyszkowski.) 


acfniracy, identical slopes. The value of the slope is somewhat greater than 
that of the dccjdp — a curves of fig, 1. This is, no doubt, to be accounted for 
by the relation between the activity and the concentration in these solutions. 
The activity coefficients of weak acids, etc., vary linearly with the concentra- 
tion and to the first approximation the slope of the dc/dp — c curve will differ 
from that of the rfa/dp a curve by a constant amoimt.* 

* Ijet the activity coefficients in the solution be/ ! f- p . c ; then a /r c(l f p . r) 

and da/dp “ dc/dp (1 [ 2p. c). Let da/dp 6 -f aa, then to the first approximation 


% - b + (a -2p.b)o (appro*.). 
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Tkc tiurface of these solutioxis are represented with considerable 

accuracy, except at very small concentrations, by the equation 

p-Pi«-Blog(l + (3^c)/, (41) 

vt^licre {y and / liavc constHiit values. The observed and (Calculated values 
for iso-eaproic acid, which are given in Tabh; V, will sufiSce to show tins 
applicability of tliis (equation. It has often betui stated that Szyszkowski^s 
(Mjuation does not fit the, experin^ental data for dilutee solutions with any gn^at 
ae(Mira(?y. It is evidiuit that slightly modified as in (41) it gives excellent 
agreement with the data, except at very small concentration a. 

Tal>le V. Surface Tension Lowerings of Iso-(3Hproic 7\cid, (‘aleulated by (41). 
B - - 30. p'-= 274, /‘:^0'40. 


c. i />1® - /> (obs.). i 

py ' ’ P (t^a)c.). 

()oor>4 

8-90 

8-2.3 

0 0081 

12-82 

12-53 

0 0122 

1 17-17 

17-10 

0 -018:1 

1 22-10 

22-03 

0-0274 

27 -oa 

20-93 

OOOlti 

37-10 

37-n 

0 •0021 

42-:i8 

42-30 


Equation (36) was deduced from (32) on the assumption that Aj Ag, i.e., 
that molecules of both kinds occuix^y the same surfat;<i an^a. jVltliongh a 
small inequality Ixitween A^ and Ag would not greatly affect tlui form of (36), 
the behaviour of the conqxninds shown in figs. 2 and 3 is not inconsistent with 
this assumption. When allowance is made for tlie difference between the 
concentration and the activity, it is probable that all these compounds will 
bo found to give the same, or nearly the same, value of A which may well bo 
(Hjual to the area occupied in the surface by tJie water molecule. If we suppose 
that the molecules of the solute £gre floating witli their water-soluble groups 
in the surface layer and their liydrocarbon residues pointing outwards, it is 
(wident that A should be the area of the wati^r-solubhj group. That this area 
does not depend on the rest of the molecjule is shown by the fact tluit the iso- 
acids with a branched cliain give tluj sarnie value of A as the normal ntuds, and 
esters with two hydrocarbon chains the same value as the acids. The fact that 

aliphatic acids with the group — C " give the same value of A as alcohols 

OH 


o 


B 
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pheno} with a single hydroxyl group would appoar to indicate that, in the 
former only one of the oxygen atoms — ^probably the hydroxylio oxygen~is 
present in the surface layer. 

If Aj == 2Ai, wc have, instead of (33) 



N/ Pa, 

(42) 

where 

— !*»**".**«“ 





Putting N 2 '* = 1 • 

— NjS and solving (42) for 1/N^*, we have 




(43) 

so that, by (32), 

P = Pi" ~ ^ log {«j/2 + V pa, + a,®/4)/i', 

(44) 


or, for dilute solutions for which is practically unity, we may write 

kt , 

p==Pi«--r-log(i + Vpaa + i)/i'. (46) 

This equation should apply to compounds having two hydroxyl groups in the 
surfaxje layer. If we take for kt/Ai the same value as was found for phenol 
(Table I), we have, when/j* — 1, 

(lO'srr _ = fia^ + i* (46) 

Fig. 4 shows the quantity on the left of this equation, plotted against the 
concentration, for the three dilxydroxy-benzenes.* The points for resorcinol 
and hydroquinone are reasonably closti to straight lines, showing agreement 
with the equation, but pyrocatechol gives a curve. The surface tensions of 
pyroeateehol are, in fact, in fairly good agreement with (36), when to/A has 
the same value as for phenol. It would thxis appear that in the case of the 
(ifijiKi-dihydroxybeuaene only one of the hydroxyl groups enters to the surface 
layer. The data for a number of diethyl esters of dilxasic acidsf have l>ecu 
testied in the si^me way (tig. 5), Th(i esters of succinic, tartaric and fumaric 
uoids are in good agnnuncut with (45), but the malonic mieft deviates. 

♦ Harkins and Grafton, ‘ J. Aiucur. Cliem. 8oc.,* vol. 47, p, 1324) (1925). 
t King and Wampler, ‘ J. Amer, Cham. Soc.,* vol. 44, p. 1894 (1922). 
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Fio. 4. — Tertfc of equation (45) for the tlmie dihyflnixy-lwnxenan. 



Fia. 6. — ^Tesi of equation (45) for dimethyl eaterB of tli*oarboxylic acids. 

A unit of the concentration scale represents 0*1 m. for the tsirtrate, 0*01 m. for 
the sueoiaato and maiemale, and 0*001 m. for the fuinarate. 


2 B 2 
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Traiibe's Rule. 

Traube**' observed that tlie surface activities of successive members of a 
homologous series of compounds, as measured by the reciprocal of the concen- 
tration required to produce a given surface tension lowering, increased in u 
constant ratio. S^yszkowski {loc. cU.) found that a series of aliphatic acid 
liad the same value of the constant B in (37), but a decreased in the ratios 
3»4; 1 in passing from one series to the next. By a rough application of 
Boltzmann's theorem, which need not l)e given here, Langmuirf inferred 
from this tliat tlie difference between the potential <'nerg}" of a molecule in 
tlie surface layer nnd that of a molecule in the interior of the solution (the 

adsorption energy ”) increased by a. constant amount, viz., RT log 3*4 710 

(^als. per gram molecule, for each additional carbon atom. He dn^w the 
conclusion that each CH2 group is situated in the same relation to the surface 
as every other group in the liydrocarbou chain, and that these chains arc 
therefore lying fiat on the surface. This is inconsistent with the fact that over 
the range of concentration to which (37) is applied, the number of molecules 
of the adsorbed substance present in the surface layer is much greater than 
would be possible* on this supposition. 

In the theory whicli lias been put forward above (equation (34) ), when 

Aj = I 

log P = H log/iV/2" *f - (JLi^) - ([X/" - ^ 2 % (47) 

vs'licrc [Xi*® and (Xg** are related to the partial free energies in the suiiace layer 
by equations (31), and and to the partial free energies in the solution 
by equations (30). and 5x1® refer to the solvent and are independent of 
the solute. According to Langmuir's hypothesis, would decrease by a 
constant amount for each additional carbon atom, hut there is evidence in 
favour of the view that the differences in ^ are mainly due to differences in 
the values of (x/. 

Wc may expand (Xj** “ (Xg® as follows 

- lijO == {(Ij'’* - f - W)l} + {({Aj®),. ~ (A,®}, 

where (|Ag®)i, and ((A,**)l the free energies of the pure solute in the liquid 
state and nt the same temperature, in the interior and in the surface layer, 
respectively. The term (ij’* — (|i8*')L is the difference between the free 
energy of a complete him of the solute on a dilute aqueous solution and that 

* ‘ Aun. Olicm.,’ vol. 200, p. 27 (1801). 
t ‘ J. Am«r. Cheni. Soe.,’ toI. 40, p. 1860 (1010). 
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oa the pure liquid, and there does not appear to be any roasou to suppose that 
this qiiaatit}' viiries e.ousidcrahly with the mimber of earbon atoms in the 
solute molecule. The quantity equal to the surface 

tension of tlu^ solute in the liquid state, and is nearly the same for tlie different 
members of a homologous st'ries. 

When the solute and tlu‘ solvent are not mutually soluble, the term 

[X2*^} may be (jvaluated as follows. If is the solubility of the liquid 

solute and /its a(tivitv coefficient in the saturated solution, w(* have 


(l±2%. === + ^-T log sf 


or in dilute sohitions for which/ can be taken as unity, 


({^2*^)1. ^ tT log s. 


It is known that the solubility of alipliatic compounds in water decreases in a 
Immologous series as tlie number of carbon atoms increases. jPew measure- 
ments have been made of the solubilities of tlie higher aliphatic acids. But 
recently Sobotka and Kahn* have determined the solubilities at 20 ° of a long 
series of ethyl esters of aliphatic acids. The values of h and of (p2^)l - 
(per gram molecule, i.e., RTlog^«) are given in Table VI. 


Table VI. 



.t. 


J. 

Monu-«thyl ewters. 


oal(^. 

cmIh. 

Ktbyl propionate 

Kthyl butyrate 

0171 

0 044 

1030 

1820 

790 

Kthyl valerate 

0 0171 

2370 

560 

Bthyi oaproato 

0 0044 

3100 

790 

Bthyl onnanthato 

U 00183 

, 3070 

510 

Kthyl oaprylate 

Kth^i polargonate 

0 00041 
0 0001 6 

4560 i 

; 5000 ' 

880 

640 

Kthyl caprato 

0-00008 

5490 j 

400 

Diethyl eetert). 


eaU. 1 

caltt. 

Kthyl malonate 

0 130 

1190 1 



Kthyl snooinate 

Olio 

1280 

90 

Kthyl glutarate 

0-047 

1780 

600 

Kthyl adipate 

0-0200 

2260 I 

470 

Kthyl pimelate 

0-0092 

2730 

480 

Kthyl euberate 

0-00200 

3390 

660 

Kthyl aselate 

0 00102 

4000 

610 

Kthyl tebacate 

0-(KM)3l 

^ 4690 i 

1 i 

690 

• ‘ J. Amer. Cliom. Soo./ 

vol. 63, p. 2936 (1931). 
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^ difference Ijetweeii the free energy of the subetanoe in 
dilute aqueous solution (under the standard condition for which the activity 
is unity) and its free energy in the pure liquid state. In the series of esters of 
mono-carboxylic acids, the differences in this quantity for successive members 
are alternately greater and smaller, but the mean value of the difference for 
one additional carbon atom for the whole series is 640 calories, a vahxe not far 
different from Langmuir's estimate of 710 calories for tl»e increase of the 
adsorption energy for eatdi additional carbon atom. The values of t he 
(liffe.rencefl for tlie esters of di-carboxyl ie. acuds vary mon* (^n'Hticsally arui have 
Mie me^n value of 500 calories. 

This method cannot be applied when the solute and solvent are mutually 
jniscible. For a volatile solute the value of h(‘ estimated 

us follows. For a very dilute solution, in which in (30) can be taken as 
(‘qual to Ng, we have 

(X 2 log Nj, 

but 

[‘■i--=Wk + kf-iogpjp^, 

where p is the jau'tial vapour pressure of tlie solute over the solution in which 
its molar fraction is N^, and Po vapour pressure of the pun* liquid solute. 
Iti follows that 

(|^ 2 ®)l — (Xa® — M log p/PoNa- 

The very limited data available, which are given below, indicate that a relation 
similar to that shown in Table VI holds for the lower members of a homologous 
series. 

Table VII. 

j j P/^»- j P9- 1 PlPn^r /*«• - 


! * I oftln* 

Methyl aluohol 40 445 ■ 261 I \1 228 

Ethyl aloohol 25 180 I 59 3 0 402 

Propyl alcohol 30*8 >200 I 28-5 ! >7 0 >940 


Swface Tension of Dilute SoMions eontavning several Solutes. 

Let Nj*, N,*, Ng*, N„*, be the molai fractions in the surfttce layer of 
the components Sj, S,, Sg, S„. By (29), the surface tension is ej^nessed 
by the equation 

P *= Pi® + X 

A, «, 


( 48 ) 
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If all the molwoules Sj, S,, . . S„ have the same surface area A, we liave, by 
(33), 


N," 


a, iNi *1 

^ -I- ga ... 


so that 


aiuJ sinco + ^2 +“ •••> hayit 


N. 


1 ==: 1 4. *a£a 4. ... + 


Substituting this valut? in (48), we have 


P ~ Pl° — J log (ai + a 2 p 2 + ^ 3^3 ••• + ««Pn)//' 


(49) 


It is often desirable*, to express tlie surface tension lowering produced by one 
component when added to a poly-com|)onent solution. We may consider 
the following example. The surface tension of a dilute solution of S 2 m S^, 
in which the activity of Sj is practically unity, and that of Sg in is 

p' = p^o - I log (1 4- ajpa)//. 


If a quantity of S 3 is now added, giving a solution in wljich the activities of 
Sj^ and Sj are practically unchanged and the activity of S 3 is ag, its surface 
tension by (49) is 


p^pl-|l0 g(H- 


l+«»P«' /i* ’ 


where fi is the activity coefficient of Sj at the surface of the solution of S, 
in 8,, and {/■,*)' its value for the solution of S, and S, in Sj. 

A similar equation was deduced by Butler and Ockrent* from Langmuir’s 
equation, using Gibbs’s theorem, and was shown to be in agreement with the 
experimental data for aqueous solutions of ethyl alcohol and propyl alcohol, 
and of propyl alcohol and phenol, over a wide range of concentrations, for 
which {f\)' If I can be taken as constant. 


* ' J. phys. Ohem.,’ voL **, p. 2841 (1980). 



368 


J. A. V* Butler. 


The Effect of Changes of Temperature and Pressure on tiis Partial Surface Free 
Energies wnd Related Quantities, 

Integrating (14) for an inorease of the surface an^a, when ^ p, ...» [X,/, 


xmain constant, wc liavc 

fTj* — pv^ + |x/n/ f ix/w/ ... + (51) 

Differentiating this generally and comparing with (14), we obtain 

ri* dt t'* dp nf d\if + rfp-g* ... + nf d\xf ^ 0. (52) 

Introducing the values of d\ii^ dyi^y ®tc,, as given in (28), it follows that, for 
< constant temperature and pressure 

Wi ’ d l(?g A' -f mg* d Iog/ 2 “ . . . + H„* d log/„* --= 0. (63) 

The variation of (x^*, (X 2 ^ J^urface layer of constant composition can 

be obtained as follows. Let us define th(^ quantities 

e* - tyf 4 p?/, (64) 

( 66 ) 


Then, differentiating (54) and comparing with (14) we have 

— — 7 )* dt + r * dp 4- (x/ 4- jx^" d7if ... -b y-n dn,*, 


so that 

and 


dt / l‘(( 

idK^\ 


^ ..... 


'if. 


dp Wj**, »l,®, etr. 

Differentiating (57) with respect to a/, we have 

_ dy^ 

dnj*dt drij*' 


or writing 7)* =« (x* - ?’)/< and since {dXi|dfl^•)p.t.»,^.<‘U‘. == (ii‘, we have 

\ (U /,.n‘ 


whore 


Xi*=* .c-.. 


( 66 ) 

( 67 ) 

(58) 


( 69 ) 


or 


dl /* ■ 


( 00 ) 
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Writing (28) in the form 

and difierentiating with respect to t, we have 

i}^‘ (fii) 

H^'dt ' ' 

The effect of t-einperature on tiie Biirfac<^ eomposition ol‘ a dilute Holntion is 
best given in tenm of p (equation (vfti) ). In the case for whieji \ 

writ ing (34) in the form 

log p :== (i^“ + log/,*) - + log A- ) - (fi2) 


we have, by c^ompariBon witlj (tU), 

'Oog P . , J_ If- , 




(«i) 


where are similarly related to jXj®, by equations of the form 


dt t? ’ 


etc. 


/a* and Xi are the partial molecular heat contents of the substances and 
in the surface layer and and the partJal molecular heat contents (for 
unit activities) in the interior of the solution. Since for dilute solutions the 
last two quantities will not be appreciably different from their values in the 
actual solutions, (xa^ — X 2 ) (Xi*’ Xi) absorbed in replacing a 

molecule of in the surfac(j layer by a molecule of from the interior. We 
may call this quantity the differential heat of adsorption. It follows that p 
increases with increase* of temperature if the differential iieat of adsoi*ption is 
positive and vice versa. 

Differentiating (58) with respect to n/, we have 


or 


dfli dp t, p, 


l dp A,.)* 


By (62) we therefore have, when A, = A,, 


(64) 


dlog g 
dp 


= » 3 *)- W~ 




(65) 
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where tJj*, and Vj^, are the potential molecular volumes of Sj and Sj in 
the surface layer, and in the interior of the dilute solutions. (^ 2 * Vj*) — * 
(v^ — is thus the increase of volume when a molecule of is replaced in 
the surface layer by a molecule of Sj from the interior of the solution. When 
this quantity is positive ^ decreases as the pressure increases. 


S^jurface EqwUbriufn wh^rt. OompOfwiJE.s* oaw be fanned ouf of otlierti. 

Suppose tiiat the components are Sj Sg, S„, and that of these Sj, 
etc,, can be formed out of S^, etc., atniording to the equation 

<*tt^o + -b H” 

where represent the units of mass* of the substances 

Sa» Sfc, S;, and a^,, the numbers of these units 

which enter into the reaction. Then, as hi (lb), it is necessary for equilibrium 
that the condition 

4* H" •“ 1“ ... 4* 

4 ^ idti ^ 4“ [X f^dn 4* 6^^^ b *'• d” “4“ ... 4* 

+ y-*\dn'\ 4 * •♦•4* + y^^'idn^'i ... 

+ (67) 

shall be satisfied for all variations which are in atscordance with the following 
equations. The total amount of all components which do not enter into (66) 
must remain constant, i.c., 

Sdn^ = 0, Sdftg =: 0, eto., (68) 

but for components which enter into the reaction, the possible variations 
include not only those for which 

Idn^ = 0, = 0, ... Sdn* 0, Sdw, = 0, etc. (69) 

but also those for which 

... — .... (70) 

In the first place, if we consider variations in which the surface layer remains 
unchanged, t.e., for which 

(Jn^*==r0, dnf^O, 

* In this paper the molecular weight® are taken m the unite of maee. 
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it is evident that if all these components are actually present in both phases, 
(67) is satisfied for all such variations, subject to (68) and (70), if* 

tu* ..ft f /f f tf rtf f rt 

J H* 1 1 rt b M’ &) * * * J 1-^ fc ' • • > n M' 

(71) 

hik] 

<>u\K f 'Wb I- ••• = «*tik + I • (72) 

If any component is absent from one of tlie phases t he (a>rrespondint; value of 
|A may \m gri'ater thati that given by equations. S<*(!on(ily» if wv coiisidm’ 
vuriatiouH in which the. total quantity of every (jomponcut remains constant, 
variations fur which (08) and (09) are satisfit^d, sulqcct to (13), it follows 
US before, iu general, that 


- ... ... 1^^:: f^n ^ (7;^) 

Ai A 2 A 

and, in particular, that 

^ ... .. etn (74) 

A, A, A, A, 

Also, we have as before 

P ^ {fjlnJii .. i^ZJia .. BLzJ!^ _ etc. (75) 

Aj 

Substituting in (72) the values of p.^, {x^, p^, etc., derived from (75), we 
have 

pA«) + ({V pAf,) pAjt) + Ofi (Pi* pA,) ... 

or 

a^p/ + a^P(,* ... — ~ aipi' . . . = p + «bAfc ... — a^A* - a,A,). (70) 

Writing, as in (31), 

P^* p,«" -f H log N,Y,*, etc., 

(76) becomes 

+ kt log N/// - pSa,A,. (77) 

Similarly, if we write, as in (30) 

Pa^ + *«l0ga«» 

Pi =c= pi« + log ai, etc., 


♦ OibbB. foe. ofi., p. 69. 
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(72) can be written in the form 

i:a„ix,« + *-/5:a„loga,.-0. (78) 

Combining (77) and (78), we have 

kt S a„ log N,//„‘ — kt S «„ lug a„ 

=- — ilrtnii,,'* I- p2:o.„A„. (79) 


Now th(* equililiriuin ('oiintant of t\w roacfiou in the solution, may bo takm ns 


and Wf* may also 




(N^ 


UkTHfiT 


(80) 

(81) 


as the equilibrium conatant in the surface layer. Them (79) may be written 
in the form 

kt log K,/K {(x/ — [X/O -]- p i: (82) 

If the quantities of substances represented on both sides of (66) occupy tb<* 
same surface area, S — 0, and we have 

(83) 

Since iXa"*") is the difference between the partial free energy of in 

the interior of the solution and in the surface layer, under the standard con- 
ditions for which (Xa and N/// as given in (30) and (31) arc^ unity, we may 
stat<» the meaning of (83) us follows : Iftfhe products of the reaction occupy the 
same surface area as the rcacto^if6‘, the equilibrium constant in the surface layer 
is displaced in such a way as to fatjour the system for which the difference between 
the partial free energy in the interior of the solution and in the surface layer is 
greateM. 

Again, if La^ — \if*) is zero, we have 

kt log KJK ^ pSa^A,,. (84) 

That is, if ihe difference lietween the partial free energies in the. interior of the 
sobUim and in the mrface layer is tfie same for the substances represented mi 
botft. sides of tJw eguation of the reaction^ tJie equilibrium constant in the surface 
layer is displaced in suck a rmy as to favour the system which ocatJipies the greatest 
suitfaoe arm. 
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Equation (82) is a quantitative statement of J. J. TliOiuHim's rule for the 
effect of capillarity on chemical equilibrium : “ If the surface tension increases 
as th(‘ t;hemi(^Hl action goes on the capillarity will tend to stop the action, while 
if the surface tension diniinishes as the action goes on, the capillarity will 
t-end to increase the action.”* 

When all the substances entering into the reaction olx^y S^yszkowski's 
tu] nation, (82) may be obtained in a simplified form. Applying (47) to tlu^ 
subst/unce when fy - I and // — 1 , 


- lA,.** Api" - kl log |i„ 
and substituf ing this value in (67), we have 

kt log K,/K kt ^ a„ log (1„ h (p - p,") i: 


or, when il 


0, we have 


K 


a 




m 

(86) 


which may be useful as an apju’o.ximate guide. 


Summinj. 

(.1) An examination is made of the tliermodynamical eonsequences of f he 
hypothesis that the influence of the discontinuity does not extend beyond a 
surfa<;e layer of molecules, the variations of which are subject, when the area, 
of the surface remains constant, to tJie condition 

Ajdw/ + A/ka" ... -f == 0, 

when*, nj^ etc., are the juimber of moleculc.s of the substance S|, Sg, etc., 
in a given area of the surface layer, and Aj, Aj, etc., their superficial ar<»as. 

(2) If partial molecular free (*ncrgies (chemical |x>t(»ritiaJs) 

of 8j, So, etc., in the interior of the solution, the quantities [Ju,^ ete., cun 
be, detiiied in such a way that tin* total free energy of the surface layer is given 
by 

I* = 

The condition of equilibrium between the surface layer and the interior is 

^ y^LzJLn ^ 

Aj Ag A„ 

* ** Applications of I)\ UHiuios to Piiysics and fJhemistry,” 1888. 
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and thx^ surface tension is given by the expression 



(3) The n 'Nation between [x^*' luul the niolar fraction of in the surface layer 
(Nj**) may be expressed by 

pLi* ^ + to log N^yl^ 

wlu^re fXj*" can be taken as constant and fi regarded as the. activity c<.>eiftcient 
of Sj in the surface layer* If g.j'*" is defined in such a way that // is tmity 
when Nj* is unity (i.e., for the pure liquid Sj) the surface tension of a solution 
is given by 

. , to , N//i% 

p p^O log 

where oq is the activity of in the solution. 

(4) If A 2 this equation reduces for a binary solution to Szyszkowski’s 
iH|u»tion when f I =1. In general for dilute solutions, over a rang(' of con- 
centrations over which fi remains constant, we obtain 

p Pi« - ^ log (at, 4 Pa,) 

where is the activity of the solute in thx? solution. The experimental data 
for aqueous solutions of phenol, l)utyl alcohol and butyric^ acid are in clost^ 
agreement with this equation (/j^ and ^ being constants) over a wide range of 
concentration. 

(5) The data for aqueous solutions of a number of aliphatic acids and esters 
are shown to be not inconsistent with the assumption that the area of the 
water soluble group is equal or nearly equal to that of the water molecmle. 

(6) WluHi Ag 2Ai, and 1, the relation Ixd ween the surface tension 
and the a<d/ivily of the solute is given by the equation 

P Pl” “ log (i + VPflt, + i). 

The data for resorcinol and hydroquinone and of several diethyl esters of di- 
earboxylic acids are in aeeordauoe with this equation. 

(7) The partial free energies of compounds forming a homologous series, at 
equivalent concentrations in dilute aqueous solution (referred to their value 
in the pure liquid state), increase by approximately equal amounts for each 
additional carbon atom. Traube’s rule is a consequence of this elSeot. 
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(8) Equations are obtained for oases of dilute solutions containing several 
solutes. 

(9) Expressions are given for the elbot of changes of temperature and 
pressure on the partial surface free energies and on the adsorption constants. 

(10) The conditions of equilibrium are obtained for cases in which some 
components can be formed out of others and quantitative expressions are 
deduced for 8ir J. J. Thomson’s rule for the effect of capillarity on chemical 
equilibrium. 

The author desires to express his appreciation of a Carm^gie Teaching 
Fellovmhip, during the tenure of which this paper was written. 


Investigations in the Infra-Red Region of the SpeMrum. Part V , — 
The Absorption Spectrum of Carbonyl Sulphide > 

By C. R. Bailey and A. B. D. Cassie, University College, London. 

(Communicated by F. G. Donnan, F.R.S. — Received October 22, 1931.) 

The symmetrical linear structure of both carbon dioxide and carbon di- 
sulphide is now well established. Recent developments in theory make it 
highly probable that a complete explanation of the Raman and infra-red 
spectra of these substances, with the concomitant selection rules, will shortly 
be available. It is in the meantime of consequence to examine the absorption 
spectrum of carbonyl sulphide, since the chemical and external physical 
properties of this molecule are inlwniediate to those of the other two, though 
the lack of symmetry in its structure predicts more complex intramolecular 
ndationships. No previous determination of this spectrum appears to have 
been made. 

ExperimentaL 

Carbonyl sulphide w^is prepared by dropping sulphuric acid (5 parts of acid 
to 4 of water by volume) on to potassium thiocyanate in a flask maintained 
at 21® C. by means of a water bath. The chief impurities generated in the 
reaction are carbon disulphide, carbon dioxide, and carbon monoxide* ; the 

♦ Mellor, (^wnprohenaive Treatise,” vol. 5, p. 972. 
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gaseous product was led firstly through a trap immersed in a freezing mixture 
of salt and ice, secondly through a bubhlex containing a 33 per cent, solution of 
potassium hydroxide, thirdly through a tube of active charcoal, fourthly 
through calcium chloride, and finally, through a trap immers(jd in a saturated 
solution of carbon dioxide snow in acetone, to the fume cupboard vent ; glass 
to glass seals were used throughout. The traps and tubes removed in succession 
the major portion of the carbon disulphide, the carbon dioxide, the remaining 
carbon disulphide, and the water vapour ; carbonyl sulphide boils at —50'^ C. 
and was condensed in the last trap at a temperature of —78°, any carbon 
monoxide passing on unabsorbed. When sufficient of the required substance 
liad been collected, the trap was disconnected from the generating apparatus 
and connected to tlic absorption tube system, where the gas was transferred 
to HU evacuated aspirator and stored over phosphoric oxide. The aspirator 
was totally enclosed to obviate possible decomposition of the carbonyl sulphide 
by light. 

The Observed Data, 

The* region investigated lay between 1 and 20 p ; the monoclu’oinator method 
de'seribed in Part IV* was used throughout. A preliminary investigation of 
tlu‘ region 1-‘17 p was made with the rock-salt prism, using al>sorptiou tubes 
45 <5m. long at a pressure of 60 cm. of mercury ; the sylvine prism was used 
for the longer wave-length. The regions of absorption thus located were 
subsequently examined with the appropriate prisms, and a pressure of carbonyl 
sulphide which gave a maximum absorption of some 60 per cent. 

The complete spectrum is smnmarised in Table I ; the ratios of the intensities 
of the bauds at the slit widtlis employed are approximately indicated in the last 



* ‘ IVoe. Roy. Sw.,* A, voL 132, p. 2G2 (1981). 
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colunm : the remarkB of Part III* with regard to the maximum percentage 
absorption shown by a band apply equally to the data in the present case. 


Table L 


Band. 

Band contrc. 

Maxima 

P R. 

PreBHure 

Maximal 
per cent, 
absorption. 

Intensity. 

SUt 

width 

Prism. 

A(^). 

1-0 (om.-‘). 


dv (om.^q 

cm. Hg. 

A 

18 •9ft 

527 

/ 522 \ 
\ 641/ 

; 

19 ; 60 

» 50 

3-6 

6 

Sylvine 

B 

11-64 

850 

/ H84\! 14 ' - 

\ 868/ 1 ' 

^ ' 1 . 

75 

15 

4 

Rt>ok-sa]t 

C 

1) 

E 

9 'Sift 

1061 

ri047') 

{ 1051 1 

ilOOlJ 

14 ; 7 

1 

55 

12 

8 

Rock salt 

5 842. 

1718 

/1709\ 

\1722/ 

13 ‘ 70 

56 

1-8 

1 

1 U> 

Fluorite 

6 272 

1898 

1898 

70 

68 

2 

8 

Fluorite 

F 

4-810 

2079 

2079 

_ 1 r~ 

70 


16 

Fluorite 

(j 

3-443 

2904 

2904 

— 4-0 

43 



13 

10 

Quartz 

K ^1 
t 

J ^ 

8-231 

8095 

3005 

- 1 70 

76 

21 

11 

; Quartz 

2-872 

3742 

3742 

— j 70 

50 

1-6 

14 

Quart/ 

2-449 

4084 

i 

408*1 

70 1 60 

1-5 

15 

Quartz 


Tlh(t Individual Bands. 

Banda A and B , — ^At 18-90 and 11-64 fx ; figs. 2 and 3. These were easily 
investigated and appeared consistently in observations made with samples of 




♦ ‘ Proo. Roy. 8oc.,* A, roh 132, p. 240 (1031). 
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gas obtained from a preliminary and from an entirely reconstructed generating 
apparatus. 

Band C . — At 9-516 \i ; fig. 4. Tins band called for considerable care in its 
examination ; at first only one maximum was evident, but narrower slit width 
revealed a contour similar to that of the sulphur dioxide band at 7-347 
with three maxima. The possibility of error due to selective reflectivity of 
the mirrors, or similar source of inequality in galvanometer deflections with the 
radiation traversing the empty and the full tube, was eliminated by means ol 
a blank experiment with both tubes evacuatf?d. The (central maximum has 
been taken as the band oentre. 




Band 1). At. r)*tS42 [jl ; fig. 5. The curve shows the shape of the baud 
under exatniiuition with a slit width of 10 cm. 

Bajhds E, F, //, i, and J . — The contours of th(^se bands are not reproduced 
as no resolution was obtained ; the last four show a rather broad maximum 
making determination of the baud centre somewrhat uncertain. It is hoped to 
reinvestigate all six with a grating spectrometer now under construction. Band 
F at 4*810 fjt. is easily the most intense in the observed spectrum. 

The possibility that cert-ain of the bands might be due to impurities such as 
SO a, CSg, and CO has not knin neglecjted ; the 527 cm."^ band, for example, 
is close to the Raman displacement for SOg at 534 cm. ^ ; if the observed band 
had its origin in the impurity we should expect the intense band at 7*347 p, 
and less than 1 rnrn. pressure of the substance in 1 atmosphere of carbonyl 
sulphide could be detected by this means. Similar arguments show that all 
the bands recorded are real. 

The Fmdament4zl Frequencieii. 

The many bands observed in the spectrum of carbonyl sulphide with a 
comparatively smaO absorbing column of the gas distinguish it from its com- 
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panioua oarbon dioxide and disulphide. The latter substanoes are symmetrical 
linear molecules, and have therefore an inactive frequency which, in the infra- 
red, is only observed in combination with other fundamentals. Because of its 
lack of symmetry carbonyl sulphide must have three active fundamental 
vibrations, and the immediate problem in elucidating the origin of the observed 
bands is to determine these ; we propose to examine this question in some detail 
since in many cases observers have accepted the existeiuic of a numerical 
relationship as sufficient to identify a ciombination- or over-tone. 

The longest wave-l»»ugth baud at 527 cm. cannot be accounted for as a 
difference tone of any sliorter wave-length band ; hence it is either a fundamental 
or iclated to some fundamental of even longer wave-length. A comparison 
with the corresjK)nding values for COg and CSg makes it highly probable that 
this is Vj (Table II). Unfortunately, in the case of CSj, this transverse or 
deformation frequeney (whatever its actual value) must lie outside the range 
of the prism 8 pectrom(‘ter ; we proposed 223 cm. as a possible value because 
of the appearance of a constant difference of this order in the ultra-violet 
emission spectrum of tliis substance. Placzek* in discussing our results 
suggests that a more probable value for this frequency lies in the neighbourhood 
of 400 cm.“^, and we an* inclined to accept this, particularly in view of the 
theoretical cousiderations pmsented in a recent paper of Fermi^sf and discussed 
below. Furthermorcj, the emission spectrum of COS in the ultra-violet lias 
been examined by Fowler and VaidyaJ ; it is charac^terised by a group of 
bands with a <’onstant frequency difference of some 370 cm. ^ It seems 
possible that in both these cases we are dealing with a transverse fniquency of 
the excited molecult‘. 

There is no difficulty in allocating V 3 , which, on account of its intensity and 
position, must be the very intense band F at 2079 cm. 

The assignment of the frequency Vg in this type of molecule has always 
been uncertain ; this is the inactive frequency of the symmetrical linear 
triatomic molecule, which should appear only in the Ramon spectrum. The 
Raman effect for COj and C 8 j shows, however, not one but two displacements ; 
this anomaly has been theoretically investigated by Fermi {loc.ciL), He has 
noted that the first harmonic of the transverse vibration almost cointpides in 
frequency with the fundamental inactive vibration, and coupling of the two 
therefore promotes resonance phenomena ; hence in place of a single energy 

♦ * Z. Physik,’ vol. 70, p. 84 (1931). 
t ^ 2. Physik/ vol. 71, p. 260 (1931), 

% * l>oc. Koy, Soc..’ A, vol, 132, p. 315 (1931), 

2 c 2 
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level corresponding to the fundamental inactive frequency there emerge from 
the mathematical analysis several energy levels, and the intensities of the 
different transitions depend upon the corresponding proper functions. 

A further complication arises with the triatomic linear molecule from the 
degeneracy of the transverse vibraticm* ; this mode is independent of the plane in 
which it occurs, and Fermi eliminates the degeneracy by use of two rec^tangular 
co-ordinates normal to the nuclear axis and specifying the position of the 
carbon atom relatively to the centre of gravity of the system. Correspondingly 
two quantum numbers are requiw^d to <;haracterise the vibration ; we therefore 
choose as in Fermi’s paper, tlireo quantum numbers (a, a', b) to specify a 
combination of the transverse and inactive frequencies ; a and a refer to the 
transverse mode, and b to the inactive mode, and the proper functions of the 
unperturbed system with approximately equal proper values are (0, 0, 1), 
(M, 0), (672, 0) and (D , 0). 

The Raman spectra of CO 2 and CSg are discussed by Fermi, and he shows 
that in place of the one (expected Raman line corresponding to the inactive 
frequency of vibration there should appear two displacements whose separation 
is determined by the ext-ent of coupling between the imictive and transverse 
modes, and by the closeness of the level (0, 0, 1) to (2, 0, 0), (0, 2, 0) or (1,1,0); 
an inspection of fig. 0 shows these conditioirs for CO^ (the degeneracy due to v, 
has been suppressed to avoid complicating the diagram). The relative inten- 
sity of the Imes tends to unity as the energy level of the first- harmonic of the 
transverse mode, and that of the fundamental inactive mode become equal. 

We have now to ask what can be inferred of the SCO spectrum from Fermi’s 
analysis. We are dealing with an asymmetrical and presumably linear 
molecule (see below) ; we should expect all three fundamental frcujuencies to 
be active in the infra-red as a consequence of the lack of symmetry, and with 
the linear structure there would be degeneracy of the transverse vibration. 
The spectrum of carbonyl sulphide reveals important similarities to that of the 
dioxide and disulphide ; in place of one band corresponding to the fundamental 
mode, equivalent to the symmetrical mode of the symmetrical molecules, 
two bands of comparable intensity appear and their frequencies lie near to 
the frequency of the first harmonic of the transverse vibration. Thus SCO 
apparently shows tlie splitting of the energy level of mode Vg into sub-levels 
revealed by the Raman spectrum and combination tones of its symmetrical 
neighbours ; accordingly this is to be associated with the resonance of 2vi 
with Vg (see fig. 7). 

♦ Dennison, * Rev. mod. Phys.,’ vol 3, p. 280 (103J). 
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Fermi examines the Raman transition (0, 0, 1) — (0, 0, 0) and the linear 
combination of the proper function (0, 0, 1) with the other proper functions of 



Fig. 6. — The vibrational levels of uncxoited carbon dioxide* Bands represented by broken 
linos have not been observed. To avoid confusing the diagram, the resonance doublets 
have been sorted out to the left-hand side, overtones to the centre, and other com- 
binations to the right. The vibrational quantum numbers correspond to the funda- 
mentals Vj, Vg, V3 in the order given. 

approximately equal values, and therefore neglects the linear combination 
(0, 2, 0) — (2, 0, 0). In the infra-red spectrum of carbonyl sulphide, the tran- 
sition (0, 0, 0) — (0, (», 1) would be more intense than the transitions (0, 0, 0) — 
(2, 0, 0) and (0, 2, 0), neglecting resonance, and the most intense bands when 
this quasi-resonanoe is considered will be those corresponding to transitions 
from the ground level to levels whose prop<?r functions are linear combinations 
of (0, 0, 1) with (2, 0, 0), (0, 2, 0), and (1, 1, 0). The analysis discloses two 
proper values whose proper functions are linear combinations of (0, 0, 1) and 
(2, 0, 0) and (0, 2, 0) ; the transitions from the ground level to these two 
levels will therefore show an intensity comparable with that expected for the 
transition to (0, 0, 1) had this perturbation not occurred, and the relative 
intensity of the two new transitions tends to unity as 2vi -► vj. 
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These cionclusionfl may be summarised as follows : if the frequency of the 
transverse mode of vibration, of a linear triatomic molecule be approxi- 
mately one-half the' frequency of the symmetrical or equivalent mode 
the energy level of the mode V 2 splits into two levels, whose separation depends 
upon the energy of the two modes of vibration and on the coefficient of coupling 
Ijetween the two ; the relative intensity of transitions from the ground level 
to the new levels tends to unity as the difference betwetm twice the transverse 
frequency and the freqtieney tends to zero, and the absolute intensity is 
( 30 inparable with that which Vg would possess, were 2vj very different from 

In Table II frequencies dui‘ to this effect arc indicated by symbols of the 
type and where, the first subscript refers to the vibration quantum 

number of the upper level of the transverse mode, and the m^cond to that of 
the symnu'trical mode. There is one unfortunate consequence of this analysis, 
Vj cannot be directly observed for any of the three moleculcvS ; an approximate 
value for CS 2 CO 2 can be obtained from the relation vg/ Vg — 
where M is the mass of the central and m the mass of the external atoms. 
The frequency separation of the two levels is approximately 145 cm.“^ for 
CSg, 190 for SCO, and 105 for COg. The coefficient of coupling is at present 
an uncertain quantity, part-icularly for SCO, and the <j[uantitative deductions 
are accordingly omitted. Fermi shows that the observed and calculated 
intensities and separations for COg and CSg are in very good agreement. 

These principles may presumably be extended to the region of absorption 
near Vg -f Vg and invoked to explain the bands C and D of CSg, G and H of 
SCO, and the doable band A of COg. Furthermore we find that when, as in 
the case of COg, other bands representative of combination tones are isolated 
by examination of long columns of gas under high pressures, a similar inter- 
pretation appears to hold good. The data in Table II for CSg have been taken 
from Part III of the present series of investigations, and for COg from the work 
of Schaefer and Philipps.* The interpretation of the levels v'( 4 , 2 ), 2 ), 

3 ) and is somewhat uncertain, as the degeneracy of a transverse 

vibration of quantum numbe^r 4 is five-fold and of 6, seven-fold ; the corre- 
sponding mathematical analysis is lacking. In dealing with CSg, the present 
authors made the assumption that the doublet structure in the Raman effect 
was due to the existenctj of two frequencies characteristic of two types of 
binding to be associated with modifications in the detailed electronic structure 
of the molecule. If this were so, we should expect a two-fold and three-fold 
* ‘Z. Phyaik/ vol. 36, p. 641 (1D26). 
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increase in the separation between the members of the double doublets as we 
proceeded to the combinations formed from the second and third overtones of 
the inactive frequency, but inspection of the results for COg shows that within 
the experimental error this difference is constant. This justifies an association 
of the bands D and E of SCO as in fig. 7 and Table II, for it must be pointed 
out that E is capable of interpretation as 2vj j Vo, an assignment which 
scores on account of its simplicity. To explain the constant frequency 
separation we must resort to the Fermi hypothesis, or to a splitting of a vibra- 
tional frequency by association with rotational levels arising from a very small 
effective moment of inertia. The forrric^r secerns to off{*r a mor(‘ (comprehensive 
explanation of the observed facts. 



Fio. 7. — Vibrational levels of carbonyl sulphide. 


An int/©resting feature of the frequencies 2) '^''(4, a) brought out by 

Table II is their absence in CSj and CO2; this is in complete agreement 
with the above discussion, since they are inactive modes in those molecules, 
and therefore absent from the infra-red spectrum ; as overton(?8 they should 
also be absent from the Kaman spectrum,'*' 

Band J of SCO is probably complex, containing both 2V3 and Vg + jj). 
It is important to note that the allocations 2V3, 3 vj, Ilvg, and Vj + Vg to the 
bands G, I, D and H of COg are not in accordance with theory ; Dennison 
{loc, cit) has deduced that “ if three atoms are coUinear and symmetrical, then 
the sum of the frequencies of any two observed bands (overtones, combination 

♦ van Vleck, ‘ Proc, Nat, Acad. S<d.,’ vol. 16, p. 754 (1929), 
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Table H. 


Tone. 

SOS. 

SCO. 

000. 


Band. 

Obflorved. 

Oaloulated. 

Band. 

Observod. 

Calculated. 

Band. 

Obfterved. 

Calculated. 




400 

A 

627 


C 

677 



— 


610 

— 

— 

c. 930 

— 


1230 

‘'s 

B 

162.3 


K 

2079 


» 

2350 


U, i) 

R 

665 



B 

859 


R 

1285 


(*. i) 

K 

796 

— 

C 

1051 

— 

R 

1388 

— 


— 


c. 1300 

D 

1718 

c. 1718 




c. 2670 

(4. 



c. 1440 

E 

1898 

c. 2008 

— 

— * 

c. 2673 


— 


3046 

J 

4084 

4158 

G 

4781 

4700 

3t/, 

— 


1200 

— 

— 

4168 

I 

2049 

2031 


— 


4560 

— 

— 

6237 

1) 

6842 

7050 

1^1 -f 


’ — j 

1055 

1 

1 

! 1886 




1 1962 

vt 4- Vi 

' — 

— i 

1900 

— 1 

— 

2600 i 

i ^ 1 

3052 

! 3027 


i C 

2179 1 

2178 

G ' 

2904 

1 2938 

1 A 

3617 

3635 


i n 

1 

I 2230 i 

2318 

1 « 

3095 

3130 

; A 

1 3721 

1 

.3738 

';/4. •) 


1 1 

c. 2823 

! I ' 

.3742 

3977 

1 

V 

4896 

‘ 4U20 

-t ( 4 . 4 ) 

1 — 

1 

c. 2963 

? j 

4084 

3987 

^ ! 

5009 

j 6023 



; 878 ' 

! 868 



1220 

K 

1061 

1065 

~ ^ 1) 

i ^ 

! — 

728 

?c 

1051 

1028 : 

K ; 

1 

961 

962 

”* t »(•' 


.... 

' c. 3488 

— 

■ . — 

‘ c. 4656 

! E 

1 6139 

6200 



L,. 

j e. 3628 



! c, 4846 

E 

1 6243 

68(H) 


bauds, or fundanieotals) ■will not bo the frequency of an active or observable 
overtone,” but the allocations referred to contradict this rule, and only the 
low intensity of the bands may be offered in partial explanation. This difficulty 
does not affect the assignment of the fundamental frequencies, particularly 
those of SCO which form the main subject of this paper. 

The above considerations imply a rectilinear stracture for the molecule ; a 
preliminary note* describing this work was written before the appearance of 
Fermi’s paper, and the possible interpretation of the spectrum mentioned 
therein, namely that there were two triangular modifications of carbonyl 
sulphide with fundamental frequencies of 627, 1061, and 2079 om."^ in the one 
case, and 869, 1718 and 2079 cm.-J in the other, will not be further discusBed. 

The Mowing comments on the structure of band 0 are necessary ; the 
partial resolution obtained credits this band with a Q branch. Now a linear 
molecule shows Q branches only if it has a component of electronic angular 

* ‘ Nature.’ vol. 128, p. 637 (1931). 
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momentum about the nuclear axis, and even then tlie Q branches are of low 
intensity, while, since the observed bands arise from the same electronic level, 
every band should show a Q branch. One cannot be certain about the detailed 
electronic structure of carbonyl sulphide since (see below) it appears to have 
a single linkage between the carbon and sulphur atoms and a double linkage 
between the carbon and oxygen, but the absence of the other, Q branches 
seems decisive, and the molecule probably has a structure. The band in 
question is presumably complex ; the linear combination of the proper func- 
tions (2, 0, 0) and (0, 2, 0) occurs with a measurable intensity and has a proper 
value corresponding to 2vi, so that the harmonic 2vi should actually appear 
in the spectrum ; the centre of band C is approximately 1051 cm. so that the 
band may not only contain u as in Table II, but also 2vi and Vg — v'Vj* i)* 

All observed and calculated values in Table II are in wave-numbers ; the 
calculated values are only approximate, since no account has been taken of 
the constants of anharmonicity. 

The Molecule of Carbonyl Sulphide, 

Vegard,* from X-ray measurements, has deduced that the molecule is 
rectilinear, with atomic separations C — 0 = 1 - lO A., and C — S = 1 -96 A. ; 
th(i centre of mass of such a system will lie between the carbon and sulphur 
atoms at a distance of 0-75 A. from the carbon atom, and the calculated 
moment of inertia, Swr®, is 178 X 10“"^® g. cm.®. If we apply the expression 
Iq = A;T/cVAv® to bands B and D, where Av ~ 14 we have I^ = 

230 X 10"^^g.cm.®,andfrombaud A(Av = 19 cm, ”1), 116 X cm,® 

In the case of OO 2 , the Bjerrum doublet separation for the transverse funda- 
mental Vj, and its combinations is unequivocally of a different order from that 
of the fundamental Vg, and wo have no certain knowledge of the moment of 
inertia effective in the transverse vibration-rotation band. If we argue by 
analogy for SCO, we should select the value given by Vg, i.e., 230 X 10“*® g. 
cm.*. 

Bankme,t froiu viscosity measurements in carbonyl sulphide, favoured the 
rectilinear atruoture, and on the supposition of the approach to the inactive 
gas type in the constituent atoms, carbon and oxygen being neon-like of 
radius 0*66 A. and sulphur argon-like of radius 1*03 A., obtained the value 

* ‘ Z. KtiBt: vol. 77, p. 411 (1931). 
t * Phil. Mag.,’ vol. 44. p. 292 (1922). 



386 


C. R. Bailey and A- B. D. Cassie. 

2-98 A. for the extreme mteratomic separation, very close to Vegard*8 result 
of 3*06 A. The intemuclear separations in the three gases are accordingly : — 


Molecule. 

0 

Distauco CO iu A. 

Bistanoo CS in A. 

OCO 

0-97 


8CR 1 

— 

1*60 

8CO 

1 ■ 10 

1*90 


The ele<?tric moment has been determined by Zahn and Miles,*'* who found it 
to be 0*650 c.g.s.e.s. units ; at the same time they obtained the value 0*326 X 
10“ for eSg, which is too high, the electric moment having since been shown 
to be zero. Tlie value for SCO may, however, be taken to indicate the existence 
of a permanent electric moment, which is to be expected on accoimt of the lack 
of symmetry ixi the structure. 

Finally, if we apply considerations of the type employed by Debyet in 
dis(*.ussing iho stability of rectilinear and triangular forms for certiain molecules, 
it can be shown that wh(m the central atom in a triatomic molecule is of low 
polarisability and the external atoms are both of high polarisability, a recti- 
linear configuration is a stable one ; the conditions are those of the present 
case. 

The An/mrrmMic Coefficients. 

If we accept the rectilinear model, it becomes of interest to determine the 
force constants implied by the observed frequencies, and in order to do this 
we require the absolute values of the latter. The most c.onvement formula 
for calculating the anharmonic constants of the vibrational modes of a poly- 
atomic molecule is that of Born arid Brody, J which may be written as follows 

V = {n\ --** n!\) + {n\ — + (n\ — n'\) 

+ (nV n'\«) 6, + - n\^) h + h 

“f- [n\i% 2 a) “h 3 Wr ^ 3) 63 “f" (w ^ 3 — 3) C3, (1) 

where v is the frequency of any observed band centre, is the true frequency 
of the fundamental vibration when the system vibrates under forces obeying 
Hooke’s law ; n\ is the quantum number specifying the upper vibrational 
level, specifying the lower, and the anharmonic constants are given by the 

* * Phys. Rev./ vol. 32, p. 497 (1928). 

t *‘ Polar Molecules ** (1929). 

X * Z. Phyaik/ voL 6, p. 140 (1921). 
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b and o values. At room tempfirature we may take it that the upper vibrational 
levels are not excited, and n\ will be zero. 

Difficulties at once arise from the existence of sub-levels due to the resonance 
phenomenon which make the assumption of any value for somewhat un- 
certain. But we have seen that in the case of COj and CS^ the calculated 
value lies very close to the observed band V'( 2 . 1 ). and the agreement obtained 
amongst the anharmonic coefficients when the latter value is employed justifies 
us in its use. Accordingly, with whole quantum numbers, we have the follow- 
ing probable determination : from ba nds A and 0, ^ 527, 6 j 0 ; from 

bands B and D, 859, hg d ; from bands F and J, ^ 2042 , 63 = — 37 ; 
from B, F, G, C 3 ^ — 34 ; from C and H, C 3 - — 35 ; and from D, F, I, 
C 3 — — 28 (all in cm.”’). The agivement of the three independently derived 
values for is remarkable, the deviation from the mean of 32 cm."’ being 
well within the limits of experimental error. 

The Force Constarits. 

Radakovic* has investigated the fundamental modes of vibration of three 
particles of unequal mass situated at the vertices of a scalene triangle, and 
acted on by central forces obeying Hooke’s law, each with a different elastic 
coefficient. The method of central forces, however, is inapplicable to the 
straight line molecule, as the frequency of the trans verse mode becomes infinite ; 
we have therefore worked out %hv- normal frequencicss of the unsymmetrical 
linear molecule on the lines used by Yatesf for the isosceles triangle, except 
that the restoring couple, about an axis through the central atom and per- 
pendicular to the plane of the vibration, is assumed proportional to the angular 
displacement in place of Yate’s couple proportional to the arc of the angular 
displacement. 

The system is shown in fig. 8. The centre of gravity of the system is chosen 
as origin, and the undisplaced ]) 08 itions of mg and m^ are (— 0), 





• ‘ Monat«. Chew.; vol 36, p. 447 (1980). 
t ‘ Phys. Kev./ vol. 36, p. 656 (1930). 
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{— fi/wg, 0), and (c/wg, 0) respectively ; the displaced positions of the masses 
are then 


and 




The co-ordinates Xi, and are chosen as the representative co-ordinates, 
and the remaining three co-ordinates are determined from the equations 
specifying zero motion of the centre of gravity, and zero resultant angular 
momentum of the system ; that is from the equations : 


and 


iTg — 0, 

2^1 + ^2 + ya = 


( 2 . 1 ) 

( 2 . 2 ) 


mi 


yi 


b , c 

— y^+ — y^ 


m. 




(2.3) 


the equations of motion are then deduced in the usual manner, and are 


(— -f— + + + + 

Wj mjfl wtj Vwj* mj*/ 


K, 


K, 




a:, = 0 (3.1) 


m. 


1 +(^ -f iCj-fj 


m. m. 


' + 1 


K, 




».+K. 


and 


*\mjtng ’ mg*/ mjmgJ 

+ i:) + £‘{k + m.) ''' +«■-«■>)] 


±-l)Vl +-£.)• 

mg/ \mg mg/ 


y, = 0. 


Equation (8.8) deaoriboB the transverse vibration ; it is independent of 
and x,, as is to be expected, since to a first approximation the linear restoring 
forces do not contribute to the transverse motion. The longitudinal vibration 
frequencies are given by the roots of the equation 


p‘ — p* K| 


'•i+i 

mi m, 



— + -^)1 


0. (4) 


where p = 2rtcv, whilst v is the observed frequency in om.~* and o the velocity 
of light. 


( 8 . 5 ) 
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The frequency of the transverse vibration is given by 


mi ^ 

The relations between the roots of equation (4) and the coefficients of p* are 
more useful for the determination of the force constants implied by the found 
frequencies than is equation (4) itself. The relations are 

Tx^ + ^ Ki(l + IM 2 ) + K2(1K + IK) (6*1) 

and 

PiW ^ KjKa (I /mjmg + + 1^%). (6.2) 

On substituting the absolute frequencies obtained above for the two longi- 
tudinal vibrations (859 and 2042 cm."^) in equations (6), we have the two 
following pairs of values for the binding forces and Kj, corresponding to 
the linkings CO and CS respectively : - 


— IH — {bc+ca — ab) 



Kj — 6 ' 2 , Kg 18 '6 X 10 * dynes per cm,, 
and 

Ki 13 * 7 , Kg 8*5 X 10 * dynes per cm. 

Of these the second solution is obviously the more reasonable. 

It is instructive to compare the fonw? constants for the three molecules, 
eSg, COg, SCO, set out in Table III. 


Table III. 



Bond CO. ! 

' 

Bond CS. 1 

Trausvorse vibration. 

Molecule. 

Frequency 

K X 10 -* 

1 1 

1 Fpequen<!y | 

K X 10 -* 

Frequency 

(cm.”*). 

k: X io« 


(cm.-q. i 

dynes /oni. 

1 (oin.->). 

dynes /cm. j 

dyne /cm.®. 

1 

08 , 



1620 

6*9 

c. 400 

10 




; 666 

8-0 



CO, 

2363 

U -2 

i _ j 


677 

6 


1286 

15-6 

1 

[ 



800 

2042 

860 

13'7 

2042 

869 1 

\ 1 

8*5 

i 

627 

1 , 

8 


The relations between the above values are remarkable, particularly when we 
remember that the observed frequencies for SCO are compounded as a result 
of the asymmetry, and do not directly correspond to the CO and CS vibrations 
of the other molecules. The types of linking in COg and CSg are the same as 
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in SCO, and spectroscopically at least the molecule of carbonyl sulphide behaves 
as if its structural formula was 0 = 0 — 8, the force constants of 7 and 14 X 
10^ dynes per centimetre (jorresponding to single and double linkages irespec- 
tively. Shaw and Phipps* * * § have recently shown that the ground state of 82 
is (^oxTcsponding to a single valency linking between the atoms* This is 
confirmed by the value of 0-0 x 10'* dynes per centimetre for the force con- 
stant effective in the fundamental vibration of the 82 molecule (800 
G. N. Lewis'^ pointed out some time? ago that “ the ability to form multiple 
bonds is almost^ if not entirely, confined to ehiments of the first period of eight, 
and especially to carbon, nitrogen, and oxygen/* KippingJ also remarks that 
fresh eviden<!e is continually lacing obtained that an ethylenic binding 
between carbon and silic^on is either impossible or can only be produc(‘d under 
exceptional conditions/* Fiirtlier comments and additiomil evidence are 
offered by Lowry and Venion.§ 

The values given for Kg appear incomparable with those of Kj and Kg ; 
K.3, however, is the restoring couple per unit angular displacement, whilst 
and Kj are the restoring forces per linear unit displacement. The restoring 
couple per unit angular displacement might be replaced by the tangential 
restoring force per unit arc displacement, and Kg then becomes comparable 
though some ten times less than Kj and K2. The first definition is preferred 
primarily for the otise of determination for the asymmetric molecule ; the 
restoring couples for the inolecnle COg* SCO and CS® arc then roughly 6, 8 and 
10 X 10"”*® dyne cmA 

SCO accordingly occupies a position intermediate between COg and CSg, a 
result wliich could not have been determined immediately by inspection 
of the data from the second definition. A curious feature is the apparent 
increase in the value of th<‘ restoring couple as we pass from COj with its 
strong bindings to CSg with its single linkages. At first sight, the compara- 
tively large polarisability of the sulphur atom suggests itself as an explanation, 
but a simple calculation indicates that this is not the complete pictuwi. In 
SCO sulphur has four times the polarisability of oxygen, but this is largely 
(iompensated by the fact that the distance CS is approximately twice the dis- 
tance CO, so that the dipole moment induced in the sulphur atom by any electric 
charge on the carbon atom is just equal to that induced in the oxygen atom. 

* * Fhys. Rev./ vol. 38, p. 174 (1931). 

t Valence/’ p. U (1923). 

t ‘ J. Ohem. Soo./ p. 104 (1927). 

§ ‘ Trans. Faraday Soc./ vol. 25, p, 290 (1929). 
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From this point of view SCO is more nearly symmetrical and more like to COj 
than is 8uperfi<iiany apparent. 

The HeM of Fornuitiwi. 

Finally, thermochemical data show very convincingly that the types of 
binding in CO^ and CSj arc those which exist in the intermediate compound. 
Taking advantage of the modem values for the heats of dissociation of oxygen 
and sulphur, we have the following calculations : — 

(1) The heat of formation of carbon dioxide from gaseous atomic carbon and 
oxygen — 

[C]„ + (Oj) - (COa) + 94-5 k. cal. 

(C) =r[C],> + 141-3 k. cal. 

2(0) = (Oj) + 128-0 k. cal. 

(C)-f2(0) =(C05,)-4- 363-8k.cal. 

(2) The heat of formation of carbon disulpliide from gaseous atomic carbon 
and sulphur — 

(CSg) + 3(02) = (CO*) + 2(S0j) + 252-8 k. cal. 

(CO*) == [C]„ + (0*) - 94-6 k. cal. 

[C]i, ==(C) - 141-3 k. cal. 

2(S0*) = 2[S Itu, + 2 (0*) - 138 - 8 k. cal. 

2tS]ttu == (S*) - 28-5 k. cal. 

(S*) = 2(S) - 113-0 k. cal. 

(CS*) (C) + 2(S) - 263 - 3 k. cal. 

(3) The heat of formation of carbonyl sulphide from gaseous atomic carbon, 
oxygen, and sulphur — 

(SCO) + ir(0,) = (CO*) + (SO*) +130-3 k. oal. 

(CO*) » [C]„ + (0*) - 94-6 k. oal. 

[C]„ = (0) -141 -3 k. oal. 

(SO*) « [SU + (0*) - 69-4 k. cal. 

[SJiu, = - 14-3 k. cal. 

|(8,)=*--(S) - 56-5 k. oal. 

i(0*) = (0) - 64 -Ok. cal. 

(SCO) « (C) + (S) + (0)- 310 k. oal. 

If carbonyl sulphide is intermediate in its stracture to CO* and CS* wo should 
expect its heat of formation to be (363-8 + 263 •3)/2 »= 313 k. oal. The 
third series of calculations shows that agre«nent is oomjdete. 
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The Behaviour of a Single Crystal of Aluminium under AUemaiing 
Torsional Stresses while I murker sed in a Sl&w Stream of Tap 
Water. 

By H. J. Gouqh, D.Sc., and D. G. Sopwlth, B.Sc.Tech. 

(Communicated by Sir J. E. I'etavel, K.B.E., F.R.8.— Received November 7, 1931.) 

[Plates 1*4, | 

1. Introdiu-tion. 

The characteristics of the deformation and fractiuH^ of metals under repeated 
cycles of stress, generally described as fatigue phenomena,** have received 
very considerable attention, both experimental and theoreticah’^ Usually, 
consideration has been devoted exclusively to conditions in which the metal 
subjected to fatigue has its free surface exposed to the ordinary atmosphere. 
In many cases in actual practice, however, metals are subjected to fatigue 
action while surroundc'd by a fluid—either gaseous or liquid — which is of a 
corrosive nature and the endurancje or ‘‘ life ** of the metal is controlled by the 
simultaneous conjoint action of the apphed stresses and the corrosive agent. 
To such conditions the term “ corrosion-fatigue ** has been apphed. Attention 
was first directed to this aspect of fatigue phenomena in 1917 by Haigh,t 
who demonstrated experimentally that, in general, fatigue stresses and corrosive 
influences may be mutually accelerative, producing more destructive effects 
than either influence when acting separately, or when the stressing is apphed 
subsequent to the corrosion stage. The subject then appeared to escape 
further attention for a period of about nine years, after which the results of 
the first of a series of important researches were pubhshed ; in this connection 
reference should be made to the work of Lehmann,^ McAdam,§ Speller, 
McCorkle and Munima,|| Binnie,l[ Fuller,** Haigh and Jones, ft «to. From the 

♦ For recent summary see Present State of Knowledge of Fatigue of Metals/' H, J. 
Gk)Ugh ; * KJ.A.T.M. ZOrioh Congress/ September, 1931. 

t (a) ‘ J. Inst. Met./ voL 18, No. 2 (1917). 

X * Kepts. & Mem. Aero. Res. Ctee./ No. 1054 (1926). 

§ (a) * Proc. Amer. Soo. Tost. Mat/ (numerous papers) (1926 to 1930) ; * Proo, New 
Inter. Assoc. Test. Mat./ 1st Congress, September, 1931. 

II ‘ Proc. Amor. Soo. Test. Mat./ vol. 28, p. 2 (1928), also voL 29, p. 2 (1929). 

If ‘ Repts. & Mem. Aero, Res. Ctee,/ No. 1244 (1929). 

‘ Amer. Inst. Min. Met. Engw, Tech. Pub.,’ No. 294 (1030). 

tt ‘ J. Inst. Met./ vol. 48. No. 1 (1980). 
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researches of these investigators, and particularly from those of McAdam^ 
a very large amount of data is now available regarding the corrosion-fatigue 
resistance of a wide range of metals and alloys, and the separatt^ effects of such 
variables as frequency of stress cycle, number of cycles, corrosion time, applied 
range of stress, etc., also of corrosion inhibitors and accelerators. No attention 
has apparently been given hitherto to the changes in microstructure occurring 
during a corrosion-fatigue test and, as a result, no information existed on such 
fundamental points as (i) the general course of a corrosion-fatigue crack; 
whether intercrystalline or tranacrystalline ; (ii) the actual point of initiation 
of the crack ; whether it is situated at a crystal boundary, or on the site of 
previous slip bands, or at local corrosion pits bearing no distinct relation to 
these special positions. In planning a research with these general objects 
in view it was decided to make experiments, under corrosion-fatigue conditions, 
on (a) a single crystal, (6) a specimen consisting of two large crystals with the 
separating boundary, and (c) a specimen consisting of the usual finely-divided 
aggregate of crystals. By using single crystals and large crystal specimens and 
employing X-ray, microscopical and mechanical methods, it was hoped to 
correlate corrosion-fatigue phenomena with the fine structure. The present 
report describes the observations made on what is believed to be the first 
(sorrosion-fatigue test on a single crystal. 

2 . Scheme of ExperimeM and Description of Apparatus, 

A single crystal of aluminium was used, the “ corrosive agent employed 
being a slow running stream of ordinary tap water. The specimen was 
machined to a cylindrical form having a central parallel portion of 0 • 5 inches 
in diameter and a length of 0-6 inches, joined to enlarged ends with suitable 
transition carves. A water jacket consisting of a rubber sleeve surrounded 
the specimen ; two thin rubber tubes, of |-moh bore, acted as inlet and outlet 
pipes for the water supply. The supply of tap water was regulated to give 
a slow rate of flow, the average flow past the specimen being about 10 lbs, of 
water per hour ; the total surface of the specimen exposed to the water being 
about 2 square inches ; after passing the specimen, the water flowed to waste. 
The specimen was subjected to a constant range of reversed torsional <?ouples 
throughout the experiment ; in the testing machine* used, the specimen acts 
as a coupling between a rocking shaft of a fixed amplitude (about 15"^), 
actuated by a crank and connecting rod, and a second shaft, running freely 

* For complete description see “ Fatigue of Metals,” H, Gough, (Scott, Greenwood Sr 
Son, London, 1924.) 

2 B 
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in a bearing, whose polar moment of inertia can be adjusted as required by 
means of discs. Throughout the experiment, the machine was operated at a 
.constant speed of 400 cycles per minute. 

In choosing the range of stress to be applied to the spetjimen, it was con- 
wdered that the most useful observations would be made upon a specrimen which 
withstood many millions of stress cycles before fracturing. Our previous 
experience indicated that a maximum resolved shear stress* value of ± 0*75 
tone/»q. in. corresponds to the “ fatigue limit — or an extremely lengthy 
endurancef — of an aluminium crystal subjected to reversed shear stresses 
when tested in air. A maximum resolved shear stress value of i 0-6 tons/ 
sq. in. was, therefore, chosen for the experiment and was applied throughout. 
wfThis proved to be a happy choice, as it will be seen that the specimen with- 
;^tood a total of 23*7 millions of stress cycles before fracture occurred.) 

,An analysis of the tap water used gave the results stated in Table I. 


Table I. — ^Analysis of Tap Water expressed in Parts per 100,000. 
Total solids dried at 100^^ C., 28*16. 


00 , 

01 

SO3 


NO, 

SiO, 

CiaO 


MgO 

Na,0 


K,0 .. 

Organic 


7-961 
2 05 
2-36 
0-80 
0*54 
U-04 

0- 59 

1- 84 
0-48 
0-88, 


probably 

combhiod 

as 


^SiO, .. 
Organic 
CaOO, 


OaSO, 

MgSO* ... 

NaCl 

KNO, 


0 54 
0-88 
18 10 
2'21 
1-59 
3 ‘48 
101 
O' 37 


28-18 


The general technique of the experiment can be described, briefly, as follows ; 
From a single crystal bar of aluminium prepared at the Laboratory by the 
critical strain and heat-treatment method of Carpenter and Elam, a specimen 
was machined to the requir<^ form. After etching, to remove the effects of 
machining, the crystalline orientation was determined, with respect to the 
axis of the specimen and a reference mark, by X-ray methods. The surface 

* Value of shear strees on the alip plane (octahedral plane) resolved in the slip direction. 
Rii>glA orystala of aluminium appear to posaeas no primitive elastic limit. A tensile 
teat (‘ Phil. iVans./ A, voL 226, pp. 1-30 (1920) ) made on a single crystal of this metal 
ahowod that minute, hut meastirable plastic deformation reaulted from a single application 
of a value of resolved shear stress of less than 0*1 tons per square inch. Again, in an 
alternating tension test on another aluminium crystal, many slip bands were observed 
after revei^s of a range of shear stress equal to d: 0*24 tons per square inch. 

f A single crystal of aluminium has been subjected to 100 milUons of cycles of this stress 
range without fracture. 



Behaviouf of a Single Crystal of Aluminium. 


ms 


of the specimen was then given a metallurgical polish. The actual test was 
then commenced in which repeated cycles of a constant range (± 0*6 tons/sq. 
in,) of reversed torsional stresses were applied to the specimen. The test was 
interrupted at various stages, when the specimen was removed from the machine, 
a careful microscopical examination made of the surface, and the observed 
changes in miorostructure correlated to the applied stressing system and to the 
crystalline structure. At the conclusion of the experiment, the specimen was 
cross^sectioned and examined. An extensive series of photo-micrographs 
were taken during each examination ; a few of these photographs are repro- 
duced in the present report. The measuring and photographing apparatus 
specially developed for this type of work, and used in the present experiment, 
has been fully described in a previous paper. 


3. X-ray Analysis and Stress Analysis. 

(a) X^ray Analysis . — The co-ordinates of the principal crystallographic 
planes as deduced from the correcited X-ray analysis are as stated in Table II. 


Table II. — Co-ordinates of Principal Planes as deduced from X-ray Analysis, 

after Correction. 


Plane. 

Symbolt of plane 

j Spherical co-ordinates of plane.} 

or diieotion. 

I '■ 

•p- 

1 

1 

100 

j 

o / 

so u 

fj f 

48 33 

010 

I — 

H6 22 

141 16 

001 

1 — 

30 42 

239 6 

HI 

(0) 

33 29 

119 19 

la 

(1) 

76 24 

196 0 

in 

(2) 

42 12 

339 8 

III 

(3) 

80 62 

268 6 

on 

(28) 

48 18 

169 52 

loi 

(02) 

76 26 

232 29 

on 

(01) 

66 34 

1 296 53 

101 

(13) j 

Id 22 

34 4 

110 

(12) 1 

66 34 

99 11 

no 

(08) 

72 36 

1 0 


t With rsgtud to ]:Q«olved shear strees on an ootahedral plane in the direotion of the Inters 
eeoUoa with a seoond oottUkodral plane, 

I With respect to the axis of the speoimen and a refarenoe line parallel to the axis and engraved 
on one entailed end of the specimen. 


♦ Gough, * Proo. Roy, Soc.,* A, voL 118, p. 4U8 (1928). 
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Kg. 1 is a steieograpiuc diagram siurwing the position of the prinoapal 
planes with respect to the reference axes of the specimen. 



Fio. 1. 


(6) Strest Analysis . — The resolved shear stress, under torsional straining, 
on a plane in a contained direction is given by the equaticm* 

S,/8 = A cos (X — «), 

where 

B, — value of resolved shear stress at point on surface of specimen, 

S = nominal maximum shear stress at surface of specimen, 

X = angular distance of point considered from reference plane, 

and where A and sc are constants. The values of these constants for each of 
the 12 possible slip directions were calculated ; their values are given in Table 
III. 

Table III shows that the value of the mazimum resolved stress cpefficieiat 
(A) has the value 0*928. Thraefmn in order to produce the requited value of 
maximum resolved shear stress of ±0*6 tons/sq. in., a nominal shear stress 

* ‘ J. Inst. Met.,’ vol. 36, pp. 186-167 (18S»). 
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Table HI.— Constants in Resolved Shear Stress Equations. 




Value of oouHtauta. 


Dirootion. 




A. 



f 

01 

0-392 

203 *2 

0 < 

02 

0-764 

132-9 

I 

03 

0*732 

102-4 

r 

10 

0-589 

128-7 

1 J 

12 

0-437 

254-6 

I 

18 

0*870 

284-6 

r 

20 

0-688 

336-1 

2 < 

21 

t 0-687 

345-0 

1 

23 

0-142 

296-1 

r 

30 

0-326 

205-7 

8 1 

81 

0-928 

180-2 

^ 

32 

0-660 

347-7 
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4. History of Experiment. 

To assist in the description of the observed changes in nucrostruoture, the 
history of the experiment is divided into the following definite stages : — 

(а) Preliminary Stage, — Specimen machined to required shape from single 
crystal bar — etched to remove machining strains — crystalline orientation 
determined by X-ray analysis— metallurgical polish given to surface — ^mean 
diameter (0-492 inches) determined by optical projection method. 

(б) First Tcs/.— Specimen subjected to 1-142 X 10* stress reversals — 
surface lightly cleaned and examined — surface repolished. 

(c) Second Test. — Specimen subjected to further 2*469 X 10* stress reversals 
(total of 3*601 X 10* reversals) — ^microstructure examined — surface lightly 
polished — diameter of specimen redetermined (0*488 inches). 

(d) Third Specimen subjected to further 6*399 X 10* stress reversals 
(total 10’ reversals) — ^microstructure examined. 

(e) Fottrth Test, — Specimen subjected to further 4*635 X 10* reversals 
(total 14*636 X 10* reversals) — surface lightly cleaned— microstructure 
examined — ^fatigue cracks noted in places. 

(/) Fifth Test. — Specimen endured further 9*069 x 10® stress reversals 
(total 23*704 X 10* reversals) when machine stopped automatically owing 
to large increase of strain of specimen due to the presence of a very large 
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number of cracks — surface of specimen found to be covered witb white deposit 
concentrated on cracks — microstructure examined — white deporit removed 
and analysed — surface cleaned — ^microstructure again examined — specimen 
cross-sectioned at centre of parallel portion ; cross-scotion moimted in fusible 
alloy, metallurgically polished, and microstnicture examined.* 

5. Observed Changes in MierostrnciuTe dnring the Experiment, 

The main features of the observed changes in microstructure were throe in 
number consisting of : — 

(i) A genera] attack as demonstrated partly by oxide films but particularly 
by the presence of a large number of very small corrosion pits, and 
referred to as “ general pitting attack/’ 

(ii) Local attack, shown by the formation of relatively large (as compared 
with the general pitting attack) corrosion pits. 

(iii) Slip bands, preferential corrosion on the site of previously formed slip 
bands, cracks and general break-up of surface. 

In order to present a concise summarised account of the observations it is 
convenient to discuss the results under these three main headings, 

(i) General Attack, (a) Oxide Film, — At all stages of the experiment, the 
surface of the specimen was tarnished with a film exhibiting the various 
brilliant colours associated with oxide films. As far as could be judged by 
visual examination the intensity of the corrosion film, although varying at 
different points of the surface, did not vary in any regular manner that could 
be associated with tlie resolved shear stress distribution ; it thus appeared to 
be a general attack. As the experiment proceeded through its various stages, 
the tarnishing of the surface due to the film became more marked. At the 
conclusion of the test, the film was of a lustrous brown colour. 

(6) General PiUing Attack, — ^This feature of the structure was revealed by 
the appearance of a large number of small pits. When observed at the end 
of the first test (1-142 X 10* total stress cycles), they appeared as a number 
of small black dots and, at this stage, were indistinguishable from the appear- 
ance of the etching pits and small polishing inclusions usually observed on 

* The atuiace of the speoimen was repoJiahed after the first and jseoond testa ; it was 
apparent, however, that the obeorved corroaion-fatigue phenomena were essentially 
suHaoe effects, and that a progressive study could not be mode if the surface layer was 
periodioally removed (eorroaion-latigue could probably be postponed indefinitely by regular 
removid of surface layers), hence the specimen was not polished subsequently. 
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polished specimens of aluminium. Fig. 4, Plate 1, taken after the first stage of 
the test at a point where the surface was exceptionally free from oxide film> 
shows the appearance of the dots ** at this stage ; it mil be seen that they 
cannot yet be definitely classed as pits. Little further change in their appearance 
was observed at the conclusion of the second stage (total of 3 '601 X 10® 
stress cycles). Aft.er the third stage of the test (total of 10’ stress cycles), 
however, a vast number of definite small corrosion pits, visible at all parts of 
the surface, was the most prominent feature of the microstructure. It was 
considered of importancf? to determine if the intemity of this general attack 
by pitting at any point was controlled by the value of the resolved shear 
stress at the point, and, for this purpose, panoramic photo-micrographs were 
made of the specimen surface from X = 0° to X = and counts made of 
the frequency of the visible corrosion pits. The work involved was of some 
magnitude but independent counts by both authors proved to be in such 
substantial agreement that reliance was placed in the numerical values obtained, 
and these are of considerable interest. (In certain regions, the heavy film 
rendered estimation extremely difficult and of questionable accuracy ; in 
such cases, the results were rejected.) The results of counts made after the 
third and fourth stages of the test are as stated in Table IV. 

Although the data of Table IV are insufficient to make a complete comparison 
of the frequency of pitting with the resolved shear stress distribution (fig. 2), 
it is clear that tliere is no direct relation between frequency and intensity of 
resolved shear stress. Apart from the frequency of pitting, the intensity of 
the pitting may probably be evinced by the average depth or mrfaoe area 
of the pits but no method has yet been found of obtaining measurements of 
these dimensions ; visual examination, however, did not suggest that the 
size of the pits was a function of the resolved shear stress. The data of Table 
IV show that the number of observed individual pits decreased as the test 
proceeded, and careful examination and comparison of photographs showed 
that this was due to the progressive growth and merging together of several 
pits to form larger pits. This growth in the apparent size of the pits is shown 
by a comparison of fig. 5 and fig. 6, Plate 1, which show typical fields aftexthe 
third and fourth stages, respectively, at points where the reaolved shear stress 
values were of substantially equal value. The tendency of individual small pits 
to merge into larger pits and also, in some cases, to form long groove-shaped 
markings is shown in fig. 7, Plate 1, a photograph taken (after the third stage) 
at a magnification higher than that of the previous photographs. There was 
also distinct evidence that the merging of small corrosion pits was mtich BMnre 
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Table IV. — “ Frequency ” of Pitting Attack after Third and Fourth Tests. 



Frequency of pito (milUom per square inch of apeoimon 
surface). 

Value of A®. 

After third teat 

1 After fourth teat 


(total of 10^ atreaa cycles). 

(total of 1 *46 x 10^ atresa 


j cycles). 

0 

1*22 


5 

0*94 

1 0*75 

10 

1*03 

1 0 50 

15 

1-40 

j 

20 


! 0*66 

25 


0*52 

30 

i 

; 0*42 

35 

: — 

; 0-66 

00 

1*13 

j 0*42 

05 

1*50 

; 0*31 

70 

1*72 

0*63 

75 

M3 

— 

80 

0*97 1 

— 

85 

1*30 1 

0-52 

90 

0*81 ! 

1 0*42 

95 

0*72 i 

0*61 

100 

1*13 1 

0*37 

120 

1*40 I 

— 

150 

1*21 

— 

160 

MO 1 

— 

166 

1*17 ! 

— 

170 

1*00 1 

0*22 

175 

0*63 

0*17 


marked in the regions of highest resolved shear stress ; fig. 8 taken at X =; 0” 
is an excellent example of this feature. Some caution, however, is neoessary 
as, in this region of highest resolved shear stress, plastic deformation had 
previously occurred, and it is considered probable that the tendency towards 
preferential corrosion along the site of slip bands (to which reference is made 
later) has assisted the general pitting attack. After the fifth (and final) staige 
of the test it was found impossible to make a sufficient number of reliable 
estimations of the frequency of the pits to compare adequately this frequency 
with the variations in resolved shear stress value, but such estimations as were 
made supported the previotn conclusion that this pitting was of a general 
nature. At the conclusion of the test the closest examination failed to discover 
any small oraoks radiating from the pits due to general attack, and it is certain 
that the pits did not contribute appreciably towards the faUure of the specimen. 
It appears extremely probable, however, that if the specimen had not failed 
through ether causes, the pits would have continued to grow in sise, and, by 
meKgk^;, formed still larger holes ; in this way, and at some stage, aoedmated 
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fatigue would probably have been induced due to stress concentration 
effects. 

(ii) Local Attack as ahown by the presence of relatively large Corrosion Pits , — 
In addition to the tiny corrosion pits described above as general pitting aUackf 
a number of pits of a much greater size were also observed. These larger 
pits were few in number and they were so irregularly spaced that their positions 
obviously were entirely unrelated to the applied stressing system, or to the 
water inlet or outlet. 

Large pits, or holes, of this type were first observed at the conclusion of the 
third test (total of 10’ stress cycles) when three holes were visible, two on a 
generator represented by X = 356°, the third at X = 134°. Fig. 9, Plate 2, 
shows the appearance of the hole situated at X = 134° ; the others were of 
similar appearance. These holes were filled with a white deposit afterwards 
shown, by chemical analysis, to be aluminium hydroxide. It so happens that 
these holes occurred at points of high resolved shear stress, but equally highly 
stressed portions of the surface were entirely free from such holes. It was 
concluded that the causes of these holes were mainly some fortuitous circum- 
stance, such as non-metallic inclusions, etc. After the fourth and fifth tests 
a very great number of large pits or holes were observed, but these appeared 
to be** definitely related to the applied stressing system, being confined very 
largely to the areas of greatest maximum resolved shear. Also, through most 
of these holes passed cracks following the traces of slip planes and it was 
concluded that these holes were different in character from the few isolated 
holes occurring in the earlier stages of the test. If holes of the type shown in 
fig. 9, Plate 2, resulted from the removal of non-metallic substances, or local 
electrolytic effects due to impurities, etc., it appears probable that, in the 
general case of corrosion-fatigue, such local pits might reduce considerably the 
resistance of the inetal or alloy ; in the present case, however, the influence of this 
local attack on the ultimate failure of the specimen appeared to be negligible. 

(iii) SUp Bands, Preferential Corrosion on the Site of previously formed Slip 
Bands, Cracks, and General Break-up of the Surface, — ^After the first test (total 
of 1 *14 X 10® stress cycles) the surface of the specimen was greatly tarnished 
in some regions and it was extremely difficult to state with certainty whether 
slip bands were present. Slip bands were identified with certainty in the 
following regions X — 340° to 30° also 165° to 215° (plane 3), X =« 80° to 
126° also 270° to 300° (plane 1), and X » 135° to 138° (plane 0) ; they may, 
also, have been present elsewhere. The slope of these bands agreed exactly 
with the calculated slopes of fig. 3, and their position was exactly in accordance 
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with distortion of the specimen according to the resolved shear stress law (on 
octahedral planes) as calculated in fig. 2. Fig. 4, Plate 1, shows their appear- 
ance in a region free from visible film, while their appearance in a more typical 
field is shown in fig. 10, Plate 2. 

After the second and third tests (total of 3-60 X 10® and 10’ stress cycles, 
re8j>ectively) uo markings, identifiable as slip bands, were visible ; the crystal 
appeared to have become fully strain-hardened under the applied range of 
stress. Neither was there visible any sign of corrosion proceeding in preferential 
directions corresponding to the traces of the operative slip planes. 

A remarkable change in the appearance of the microstructure was visible 
after the fourth test (total of 1*46 X 10’ stress cycles). Markings, very 
similar to slip bands in appearance, and agreeing in sIojh^ with the traces of 
the operative slip planes were clearly observed over the greater part of the 
surface. They were especially well-marked in the regions of maximum resolved 
shear stress. Careful examination, however, led to the definite conclusion 
that these markings did not indicate further plasti(; deformation by slip but 
rather a selective corrosion attack on the site of slip bands formed in the first 
stage of the experiment. It would have been against ail experience of the 
behaviour of crystals under repeated cycles of stress to find fresh slip occurring 
after a specimen had become strain-hardened by such a very lengthy mimber 
of stress cycles ; nevertheless, in this new aspc^ct of fatigue phenomena, it was 
conceivable that fresh slip might have resulted due to a general weakening of 
the crystalline structure by corrosion. But this latter explanation is not 
consistent with the evidence offered by the microstruoture of which figs. 11, 
Plate 2, and 12, Plate 3, are good typical examples. In fig. 11 will be seen 
very faint markings over practically the whole field ; these might appear to 
be slip bands but are really distinctly different in appearance as they are much 
too wide and sharply defined. In the same field are seen markings similar 
in appearance, but of increasing definition and, again, others which, by com- 
parison, are much more definitely like incipient cracks. In fig. 12, Plate 3, 
the process of development is seen carried through further stages, including 
three markings which are definitely cracks containing and surrounded by 
corrosion products. Prior to taking these photographs the specimen had been 
lightly cleaned ; the dark areas on either side of the cracks show the limits of 
the hydroxide deposit formed in these regions. These two typical photographs, 
it is suggested, illustrate the whole process in its various stages. Originally 
the surface was quite devoid of markings definitely related with the crystalline 
structure ^although actually covering the site of many previously formed slip 
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bands on the traces of the operative octahedral planes. Under the combined 
effects of the repeated strainings and the corrosive action, selective attack 
has taken place at the regions of disturbed structure. As a first result, mark- 
ings appear which are hardly distinguishable from slip bands, but as the attack 
proceeds these markings gradually* assume the unmistakable appearance of 
corrosion-fatigue cracks. After an exhaustive microscopical study of the 
whole surface of the specimen, this explanation of the origin of the cracks 
appears, to the authors, to be unquestionable. Very definite cracks, some 
ext/ending the whole length of the specimen, were visible in all the four regions 
which corresponded to the peaks of the resolved shear stress curves of fig. 2, 
and these regions also exhibited masses of incipient cracks of the types shown 
in fig. 11, Plate 2, and fig. 12, Plate 3. The large cracks were covered by 
hydroxide powder which had evidently been produced within or at the surface 
of the cracks. 

A new feature of the structure was also observed after the fourth test. Large 
corrosion pits were visible at positions distributed round the positions of 
maximum resolved shear stress ; regions of low stress were quite free from 
these holes. Fig. 13, Plate 3, shows the largest of these holes. This pit 
appears to be extending generally in the direction of the traces of the operative 
slip planes, as shown by the direction of the corrosion-fatigue cracks running 
into the sides of the large pit. It appears probable that the formation of these 
pits is due to the normal merging of general pitting into small holes being 
greatly accelerated by the selective corrosion along sites of slip bands, the 
combined effect being additive and tending to the general break-up of the 
crystalline structure by intensive attack, the resultant holes being definitely 
deep, as could be seen by focussing into them. The effect would have its 
maximum value at the region of maximum resolved stress, which is where the 
pits were mostly observed. 

Fig. 18, Plate 4, shows the appearance of the specimen when removed from 
the machine at the conclusion of the experiment. The surface exhibits a 
very profuse system of very large cracks whose positions are shown by the 
white deposit which had evidently been forced out from the crooks and holes 
at and in which it bad been formed. Although traces of white deposit were 
noticed aW previous tests, a very much larger quantity had been produced 
duringthe final stage of the experiment. The deposit was removed and analysed. 

In order to study the relation of the principal features the inicroitractiire 
with respect to the shear stress distribtitiOn, an exact map was made of the 
outface showing the position of the prie^pal cracks and large corrdsion pits; 
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this map was made using a metallurgical microscope with a 16 mm. objective 
aod is reproduced as hg. 19. A diagram of the shear stress on the operative 

CORROSION -FATIGUE TEST on SINGLE CRYSTAL RESOLVED SHEAR 
or ALUMINIUM (SPECIMEN ALeA*). Stnws on octahedral 


Developed surface of specimen after fracture showing planee— tons/sq in. 
cracks and the larqer corrosion pits. 09009000000 







406 


H, J. Gough and D. G- Bopwith. 


dip planes is also included in the figure. The dotted lines on the map represent 
traces of planes parallel to the operative slip plane in the region concerned and 
show clearly the relation between the traces of these planes and the general 
direction of the principal (corrosion-fatigue cracks. It is apparent that intensive 
cracking has occurred in the regions of maximum resolved shear stress. The 
outeiafding feature of the eirueiure^ clearly brought, out in jig, 19, is that the actual 
fracture of the specimen has been brought about entirdy by selective corrosion- 
fatigue attack in directions paralld to the traces of the operative slip planes. 

Fig. 19 also shows the strongly marked tendency foi the formation of fairly 
large corrosion pita in the regions of maximum shear stress. The number of 
these pits and their size had increased greatly during the last stage of the test, 
but their characteristics were precisely similar to those observed after the 
fourth test and as described previously, confirming the conclusion that their 
formation was due to the additive effects of the selective attack on slip bands 
combined with general pitting ” attack. The direction of a few cracks do 
not agree with the traces of octahedral planes, but follow an approximately 
circumferential direction. Most of these cracks pass through the large holes 
sitxiated on the main cracks parallel to the traces of the operative slip plane, 
and probably originate at these holes, being propagated in the direction of 
maximum nominal shear stress. The reverse process may, of (bourse, have 
actually happened, i.c., that the holes were formed due to accelerated corrosion 
at the junction of cracks. Fig. 14, Plate 3, shows the typical appearance of 
the miorostructure, at the end of the exj>erim©nt, in a region of maximum 
resolved shear stress. 

6. Ohemwal Andysk of White DeposU, 

The deposit formed during the last test was brushed off, using a camel hair 
brush moistened with benzine, and dried in the air, yielding a whitish powder 
weighing 0*0114 gram. This was extracted with dilute hydrochloric acid and 
filtered ; the residue after the ignition weighed 0*00003 gram. Aluminium 
present in the solution was precipitated, ignited, and weighed as Al^Os : the 
weight foimd was 0*00303 gram. This represented 27*2 per cent. AlgO^ (or 
41*6 per cent. AlgO^JHuO) calculated on the weight of the sample. The 
quantity of the material available pri8<jldded th^ possibility of a more detailed 
analysis. 

7 . of €m^^90o^ Specimen, 

The speexmai efioy and at right angW to 

the axis and through the centre of #0 pca^tion of the speoiinesn. The 



Behaviour of a Single Gryiaial of Aluminiu/n. 


407 


croBs-gection thim obtained was then prepared, by polishing only, for micro- 
scopical examination, A most intricate system of cracks was revealed and 
attempts were made to record this by low-power photographs, but 
without obtaining sufficient detail. The cross-section was, therefore, photo- 
graphed in sections and the resulting composite photograph was traced 


aiie 



Fio* 20.-^OrosB-seotian of specimen after test, showing irregular edge and the position 

of the major tracts. 


by hand. A reproduction of the tracing is given as fig. 20 ; the oroas- 
seotion ifi surrounded by a diagram shcming hatching parallel, in the 
appropriate region, to the traces of the operative slip planes, also the curves 
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of tesolved shear gtreas (taken from fig. 2) are reproduced inUie form of a polar 
diagram. Fig. 20 shows that the main directions of the {wincipal cracks^ 
especially at the surface of the specimen, ate in very good agreement with the 
traces of the operative slip planes on the cross-section. Ab the cracks extend 
into the specimen, their courses, while following in general the same direction, 
branch in the usual characteristic fashion of fatigue cracks. In addition to 
the large cracks shown in fig. 20, examination under the microscope revealed 
a mass of extremely fine cracks, particularly in the regions which had been 
•ubjeoted to higji values of resolved shear stress. One particularly interesting 
feature is the way in which a large crack, after it has extended a considerable 
way into the specimen, suddenly opens out into an intricate system of very 
fine cracks. Fig. 16,* Plate 3, is a typical example. An intricate branching 
of this type is not typical of ordinary fatigue failure ; it is probably peculiarly 
associated with failure by corrosion-fatigue. This intricate meshwork of 
fine cracks was not confined to the interior of the surface, the area, marked in 
fig. 20 as 2100 X 97/* and situated fairly near to the surface of the specimen 
exhibits the same appearance. 

In general, the contour of the cross-section, like the surface of the specimen, 
indicates that the most marked corrosion and cracking has occurred at the 
regions subjected to high values of resolved shear stress. As typical com- 
parative examples, fig, 16, Plate 4, and fig. 17, Plate 4, are included. Fig. 16 
shows the edge of the surface at a region of minimum resolved shear stress ; 
no cracks are visible, and the edge of the specimen is not obviously irregular. 
Fig. 17 shows the appearance at a region subjected to maximum resolved 
shear stress ; a number of large cracks are visible and the profile of the specimen 
surface is very irregular. 

8. Sumnary of Qte Observations, 

The experiment and major observations may be briefly summarised as 
follows : — 

The single crystal specimen was subjected to alternating torsional couples* 
equivalent to a nominal shear stress range of ±0*66 tons/sq. in., while 
immersed in a slow stream of tap water. Final fracture, due to a profuse 
system of cracks, occurred after a total of 23,704,000 cycles. The micro- 
structure was examined critically after the following total numbers of millions 
of stress cycles : 1 * 142 (first test), 3 • 601 (second test), 10 • 000 (third test), 14 • 685 

* The reference number of this photograph, taken at = 207®, is 2106 ; the poslUoa 
at which it was taken is shown in fig. 19 of the oroaa-seotion. 
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Fig. 18. — Specimen after final test. 




(ioarth tetfc), 23*704 (filth test). Piastio deformatioia oeimja^ 4aiii|g ^ 
fixst test, and the observed slip band distribationi agreed estaotly vith that 
predicted by the calculated resolved shear stress distrifoatioa ; dorhig sutbae* 
quent teste no slip bands were observed. A feature, ocmunon to idl stages of 
the test, was a general corrosion “pitting” attack. The number <d pits 
per unit area of surface — referred to as " frequency ” (of oocurr^tce) — was 
estimated at a number of areas at each of several stages of the test. A ocan* 
parison of the frequency values with the shear stress distribution indicated 
that no relation existed between these quantities ; the pitting has, therefore, 
been considered as a form of general corrosion attack. In the early stages of 
the experiment, the frequency of the pitting was of the order of 10’ pits per 
square inch of specimen surface area ; as the tests proceeded, the pits increased 
in size and, by merging, formed larger pits. But, even at the end of the experi* 
ment — except in those areas where pit growth was influenced by another 
factor — ^the pit size was not very great, and the fatigue resistuice of the speci- 
men did not appear to have been seriously influenced by the presence of these 
pits. No fatigue cracks radiating from these pits were observed and, the 
stress concentration effects due to the pits must have been smaQ. (hr the 
other hand, the observed growth of these pits suggests that, in the absence of 
other destructive influences, corrosion-fatigue failure due to pit formation 
might have occurred at some more advanced stage. During the later stages 
of the tests, a marked development of the process of the merging of clusters of 
pits into small holes occurred in the regions subjected to high resolved shear 
stress, no such development occurring in regions of low resolved stress ; these 
observations suggest that these marked corrosion effects represented the 
combined or additive effects of the general corrosion pitting (nai related to 
resolved stress) and preferential corrosion along the site of previously formed 
slip bands (the intensity of which was directly controlled by resolved stress). 

In addition to the general pitting attack, intense local oorrosiou took place 
in some regions leading to the production of a few holes the size of which was 
relatively large when compared with that of the pitting caused by general 
attack. The position of these holes oould not be related to the stressing 
system and their cause is not known, although etch pits, local impurity, etc., 
hwy have been responsible. 

Fxefetential corrosion on the site of previonsly formed slip bands was the 
factor of greatest importance in the failure of the specimen. Dae to this cause 
developod a huge number (40 or SO at least) of very long cracks and a 
BUfltitude of small cracks. These cracks were in nearly every case parallel 

.■caaucv.---A. ^ ' 2 a 
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to the traces of the operative slip planes (changing direction with the change 
in slip plane) and were most thickly concentrated in the region of maximum 
resolved shear stress intensity ; they are thus directly related to the crystalline 
structure of the specimen and to the applied stressing system. An examination 
of a cross-section of the fractured specimen revealed that many of the principal 
cracks terminated in an intricate meshwork of very fine cracks ; this feature 
has not previously been observed in experiments on fatigue and is probably 
a characteristic peculiar to corrosion-fatigue conditions. 

9 . Main JtesuU of Experiment, 

As the experiment represents a test on one single crystal only, and as the 
effect of the intercrystalline boundary and crystal size on corrosion-fatigue 
characteristics form the subject of further experiments not yet completed, it 
would be premature to endeavour to correlate the present results with those 
previously obtained in tests on crystalline aggregates by other workers. One 
very important aspect may, however, be remarked. Arising from tests made 
on crystalline aggregates, the opinion has been expressed that failure by 
corrosion-fatigue is due primarily to the stress-concentration effects caused by 
corrosion pits or notches due to general or local attack. But the present 
results show that, as far as a single crystal is concerned at any rate, this 
is not the case, but that the cause of failure is directly related to the 
crystalline structure. This is the more satisfactory explanation, as failure 
under ordinary fatigue and corrosion-fatigue conditions are now shown to be 
directly related. For very many fatigue experiments on single crystals* of 
aluminium, iron, zinc, silver, etc., have shown that fatigue cracks always 
originate in regions which have been plastically deformed thus leading to the 
conclusion that fatigue failure, in such cases, is a consequence of the break-up 
of the crystal structure resulting from slip. If, as in corrosion-fatigue, a 
corrosive action is superimposed on the stress effects applied in ordinary 
fatigue tests, it would appear most probable that these actions would be 
mutually accelerative, and that failure would, in this case also, be most marked 
in the plastically deformed areas. The present exi>eriment has shown that 
this actually occurs, and this result is of great importamic as affording some 
fundamental information regarding corrosion-fatigue phenomena which could 
only be obtained frmn single crystal tests. A corrosion-fatigue test on a single 

For general summary see Fatigue Phenomena, with Special Reference to Single 
Oystols/' H. Gough, ‘ Cantor Lectures,* * J. Roy. Soc. Arte./ vol, 76 ( 1928 ). 
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crystal where the applied cycle of stress is such as would not normally produce 
plastic deformation would afford an mteresting comparison with the present 
experiment ; a crystal of iron would be suitable for this purpose, and it is 
propoBod to carry out an experiment on such a crystal, 

10, AchfmvledgmenlB, 

The experiment destuibod forms part of a programme of research imdertaken 
at the National Physical Laboratory, for the Aeronautical Research Committee 
of the Air Ministry. The authors take this opportunity of expressing their 
indebtedness to various colleagues at the National Physical Laboratory for 
considerable assistance rendered ; to Mr. I. Backhurst, B.Sc., for the X-ray 
analysis ; to Mr. J. D. Grogan, B.A., for the metallographic polishing of the 
specimen ; to Dr. G. Barr, B.A., and Mr, W. H. Withey, B.A,, for the chemical 
analyses of the corrosion-product and the tap-water ; also to Mr. G. Forrest^ 
B.Sc., for valuable assistance rendered in connection with the photomicro- 
graphs. 


The Hydration or Combined Water of Gelatin. 

By T, Moran (Low Temperature Research Station, Cambridge). 

(Communicated by Sir William Hardy, F.R.8. — Received November 11, 1931.) 

In a previous paper* it was shown that when gels of gelatin are so frozen 
that the ice and the gel phases are separated by a plane surface so that they are 
at the same temperature and pressure, there is a clear cut separation into icef 
and more concentrated gel and the concentration of the latter is determined 
by the temperature ; there is in short a completely reversible phase equilibrium 
between ice and gelatin gel 

This earlier work has since been extended by experiments over a wider 
range of temperatures and with gels containing varying amounts of non- 
electrolytes and neutral salts. The present paper is an attempt to define 
the state of the water in gelatin gels from an analysis of these data, 

♦ It should bo noted that pur© ice does not separate out from gelatin gels under oil con. 
ditions of freesing ; in fact Hardy, ' Proo. Boy. Soc.,’ A, vol. 112, p, 47 (1920), has shown 
that more usually, instead of ioe, a solid solution of ioe and gelatin is formed. 

t Moran, ‘ Proc. Boy. Soc,,’ A, vol. 112, p. 80 (1926). 

2 B 2 
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Experimental, 

In the original experiments small discs of gelatin gel varying in concentration 
between 12 and 40 per cent, were supercooled at —3^ C., seeded with ice and 
given a few days to reach thermal equilibrium. It was found that the ice 
separated as a shell surrounding a case of concentrated gel. Some of the 
frozen discs were stored at lower temperatures. Analysis of the gelatin cores 
at the several temperatures gave the results shown in the second column of 
Table I. 

In the present experiments two different types of gelatin were used : (i) 
purified Coignet gold label gelatin kindly supplied by Dr. D. Jordan Lloyd or 
prepared by her method,* ash content 0 • 02 to 0 • 1 ptu cent. ; (ii) pure Eastman 
Kodak gelatin, ash content 0*06 per cent. 

Table I gives the average results obtained. 

Table I. 


Kquilibriuni oontientration of gel (percentago). 


Freening 

temperature. 

1 

Original ! 

axperimentH : 

(toe, cii,), I 

i 

Purified 
Coignet 
eample 1. 

Purified 
Coignet 
sample 2. 1 

Eaetman 

Kodak. 

- 0*5 


1 

40» 



- 0*9 

— 

471 

48 0 


- 8 0 

' 64-3 i 

558 


66 -a 

~ 5*0 

! oO'i 1 

— 

j 67-1 

1 

-- 6*0 

j — 

60-0 

1 

! 

- 7-0 

1 62*1 

1 

t 

* 

-no 

I 64*4 

— 

— 

— . 

-18*0 

1 — 

64-6 

66*3 

68*6 

*-19*0 

1 65*2 

I 1 


— 



The values obtained in these two series of experiments with purified Coignet 
gelatin were the extreme values for this particular gelatin ; other samples gave 
intermediate values. The concentration of the gel before freezing was 15 
per cent. It was prepared by soaking the required amount of gelatin in water 
overnight and bringing it into solution on the water bath. Measurements 
with the quinhydrone electrode gave 4-7 to 6*0 as the of the gds prepared 
from both gelatins. 

In a number of the experiments the storage was extended to 45 days at each 
temperature. In no case, after about 2 to 3 daya, was a trend observed in the 

* • Bioohem. J.,’ vol. 21, p. 1362 (1»27). 
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values. Probably an even more satisfactory proof that the values in Table I 
are equilibrium values is shown by the fact that samples of Coignet gel, sample 
1, stored at — 18"^ C. for 3 weeks and giving analyses of the order of 64*6 per 
cent., gave when returned to —3^ C. the previously determined value at this 
temperature, namely 56*8 per cent. A similar result was obtained with the 
Coignet gelatim No. 2. 

The values given in Table I are shown in fig. 1. In each series the curve is 
of the same general type. 

In curves I and II all the water capable of being frozen out has appeared as 
ice at the limits —20® C. and 0*56 to 0*63 gm. of water per gram of dry gelatin. 
This second limit was confirmed as follows ; — number of gelatin discs prepared 
from Coignet gelatin 1, were frozen at — 3°C. and cooled gradually to —20^ C. 
They were then placed in a muslin bag, suspended over liquid air in a thermos 
flask for 2 hours and finally immersed in the liquid air for a further 24 hours. 
The gelatin cores were removed as rapidly as possible at —20° 0. and anal 3 med. 
The concentration in four experiments was 66*4 (d:0*4) percent, corresponding 
to 0*63 gm. of water per gram of dry gelatin. In a second experiment using 
Coignet gelatin 2, the immersion in the liquid air was extended to 3 days. The 
average concentration was found to be 66*1 per cent. 

History of the Oelatin. 

Table I shows that the exact form of the equilibrium curve depends, as 
might be expected, upon the sample of gelatin. For a given sample, however, 
it is sensibly independent both of the con<jentration of gel before freezing and 
the rate of cooling. 

Thus from a sample of purified g(datin four gels A, B, C and D were prepared 
of concentrations 13*7, 23*3, 30*9 and 35*1 per cent. The following equili- 
brium concentrations were obtained. 


Table 11. 


Temperature. 


Equilibrium concentration. 


A. 

1 ” 

B. 

a 

D. 

^ 3 

871 

67-2 

57-5 

57-8 

-10 

64 a 

06-7 

65*8 

661 

-18 

65 8 

67-2 

67*6 

67-5 
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There is appaxently a very slight shift in the curve with increasing con- 
centration of gelatin, but this may reasonably be due to slight difierenoes in the 
amounts of impurities in the gels, Cbnaiderably more heating on the water 
bath is required to prepare the concentrated gels. 

In another series of experiments 30 gm. of gelatin were soaked overnight in 
water, made up to 200 c.c. and brought into solution on the water bath, the 
temperature of the gel being 70*^ to 75° C. A portion was then cooled rapidly 
in shallow moulds (approximately 3 mm. deep) resting on ice ; half an hour 
later discs of the gel were pUwjed at —3° C. and seeded with ice. Twenty hours 
later the frozen discs were distributed at the three temperatures, —3-2°, —10^ 
and —19° C. The remainder of the gel was passed slowly through the following 
temperatures, 60°, 45°, 37°, 14°, 10°, 5°, 1°, the time at each temperature being 
2, 1-25, 1, 16, 4, 3 and 18 hours respectively. Discs of this gel were then 
prepared as with the other sample. The Pjj of both gels immediately prior 
to freezing was 6-0. 

The following concentrations of gel (average in each case of eight analyses) 
were obtained. 

Table III. 


Temperature. 


--10 

--19 


Equilibrium oonoentration of gel. 


Rapidly oooled. 


per cent, 
57-2 (501) 
03-65 (63-2) 
66*36 (66-6) 


Slowly cooled. 


per cent. 
57-1 (66-6) 
63-7(63-2) 
66-7(66-7) 



A repeat experiment with another sample of gelatin gave the results shown 
in brackets. 

The Ash Cont^U of the Gelatin. 

The general form of curve I, fig. 1, suggests an analogy with the freezing 
point concentration curve of a simple salt solution or a colloidal system con- 
taining an appreciable amount of dissolved salts such as muscle. Calculation 
shows that to explain curve 1, fig. 1, on the basis of salt impurities the amount 
of salt would need to be of the order of 1*6 per cent, sodium chloride. As- 
suming this oonoentration in the series Coignet gelatin 1, in Table I, the 
** corrected concentrations at —8° and —19° C. would both be 66 *4 per cent. 

• Moran, * Proc. Key. Soo.,* B, vol. 107, p. 1S2 (1930). 
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The method of purifying the gelatin was that suggested by Dr. D. Jordan 
Lloyd {hc^ dL). Approximately 80 gm. of Ooignet gelatin in the form of thin 
sheets were soaked for 2 da)^ in two lots of 10 litres of 0*2 M. sodium chloride 
adjusted to 3, the solution poured off and the gelatin washed in running 



I . — ^ ” OriginaJ ex|)erjinent8 : Kodak Gelatin ; O Purified Coignet ; Sample 1 ; 

0 Sample 2 ; x Pure Kodak Gelatin. 

distilled water for M to 17 days at 0,, the volume of the water used being 
40 to 60 litres per day. 

The ash contents of the samples of gelatin purified in this way were estimated 
by careful incineration and varied between 0*02 and 0*1 gm. per 100 gm. of 
dry gelatin. The ash contained an appreciable percentage of sodium chloride 
and experiment shows that this salt volatilises when heated to bright redness 
in a platinum crucible. Other experiments howev(«: showed that the figures 
for the ash were of the right order. Thus in one sample two determinations of 
the ash gave 0*05 and 0*08 per cent. In two other experiments a weighed 
amount of gelatin was heattni gently and just charred. The mass was then 
taken up with water, boiled, filtered and the filtrate titrated for chlorides. 
The results expressed as grams of sodium chloride per 100 gm. of dry gelatin 
were found to be 0*038 and 0*063. Mr. H. F. Davis also kindly estimated 
the sodium and calcium in the charred mass from known weights of gelatin 
and obtained 0*019 and 0*042 as the corresponding percentages of sodium 
and calcium chlorides in the gelatin. 

Taking the maximum figure of 0*1 per cent, for the ash and assuming it to 
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be present as the soluble salt sodium chloride the correotious at — —3®, 
and —19® to the observed values in Table I are 1 '3 per cent., 0*3 per cent, and 
0*0 per cent. The e<juilibrium curve therefore cannot be explained on the 
basis of a correction for the salts present in the gelatin. 

The evidence is that gelatin is not a chemical individual,* but in view of the 
method of purification, particularly the prolonged dialysis, it is improbable 
that impurities in the gelatin of the nature of simple breakdovm products 
would total approximately ()'05 mols per 100 gm. of gelatin, the equivalent 
of 1 - 6 per cent, sodium chloride. Knaggs, Manning and Schryverf found that 
when Coignet gold label gelatin is immersed in distilled water at 20® nitrogen 
bodies diffuse into the water and this process is still going on at the end of 8 
months. They suggest that this may be due to slow hydrolysis of the gelatin 
in the presence of the watfsr or to its actual solution. The bulk of the nitrogen 
over and above this steady state diffused out in the first 4 days and in their 
experiments the washing was not riearly so rigorous as in this work. 

The equilibruun curve in fig. 1 is therefore characteristic of pure gelatin. 
The curve is completely reversible and is therefore different from the vapour 
pressure isotherm of silica gel studied by van Bemmelen. With this gel 
reversibility only occurs at very low water contents, below 0*25 gm. of water 
per gram of dry gel. This difference between silica and gelatin gels was first 
demonstrated by the experiments of KatzJ which are discussed later. He 
showed that the drying and re-absorption curves of gelatin coincide over the 
range 50 to 100 per cent, gel. The behaviour of silica gel can be explained 
on its capillary structure, whereas with gelatin gel structure appears to play no 
part. This is further confirmed by the experiments recorded in Table III 
in which it was found that the same freezing equilibrium curve was obtained 
irrespective of whether the gel was slowly or very rapidly cooled before freezing, 
although differences in the framework of the two gels would be expected. 

The behaviour of gelatin gel therefore appears to depend upon the direct 
interaction between gelatin and water and the results will therefore be 
analysed from this standpoint. 

The Mam Aeti^y of Water in Gelatin GeU, 

From the concentrations of gel given in Table I the total mass of water 
associated with each gram of dry gelatin can be calculated. It is also possible, 

* KrislmaBaurti and Svedberg, ‘ J. Amer. Chem.. Soc.* voL 52, p. 2897 (1930), 
t * Biochem. J.,’ vol. 17. No. 4, p. 473 (192.3). 

J ‘ KoUoidohem. Beihefte./ vol 9, p* 1 (1917). 
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using the formula of Lewis and Randall»’^ to calculate the activity of the water 
in these gels* The formula is 

logio^H.o= ““ 0*004211 e - 0-0000022 O*, (1) 

where 6 is the difference between 0° and the equilibrium temperature of the 
gel. The results are summarised in Table IV, and shown graphically in fig. 2. 


Table IV. 


Temperature, 

Activity of water. 

Mass of water in 
grams per gram 



of dry gelatin. 

™ 0-6 

0-995 

1-443 

^ 0-9 

0-991 

1-120 

- 3 

0 971 

0-793 

6 

0*943 

0-W)0 

^18 

0-8385 

0-547 


In fig. 2 the amount of water per gram of gelatin increases rapidly as the 
activity of the water approaches unity. 



• Thermodynamics ” (1923). 
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Theories oonceming the State of the Water in Odatin Gds. 

In relating the mass and the activity of the water in gelatin gels two distinct 
ranges are apparent : (a) range I, in which the activity of the water varies from 0 
to about 0 • 8 and the water content of the gel from 0 • 0 to 0 • 5 gm. per gram of 
dry gelatin, and (6) range II, in which for a change in the activity of the water 
from 0*8 to 0*996 the water content of the gel varies from 0-5 to 1-44 gm. per 
gram gelatin. 

Raru^ L — Oeh containing 0-0 to 0*5 gm* of Water per gram of (Matin, 

When dry gelatin or a sample of gel containing only a small quantity of 
water is immersed in an excess of water there is a considerable evolution of 
heat. Rosenbohm* using the ice calorimeter has measured these quantities 
of heat. His results are shown in curve I, fig, 3. He concludes that the heat 
changes are complete when 1 gm, of gelatin has imbibed 0*6 gm. of water 
corresponding to the production of a 66-6 per cent, gel. The general form of 
this curve has been verified by the simple method of mixing, the rise in tempera- 
ture being observed when weighed amounts of concentrated gels of known 
composition were added to a known mass of water contained in a Dewar flask. 
The experiments wore carried out at 0^ C. and all the materials were cooled 
overnight to this temperature. The method is accurate to approximately 
1 calorie per gram of gelatin. The results are shown in curve II, fig. 3. 



Fro, 3. 

♦ ‘ Kolloidoham. Boibefte,* voL 6, p. 177 (1914). 
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These curves have also received iudirect ooidirmation from the es^ximents 
of Kats (ioc. mt,) who determined the vapour pressure isothermal of gelatin 
gel at room temperature by allowing the gels to reach equilibrium over various 
solutions of sulphuric acid. This is shown in curve III, fig. 3, where h is the 
ratio of the vapour pressure of the gel to that of pure water. The curve 
begins to approach the ordinate A = 1 asymptotically at a concentration of 
gel of approximately 66-6 per cent. 

These measurements are particularly sensitive to variations of temperature, 
but the general form of the curve is unmistaka)>ie. 

The relatively large heat of combination between gelatin and water, the 
fact that this heat effect is practically complete when 1 gm, of gelatin has 
reacted with 0*6 gm. of water and the experimental results in figs. 1 and 3 all 
suggest that in range I the water in the gel is held very strongly, probably by 
chemical forces ; it stands out very definitely as combined water or water 
of hydration of gelatin. 

Range II - AMs containing 0*6 1 ‘44 gm. of Water per gram of 

Gelatin. 

This range is more difficult to analyse. In fig. 2 the amount of water per 
gram of gelatin increases rapidly as the activity of the water approaches unity, 
quite unlike the usual monomolecular adsorption curve. If therefore the 
results in Table I are to be explained on the basis of adsorption of water by the 
gelatin it would appear that the adsorption is that of a niultimoleoular film 
since Langmuir* has shown theoretically that in such a case the amount of 
water adsorbed would increase rapidly with increasing activity of water giving 
a curve similar to fig. 2. There now appears to be considerable evidence in 
favour of the existence of multimolecular films.f Hardy in fact has shown that 
at the surface of a solid there is an attraction field with a range of the order 
6 X 10“* mm. He visualises the attraction field as spreading from the oriented 
molecules at the actual surface of the solid. These in turti “ orient and strain 
molecules beyond them until the effect fades out by reason, for example, of 
the heat motions," J 

* ‘ J. Amer. Ch^m. Soc./ vol. 40, p, 1360 (lOlS). 

I Bideal, “An introduction to Surface Chemistry,” p. 144 (1026); Hardy, ‘ PhiL 
Trans.,’ A, vol, 230, p. 1 (1930). 

t In oonvorsation with »r, D. Jordan lioyd it was suggested to me that the gelalan 
molecule can be regarded as having polar and non-polar side chains. The polar aide chains 
which would be derived from the inclusion of such groups as lysine and arginino in the 
moleotUe would provide foci for the fixation of water by the orientation of the dipole water 
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The concentrations of gel in range II can therefore be explained on the basis 
of adsorption of water by the gelatin. 

An alternative explanation of the results in range 11 is that the gels are 
single phase systems and that the gelatin and its water of hydration alter the 
molar fraction of the water. Laing and McBain*** showed that there is no 
essential difference between sols and gels of sodium oleate as regards osmotic 
activity, concentration of sodium ions, electrical conductivity and refractive 
index. The only differences are the mechanical rigidity and elasticity of the gel. 
These authors stressed the fact that their conclusions apply equally well to 
gelatin sols and gels. Northrf)p and Kunit;5t also found that there is no break 
or dis<iontinuity in the changes with temperature in the swelling or osmotic 
pressure of a gelatin sol when it cools to a gel. In so far as concentrated gels 
only are concerned (gels above a concentration of about 40 per cent.) they agree 
with Katz that they are one phase solid solutions of water and gelatin but from 
considerations of viscosity and synseresis suggest that dilute gels are two phase, 
three component systems, the components being water, “ soluble ” gelatitx and 
** insoluble gelatin. 

According to Lewis and Randall (loc. aU.) the atJtivity of the water in a perfect 
solution is proportional to its molar fraction, Le., 

0^,0 ^ ^ 1 * (^) 

If gelatin gels be regarded as true solutions, either of gelatin in water or 
water in gelatin there is still the difficulty of how far they obey the laws for a 
perfect solution. Prom fig. 3 it would foDow that the heat of dilution of gels 
below about 66 per cent, concentration is zero or extremely small, so that there 
is some justification for applying equation (2) to the gels in Table I. 

In the fifth column of Table V are given the values for the hydration of 
gelatin, expressed as grams of water per 1 gm. of dry gelatin calculated by 
equating the molar fraction of the water in each gel to its activity. The 
equation employed was 

100 •— 0 — fc 
18 

«H.o 100 _ c - 6c I c ■ 

is +M 

molecules. It is not impossible that round these polar groups there is a monomolecular 
layer of water molecules in static equilibrium, while beyond this layer are further shells 
of water molecules in which the equilibrium is dynamic. 

♦ ‘ J. Cfaem. Soc,,’ vol. 117, p. 1506 (1920), 

t * J. Pbys. Chem„» vol. 36, p. 162 (1931). 
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Where o is the experimeatally determined equilibrium concentration of gel, 
is the hydration of 1 gm. of gelatin and M is its molecular weight, which in 
these calculations was taken as 60,000.* 


Tabhi V. 







Equilibrium 





Apparent 
hydration of 

oonoentration 

Freeaing 


Equilibrium 

Grams total 

of gel 
calculated 
assuming 

point 

of 


oonoentration 
of gel 

water per 
gram 

Bolatin 

ofdculated 

gel. 


(oxperimontal). 

gelatin. 

from 

constant 





equation (2). 

hydration 



* 



of 0-6. 

“c. ! 


per cent. 

i 


per cent. 

-- 0-6 ‘ 

0-995 1 

40-9 1 

1-443 

1-29 

63-7 

0-9 ; 

0-991 i 

47-1 

M20 

1-06 

66*0 

- 3 ! 

0-971 

56-6 

0-793 

0-766 

66-1 

-- 6 j 

0-943 

60-0 

0*666 

0-669 

66-0 

.,.18 

0-6385 

64-6 

i 

0-547 

0-647 



65-8 


The values for the apparent hydration of the gelatin increase rapidly with 
increasing activity of water. The striking feature of the values, however, is 
that they are so little different from the corresponding figures for the total 
amounts of water in the gels. This might be taken as an argument that the 
gels are solid solutions of water in gelatin-water. The values, however, are 
not so surprising when expressed as the number of molc^cules of free water 
per molecule of hydrated gelatin. Thus in the 60 per cent, gel this ratio is 
20 whilst in the 40-9 per cent, gel it is 400. 

The values for the hydration in these concentration gels give little clue to the 
values in weaker gels, as when plotted against temperature the resulting curve 
is convex to the temperature axis. Examination of the curve, however, shows 
that at zero concentration the hydration is greater than 2-75. 

♦ Attempts have been made to fix the molecular weight of gelatin and the values 
obtained range between 10,000 and 100,000. Cohn, * J. BioJ. Chem./ vol. 63, p. 721 (1926), 
in reviewing the literature oonoludes, in agreement with D. Jordan Lloyd, that its 
minimum molecular weight is 10,000 and the true molecular weight some multiple of 
this. More recently Krishnamurti and Svedberg {loc, cit.) have investigated the molecular 
weight of gelatin by ultra centrifugal methods. They conclude that in the region of the 
isoelectric point {pn 4*6 to 6*0) there is marked aggregation of the gelatin moleoiiles. 
At Pb 4*0 there is no aggregation but the sols are heterogeneous, the molecular weight 
varying from 11,000 to 70,000. They suggest, however, as a possibility that the species 
with the molecular weight of 11,000 is probably a decomposition product of gelatin. In 
the present paper a mean molecular weight of 50,000 has been taken, but the general 
conclusions will be unaffected for any molecular weight over about 10,000. 
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Fig. 4 show the curve obtained when C/T i« plotted against 1 + 6, 

where 6 is the apparent hydration per 1 gm. of gelatin and 0 is the oonoen- 
tration of the gel. The straight line relationship indicates that b is given by 
an equation of the type 

b = 

If the straight line is extrapolated to C — 0, the (jorrtjsponding value of b is 
4-8. 

As a matter of interest the final column of Table V gives the equilibrium 
concentrations of gel that should be obtained if the hydration of the gelatin 

was constant and equal to 0*5 gm. 
The diffenmce between these values and 
the experimentally determined values 
(column 3) is well outside the possible 
experimental error. 

The above method of treatment, in* 
volving the assumption that gelatin gels 
are ideal solutions and correcting for the 
hydration of the protein, is practically 
identical with that employed by Kunitr;* 
and Northrop and Kunitz (he, cit,) in 
their analysis of the osmotic pressures of 
dilute gelatin sols at 35® C. They 
obtained values for the hydration ranging 
from 4-85 in an 8 per cent, solution to 
5*96 in a 1 per cent, solution, which 
values are of the same order as those 
calculated above. Tbe temperature of their experiments, however, was 
higher. 

There is another point of view and that is that gelatin gels like hssmoglobin 
solutions are not idealf and that the hydration of the gelatin is small and 
practically constant. This has been put forward by Adair and Oallowt in a 
criticism of the conclusions of Kunitz and they suggest 0-6§ as a more likely 
value for the hydration of gelatin. They suggest that in solutions the term 
"6” in the osmotic equation p (v — 6) = RT is much larger than the volume 

* ‘ J. Gen. Physiol,’ vol. 10, p. 811 (1928). 

. t Adair, ‘ Proo. Roy. Soc.,’ A, vol. 120, p. 673 (1928). 

t ‘ J. Gen. Physiol,’ vol. 18, p. 819 (1930). 

§ Moran, ‘ Proc. Roy. Soc.,’ A, vol. 112, p. 30 (1926). 
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of the protein hydrate and that this is partly the explanation of the high values 
obtained by Knnitz. 

The oondusioxiB as regards the hydration of gelatin in range II and in weaker 
gels are not very definite. It is probable, however, that there are a number 
of different mechanisms by which the activity of the water is affected by 
gelatin- Thus if dilute gels are two-phase systems with the gelatin present 
partly as a solid or as a solid solution and also in part dissolved in a liquid 
phase* then the activity of the water will be determined both by considerations 
of adsorption and by changes in the molar fraction. It is however at this 
stage impossible to carry the analysis further. 


The Influence of Salts and Sucrose on the. Hydration. 

Calculation of the hydration of gelatin in the presence of salts is much more 
diflBioult since there are at least two additional complications possible, namely 
(1) adsorption of the salt by the gelatin, (2) changes in the a(?tivities of the salt 
and gelatin. These effects being of unknown magnitude had to be ignored, 
but nevertheless the results obtained were very definite. 

In the first experiments a number of gels were prepared containing 16 gm. 
of dry gelatin and varying amounts of sodium chloride, potassium chloride and 
sodium nitrate, the volume of each gel being 100 c.c. When these gels were 
frozen no salt was found in the ice shell so that it was possible to analyse the 
core in terms of dry gelatin, neutral salt and water. The experiments were 
carried out only at temperatures above the eutectic of the particular salt. 


Saks of the Alkali Metals. 

The hydration of the gelatin in these gels was calculated by two methods : 
(1) by subtracting from the total amount of water in the gel the amount 
necessary to dissolve the salt present. The amount of water remaining was 
assumed to be associated with the gelatin as water of hydration. This method 
of calculation would appear to be particularly applicable to the gels if they are 
2-phase solid-liquid systems ; (2) by assuming the gels to be 1 -phase systems 
and equating the molar fraction of the water, corrected for the hydration of 
the gelatin, to the activity of the water calculated from equation (1). The 
effective molarity of the salt was taken as being equivalent to its apparent 

* Hardy, ‘ Proc. Roy, Soc./ voL 66, p. 96 (1900) ; Jordan Lloyd, *Bioch6m. J,/ vol. 
14, p. 147 (1920). 
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xaokr concentaration multiplied by the ratio of the observed molar depression 
of freezing point at the temperature of the experiment* to 1 ‘ 868. 

Actually the results obtained by the two methods were practically identical 
and the mean values are shown in Table VL It will be observed that the 
hydration of the gelatin at all temperatures is roughly constant and somewhat 


Muls of 
in original 


Table VI. 
Sodium Chloride. 


i Combined water 


Ph of 
original | 


(grams of dry gelatin -f 
Halt per 100 gm. of gel.) 


gram of gelatin. 


per 


g. ^ . O 

dry gelatin. 


! -3°. 

1 

i i 

1 ! 

-lO'.l 

1 

-3“. i 

1 ! 

--0". 

-10". 


0-007 

4-7 

i 46-2 

i 55-0 ! 


62-6 1 0-47 

0-48 ! 


1 

0-49 

0-335 

1 4*6 

23-5 

: — I 

^ 43-3 

1 56-8 1 0-23 

— 

0-44 

0-36 

0-667 

4-6 

I 

i 1 

1 

1 

_ , 

I 46-1 — 


i _ _ ( 

0-40 


Potassium Chloride. 


Mols of Sait 
in original 
gel per 100 gm. 
dry gelatin. 

{ Equilibrittm 

i oonoentrations. 

j 

Combined water pop 
gram of gelatin. 

! 

! - 3 ^ : 

1 i 

^6^ 

i I 

-- 3 ^ 


0-067 ' 

1 

46-6 

1 1 

1 65-6 i 

i 1 

1 

0-48 

0-48 


Sodium Nitrate. 


Mola of salt 
in original 
gej per 100 gm. 
dry gelatin. 

Equilibrium 

concentrations. 

Combined water per 
gram of gelatin. 

*-3°. 

-10®. 


-10®. 

0-067 

48-4 

61-2 

0-48 

0-60 


loss than 0-5 gm. of water per 1 gm. of gelatin. The agreement of resnlte 
with different temperatures and salts indicates that the figures must have a 
real significance. If errors arose due to adsorption or effects of gel on activity 
of salts it is quite certain that the results should vary with the salt ooncen- 

• These figures were taken from I.Aadolt-Bonwtein “ Tabellen.” 
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tratioa. The faet t*hat th<i variation is small suggests that these factors are 
relatively uuimportaut. 

The salts chosen were those least likely to change in activity ; thus in the 
case of sodium chloride it is possible to prepare clear homogeneous gels in 
practically a saturated solution of the salt. If, however, there, is slight 
adsorption of the salts by the gelatin the calculated values for the hydration 
will be too low. The evidence available, however, indicates that the com- 
bination of proteins at the isoelectric point with neutral salts is very slight.* 
In the case of luenioglobin and sodium chloride the number of salt molecvules 
in combination with 1 molecule of protein is less than 10 and may be less than 
2 (Adair, foe. cit,). 

The value for the hydration of gelatin in the presence of sodium chloride, 
potassium eJiloridc and sodium nitrate is practically that found by exfmriment 
to be the limiting hydration in pure concentrated gels. It is possible, thendore, 
that these salts exert a preferential attraction for the more loosely combined 
(or adsorbed) water of the gelatin. This possibility has been suggested Ijy 
Lewis (Zoc. cit,) from considerations of the values of the idectric moments of 
tlie water molecule dipole and various groupings in the protein moh^cule. 

Ammonitmi Sulphate , — A few expciriments were carried out on the? freezing 
of 15 |>er cent, gels containing initially 8*81 gm. of ammonium sulphate per 
100 gm. of dry gelatin. These gels were quite irransparent and showed no 
evidence of precipitation of the gelatin. The results obtained are shown in 
the following table. 

Table VII. 

Mols of 8Rlfc in Rquilibrium 

original gel per 100 gw. Temperature. (Mmceiitration of 

dry gemtii\. gel. 


C. I IHii' cent. 

-3 1 41-8 

- 6 i 48-i 

~10 I 54-5 


The apparent hydration of the gelatin is constant and equal to 0-69 gm. 
This value is greater than that found with salts such as sodium chloride. If 
in addition, as suggested by Lewis, thci-e is adsorption of the ammonium sulphate 
by the gelatin, the corrected value for the amount of C4)mbincd water will be 

• Lewis, W. C. M., ‘ Chem. Rev.,’ vol. 8, p. 81 (1831). 

2 F 
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greater than 0-G9. With a protein sucli as gelatin there is good reason to 
believe that at its isoelectric point its stability depends upon the presence of 
combined water or water of hydration. A salt such as ammonium sulphate 
wliieli at higher concentrations precipitates the gelatin might reasonably be 
expected to dehydrate the gelatin more so than the same molarity of sodium 
chloride. It is probable that the anomaly is to be explained on the altered 
a(rtivity of the ammonium sulphate. Thus Scatchard* in discussing a somewhat 
similar result obtained by Sorensen for the hydration of egg albumen has 
shown that if ammonium sulphate salts out a protein, then the activity coefficient 
of the salt must be increased. If, therefore, the activity of the salt is assumed 
constant (as was done in calculating the data in Table V"1I), then the values 
obtained for the hydration of the protein will be too great. 

— In view of the fact that sucrose when dissolved in water forms a 
well-defined liydratc generally accepted to be a hexahydrate at low tempera- 
tures, it might be expected that it would have a deliydrating efEect on proteins 
(Lk'wih, loc, cit.). Tliis possibility was mentioned by Hillf in considering the 
method of Newton and Oortner']: for the determination of the bound water in 
protein sols from the changes in freezing point on the addition of sucrose. 

Thre<» sucrose-gelatin gels were prepared by adding 5, 10 and 16 gm. of 
sucrose respectively to the equivalent of 14 *5 gm. dry gelatin and making up 
to 100 c.c. When discs of these gels were frozen at C. it was found that 
the shell of ice contained no sucrose. When the cores were dried at 103® C. 
they showed evidence of diarring. Separate experiments, however, showed 
that the loss in weight by charring of samples of pure sucrose held at 103® 0. 
for 1 week was very small, of the order of 0’3 per cent. 

Table VIII gives the results obtained together with the values for the 
apparent hydration of the gelatin calculated as in the experiments with neutral 
salts (1) from the water in excess of that required for the solution of the sucrose 
at —3° C. ; (2) from the molar fraction of the water assuming the gels to be 
ideal solutions with the sucrose present as a hexahydrate. 

In the final column of Table VIII are given the values for the hydration of 
the gelatin in the absence of sucrose calculated from the results in Table V. 
Apparently the effect of sucrose is to reduce the amount of combined water of 
gelatin, but not to the same extent as the change produced by the corresponding 
amount (in mols) of neutral salt. These results give added weight to recent 

* ‘ TrauB. Faraday Soc./ voL 23, p. 640 (1927). 
t * Trans. Faraday Soo./ vol 26, p. 667 (1930), 
t * Bot. Gaz./ vol. 74, p. 442 (1922). 
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criticisms* of the method of Newton and Gortner {/oc. cii.) for the determination 
of bound wak'r in colloidal systema. 

Summiry. 

(1) When gelatin gel is frozen so that pure i(*,e separates, the concentration 
of the gel in equilibrium with ice is a funct ion of the temperature. This 
temi)eraturt?-concentratioii curve has been analysed in an attempt to fix the 
hydration or combined water of gelatiii. 

(2) At approximately —20^ C. and below, the (‘.oncentration is constant 
and th(i water in the gel is approximately gm. per gram, of gelatin. 

(3) The effect of sodium chloride, potassium chloride and sodium nitrate 
at all temperatures is to reduce the combined water in the gels to its limiting 
value of approximately 0*5 gm. 

(4) The results obtained with ammonium sulphate support the view that 
the activity of tliis salt is increased by the presem^e of the gelatin. 

(5) Sucrose apparently r(?duces the amount of combined water in the gel 
l)Ut not to the same extent as neutral salts. 

I wish to tlianlc my colleague Mr. G. S. Adair for his advice and criticism 
during the preparation of this paper and Mr. F. C. Barrett for his assistance 
in the experimental work. 

♦ (tollman, * J. Oen. Physiol.,’ vo). U, p. 601 (1931). 
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The Polarisation of EleMrons by Douhh ScaUering, 

By N. F, Mott, M.A., GonvilJo and Cains College, Cambridge. 

(Communicated by R. H. Fowler, F.Ii.S. — Received November 12, 1931.) 

§ 1. In a previous paper* the author has applied the relativistic theory of 
the electron duo to Diracf to the problem of the scattering of electrons by atoms. 
The main purpose of the investigation was to discover whether any polarisation 
effect was to be exj)ect(‘d when a beam of electrons was s('att(‘re<l by two 
successive targets. The experiment considered is illustrated iii fig. 1. A hoam 



of electrons LTj is scattered by a target Tj, and those that ar<* scnttcrc'd through 
a certain angle , are allowed to fall on a second target T2. It was shown that 
the number of electrons scattered by this second target in any direction T^M 
making an angle G2 with T^Tg depends on the angle <f> that the plane T^TgM 
makes with the plane LT^Tg. is taken to be zero when the electron follows 
the coplanar path LT^TjM. The number scattered along TgM is proportional 
to 1 + S cos where J S is a positive constant depending on G^, Gg. Thus 
more electrons are scattered along TgM than T2M' in the figure, the numbers 
being in the ratio 

1 + b' : 1 -- S. 

It should be noted that the theory deals with single nviclear scattering, and is 
therefore only applicable if the scattering targets are thin foils, sufficiently 
thin for multiple scattering to be negligible. 

* ‘ Proc. Roy. 80c.,’ A, voL 124, p. 426 (1929), referred to as ** he. HV" 
t * Proc. Roy, Soc.’ A, vol. 117, p. 610 (1926), 
t This 8 is equal to —6 of the author’s previous paper. 
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In the paper quoted it was found that S is extremely small unless the following 
conditions are satisfied : — 

The velocity of the electrons must be comparable with c. 

The atomic number of the scattering atoms must be large, so that (Z/137)® 1 . 

Both angles of scattering, fig and must be large, (i.e., comparable with 
90"). 


In order to obtain an expression for S, an expansion was obtained in powers 
of the constant 27tZe*/At;, and the first term only was taken. From the formula 
so obtained,*^ it appeared that even with gold for the scattering atom, and 
v/c 0 • 7, S could not be greater than 1 /200, while for lighter atoms or electrons 
of other velocities it would be much less. The formula, however, is only 
correct if the constant 27cZe*/Av is small compared to unity ; and in this 
case S will be very small indeed. For the case of gold, the investigation of 
this paper shows that the formula is not even approximately correct, 8 being 
very much bigger than is indicated by the formula. 

The main purpose of this paper is to obtain numerical values for S, without 
making any approximation for various values of vjc. The calculations are 
carried out for gold (Z 79), and for scattering angles of 90". Values are 
also obtained for the total scattered intensity under these circumstances. The 
resultsf are given in § 8 . 

In § 2 several points concerning the spm of the electron are discussed, and in 
particular whether it is possible to obtain a beam of polarised electrons by any 
other method. § 3 deals with the scattering of a beam of electrons by a central 
field V(r), the work being parallel to that in the previous paper (he. dt.). 
The remainder of the paper is devoted to the special problem of the scattering 
by the inverse square law field. 

§ 2 . In relativistic wave mechanics an electron mth momentum p along the 
Z axis is repiYjsented by four wave functions, 


“ ^aI» X =*» 1, 2, 3, 4, 

I exp i^hdpzjh), 

where 

U 3 = A, B, I 

( 2 . 1 ) 

Uj == — Ap/(po + nio), Bp/(po + me) » 

Here 

W/e = (p® + mV)*, 

* Cy. loc, cU,, equations (10), (25) and (20). The numerical formula on p. 439 k wrong, 
t Some of these results have already b©<m publiahed. Of. * Natures’ vol 128, p. 454 
(1981). 
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and A, B are arbitrary constants. It is usually stated that A, B determine tbo 
direction of the spin axis of the electron ; if x> ^ polar angles of this 

direction* then 

--B/A-=coti^X<^'"- (2*2) 

We must enquire what is meant by the direction of the spin axis of a free 
electron, and what is the justification for equation (2.2). 

The well-known arguments of Bohrf show that it is impossible to determine 
the dix-ection of the magnetic moment of a free electron by means of a magneto- 
meter experimenf , and also that it is impossible to produce a polarised beam 
of electrons by means of a Stcni-Gerlach experiment. Tlie significance of 
these arguments is, not that- the free electron has not got a foxirt-li degree of 
freedom, but that it is impossible to deteei- this fourth degree of freedoTn by 
any method that makers U8(^ of the classical properties of an electron-magnet. 

It should nevertheless be possible in principle to producHi an ele(’tron, or 
beam of electrons, with the spins all pointing in a givt*n direction, by the follow- 
ing method, A beam of hydrogen atoms can be prepared, by means of a 
Stern-Gerlach oxperinumt, in wdiich all the magnetic moments point in the 
same direction, say along tlie Z axis. Now if the elcM^trons are knocked oft th^> 
atoms, say by photocle(;tric (‘ffect, then a classical consideration of the order 
of magnitude of the forces involved shows that flu? ])rol)a.bility that the spin 
axis of the electron has been deflected through a large angle is small, of tlu^ 
order of magnitude of tlie fine structure constanf (1/137)^. Tims wc may 
defim '' an electron Avith spin axis pointing along the Z axis as meaning an 
electron tlxat has been kuo(?ked oft an unexcited hydrogen atom whoso inagnetitt 
moment pointed in this direction ; in fact, there seems to be no other way of 
defining it. We caiuiot in this way define an electron whose spin axis is Icnown 
to a greater accuracy than (1/137)®, though in relativistic wave mechanics 
the wave functions appear to describe electrons for which the spin direction is 
known exactly. 

A beam of polarised electrons can thus be obtained. There ai'e two ways 
in which this polarisation could be detected. In the first place, if the (deetrons 
were captured by ionised hydrogen atoms, the resulting atoms could bo shown 
by a Stern-Gerlach experiment to have their magnetic moments nearly all in 
the original direction. The polarisation could also be shown by means of the 
anomalous scattering that occurs when two l>eams of polarised paHiclea 

* Le.f if (5t TQ. K) a unit vector in thin diroetion, then 5 - sic x c<>8 to, v; nin •/ »in oi. 

«08X‘ 

t Loc, eit., p, 440. 
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collide. If a beam of electrons is scatterexl by electrons at reat,* the number 
ftcattcmd through 46* is half the number to be expected clasBically.t Hj 
however, both electrons are polarised, this is no longer the case ; if the spins 
ar(‘ in opposite directions, the classical result is obtained ; if the. spins arc in 
the same diiection no electrons will be scattered through 45*. For other angles 
between tiie spins, intermediate results are obtained. 

Witli this definition of spin direction, the equation (2.2) may easily be 
proV(^(l, If we neglect the fine structure constant, the solution of Dirac’s 
efpiations for an eh>(d.ron in a hydrogen atom in the lowcsi st.nte in no magnetic 
field is 

tj/i = ] 

y 

4'3 = i}** == S'!- 

Ihii'C 4^ is the solution of Schrodinger’s equation for the ground state, and A, 
B are arbitrary constants, the state being degenerate. If we superimpose a 
magnetic field H in the direction x» f'hcn the degeneracy is removed ; for 
the state' with energy + IMH, (M == thjimne) it is (easily shown that 

~-B/A = oot|x«?'“ 

Nou , as long as no velocities comparable with c are involved, the approximate 
solution of Diracs 's equation for the motion in any field is of the form (2.3). 
Thus A and B for the electron after it has been removed from the atom will 
still be related by (2.4). This is w^hat we wished to prove. 

These methods of producing polarised olectroixs are naturally quite beyond 
the range of present experimental teedmique. Nevertheless, the theoretical 
existence of these methods provides some evidence that electron bc*.ams can 
be j)olari6ed ; for if they were to fail to produce a polarised beam, a far more 
drastic revision of present-day quantum mechanics would be required than 
would be necessary if the double scattering experiment shordd give a negative 
result. 

§ 3. In this section we consider the scattering of a beam of electrons by a 
field V(r), and in particular the double scattering experiment. If we are 
working with Schrodinger electrons, we have to find a solution of the wave 
equation of the form 

+ (3.1) 

♦ These electrons may bo bound in atoms, if the incident electrons have enough energy 
for tile binding forces to bo negligible. 

t Mott, ‘ Proc. Roy. Soc.,* A, vol. 126, p. 269 (1930). 
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wheref I is written for exp (27tipz/h) and represents the incident wave, and S 
for exp (27wpr/fe) to represent the scattered wave. Then )u( 6 , ^)|*d<i> is 
the effective cross section for scattering into the solid angle do. Using relati- 
vistic theory, we have to find a solution of Dirac’s wave equation 

[j>o V (r)/c ‘iwApi (a, grad) + 

of the form 

- aj + S . w, (0, X - 1 , 2 , 3, 4, (3.2) 

The numbers are given by (2.1), being functions of two arbitrary constants 
A, B. The Wa arc also functions of A, B. To interpret (3.2) we choose A, B 
so that 

AA* + BB* i . (3.3) 


The effective cross section for scattering into the solid angle dco is then 


(iw3l*+ 


(3.4) 


Further, if ■/_, w and x’> w' the spherical polar co-ordinates of the direction 
of the spin axis of the electrons before and after the scattering, then, if we 
set 

— B/A = cot ix • <'*"> 

we have 

— M 4 /M 3 = cot ix' • • 

If we wish to find how much an unpolarised beam is scattered we must average 
(3.4) over all x> w, 

If we find t|< 3 , 4'4 for the (sases A = 1 , B = 0 , and A = 0 , B = 1 , then we 
can form the general solution (3.2) by superposition of these two. We shall 
show later in this section that these two solutions are of the form, for large r, 

4/, - I -f S . f (6) 

S.5(0)e‘* 

and 

4^3- -s.i,(0)-'* 

4>*~i-f s./(0) 


(3.6a) 

(3.6b) 


where /(0), ^(0) are not functions of <f>. 
in the general solution (3.2) 

«, = A/- 


By superposition we have at once that 


Bge-** 


(3.7) 


«4 = B/ -f Ag e** 


f I and 8 only have these forme if V(r)~.0 faster than 1 jr ; tor the forms with a Coulomb 
field, see § 4. 
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Hence we have that 

kP+l«4p = (|Al*+|Bh{i/l*+l«?l‘) 

+ ( f9* -f*9) (A*B e-** - AB* e**). (3.8) 

Thus, if Pdco is the efiective cross section for scattering into the solid angle dto, 
we have, making use of (3.3) and (3.5) 

P = l/l“+ — D8inxsin(cD — (3.9) 

where 

D-D(0) = i(/^*-/*^). (3.10) 

To obtain the number P scattered from an unpolarised beam we must average 
P over all x» ^ J obtain 

(3.11) 

Thus unless D(0) 0, the riuml)er scattered depends on the polarisation of the 

beam. 

We now consider the double scattering experiment. We represent the 
incident beam LTj (fig. 3 ) by 

^3 = AI, 

LTj is the z axis, and LTjT 2 the plane (f> ~0. The wavedunction representing 
the electrons 8<jattered along T 1 T 2 then has, by (3.7) components proportional 
tot 

Af,-Bg„ Ag, + Bf,. (3.12) 

We now rotate our axes through an angle 6j about a line perpendicular to the 
plane of the paper, so that TiT, becomes the axis of z, and LTjTg the plane 
^ = 0. The beam of electrons TjTj may now be represented, apart from a 
constant factor, byj 

+ 3--: A, I, = 

with 

Aj = (A/i — Bg-i) cos JOj + (Ag, + Bf,) sin ^6, j 

(3.13) 

Bi = (Api + B/j) cos JOj -- (Afi — Bffi) sin j 

We can now obtain the number of electrons scattered by the second target 
Tg in a given direction 0,, We must insert the values A,, B, from (3.13) 

t /i is written for /(6i), oto. 

} Darwin, ‘ Proc. Roy. Soc.,’ A, vol. 118, p. 654 (1928). 
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for Ay Bin (3.8) and average over all x, (since the initial beam is impolariaed). 
The formula obtained is rather complicated ; but if we substitute 

A sin Ixy 

B COS lx • 


then the averaged values of AA*, BB* and AB* respectively are J and 0. 
Making these substitutions we have from (3.13) that the averaged values of 
A^Ai’*' and of B|Bi* are 


and of A^Bj* 


h(fifi*+9i9i*) 




We have therefore from (3.8) that the number scattered in any direction 6^, 
^2 is proportional to 

(fill* + 9i9i*) ifjz* + 9si9-*) + cob 


We are interested primarily in the asymmetry in the scattering about the line 
T1T2. For given Oj, 63, but variable the number scattered is proportional 
to 


where 


1 -f- S cos (ft^y 

8 D (61) 1) + 9i9i*) (W + 9^2*)- 


(3.14) 


If both targets arc made of the same material, and if = 63, S is ne<^es8arily 
positive, and the greatest scattering will be along T^. 

If D(0) == 0, there is no asymmetry. This does not mean that the spin 
direction is not changed by the first scattering. The new spin direction is 
given, according to (3.6) by the ratio ^4 ; Ug, with Wg and given by (3.12). 
But if D (6) = 0, the ratio g : and hence : Wg, is real. Thus if we rotate 
our axes through an angle 

— 2 tan"^^ (uju^) 


about an axis perpendicular to the plane of the paper, the components of the 
wave-function (3.12) referred to the new axes are in the ratio 

A:B. 


Thus the spin of each electron, whatever its initial direction, suffers the mme 
rotation. Thus an unpolarised beam remains unpolarised. 

We must now show that solutions of the relativistic wave-equation are of 
the form (8,6) and find expressions for / and g. We give first the ootre- 
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sponding treatment with Sohrodinger electrons.* The general solution of 
the wave-equation, having axial symmetry, is 

2 (cos 0) L* (r), 

k 

where is the solution bounded at the origin of 

(E - V) - 1 L = 0, (3.16) 

and the are arbitrary constants. Lj^ is defined except for an arbitrary 
multiplying factor, which may be chosen so that, for large r 

Lfc ^ cos {2njrrjh + 

To obtain a solution representing an incident wave and a scattered wave, we 
must choose the so that 



S — exp (2Tri pr cos Q/h) 

k 


has only terms in exp {^Tiiprlh)^ none in r ^ exp (—2mprlh), It we expand 
exp (27ctpr 008 6/A) in a series of spherical harmonic, this condition gives 
us values for the a,,. The solution, 4^ fi) required is 


4 (r, 0) = i S (2k f 1) exp (iy)/ + ikn) P* (cos 6) L^, (r), (3.17) 

fc“(j 

which has the asymptotic form (3.1). 

The general solution of Dirac's wave-equation has been given by Darwin 
(foe. ci/.) A set of solutions are 


(a) ^.,^(k + 1)7,0,, 

(p) = k7,G^,^^, 

(r) 

( 8 ) 


4,-{A + l)PA, 


Here P^^ is the Legendre coefficient 7, (cos 0), and P;^^ denotes 

d 


sin 0 


d (cos 0) 


7, (cos 6). 


Gjfe is the everywhere bounded solution of the pair of equations 


?!E 
h V 

2ir 




. ^ WMJ 


)F + f 


k 


0 = 0 , 


Po 


+ i±iF = 0. 

dr 


k V '' 0 (tr r 

* First given by Fax^n and Holtsmark, * Z. Physik/ voL 45, p. 307 (1927), 
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Now has the asymptotic form 

G* cos (2Kprjh + (3*18) 

Hence, in the same way as for Schrodinger electrons, we can form a solution 
representing an incident wave and a scattered wave. From (a) and (p) we 
see that a solution with the asymptotic form (3.6a) is 

m 

+3 = 12 [(A + 1) exp IHJ* . Gfc -f * exp . G_*_i] 

* ® 0 

oO 

=: t S [- exp iij* + exp e*'i> 

and that 

/(O) A j j £ [(/: + 1) {exp (217)* + Mn) + 1} 

lc~G 

+ k (exp (2t7)_*_j -f kin) + 1}] P* (cos 6), 

S (6) = ii S [~ {exp (217)* + kin) - 1) 

ZTCp a- 0 

+ {exp + Icin) — 1}] (cos 6) 

In exactly the same way, from (y) and (S), we can construct a solution of 
the form (3.6n), with the same / and g. 

§ 4. We shall now consider tlie case of scattering by an atomic nucleus with 
inverse square law field, sucli that 



Y{r)^^Zt^lr. 


The analysis of the preceding section cannot be" applied unmodified to this case, 
either with Schrodinger or Dirac electrons, owing to the fact that the radial 
wave-function Gjj. (or for S(;hrodinger electrons) does not have the form 
(3,18), but the fonn 




cos 


2nprlh + 


27tZc^ 

hv 


log (inprjh) + 7];, 


(4.1) 


Wo cannot, therefore, use the expressions (3.20) for the scattered amplitudes 
/(O) and g ( 6). We shall find, however, that with defined by (4.1 ) the functions 
and 4*4 defined by (3.19) are, in this case also, the particular sohitions of 
the wave-equation which describe tlic scattering. We have thus to investigate 
the asymptotic form of (3.19) for large r. 

In our subsequent work the rniit of length in taken to be hj2'np. 
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The solutions and 6^^ of the equations (3.16) have been investigated by 
Darwin* and by Gordon.f We use Gordon’s solution. We introduce the 
following notation 


q ^ 2v:Zt^lhv, v' 9 I ^ ^ 


a ::== p/, -- 4- (ifc* ; 


V denotes the velocity of the electrons, Z the atomic number of the scattering 
nucleus. When there is no confusion of meaning we write p for p*. We use 
the usual notation for the generalised hypergeometric function, namely 


F(a; 6; z)^l + 


. L a{a + l) ^2 . 
1 ! 2!' 6(fe + 1)'^ 


with this notation we have X for G^^ 




where 


■cA^^Elz-izEie) 

r (p + 1 + iq) 


f 


Ct' exp (^Tcip) 

r (p + 1 — »?) . 


+ 4^*P) F(P + 1 + iq; 2p + I ; 2tr), ^ 
(2r)'-4-‘'*P ~ i’«P) F (P - ^ ; 2p + 1 : 2tr), 

N, = l r(p + i-i?)i/(c,v)‘. 

Ot/Cfc' = ~(k — iq')l(? — iq), j 

(4.2) 


In these formulee p denotes p;^. 


Using the asymptotic formiilae for the hypergeometric functions of large 
argument, § we have, for large r 

- J (2r)« e‘7r, i;,' - J (2r)-''' er^'jr, (4.3) 

and hence 

0_»_i ~ cos {r + q log 2r -}- 7)_.,_j), 

■with 7)_fc-T given by 


exp { 2 i>,_*_,) - - rjg, + l-^) 

^ P* — *? r (Pfc + 1 + tg) 

= .say. 


(4.4) 


• ‘ Proo. Roy. Soo.,’ A, vol, 118, p. 054 (1928). 
t ‘ Z. Physik,’ vol. 48, p. 11 (1928). 

X Gordon, foe. citf p. 13, equation (10). If we put Gordon’s j' equal to our k, then his 
is equal to our 

§ See, for example^ Gordon, * Z. Physik,’ vol. 48, p. 187 (1038), 
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With these values of the equations (3.19) give us* 

4,^ = i s \K', + {k -f !)?;',+, + + (fc + 1) B_,_, Ct+i] (-)* P*, 

A*a-n 
« 

4/, := i S [C. - C. .1 + B, 1 ;, 1 :,+,] (~r P.* e‘*. 

This, aB we skali now prove, is the wave-function which represents the 
scattering. 

Before proceeding with the investigation of the asymptotic form of the 
functions ^’a 'I'iJ must show that if we make o oo (i.e., if we put 
q^q and a = 0), then they reduce to the functions that represent the scatter- 
ing in the iion-relativity case. These have been investigated by Gordon.f 
The wave-equation is 

V»4/ + (i 4-^)4' = 0. 

The function L*. (r) [cf. equation (3.15)] is [Gordon, equation (3)] 

ei-o I ^(-^-^± . 1 . ^ ( 2 r)>c «*>• F (- 4- A: + 1 ; 2A! + 2 ; -2ir). (4.6) 

[^CitC “7“ X ) I 

This function is, of coui-se, real, as may be easily proved as follows. Two 
real solutions of (3.15) have asymptotic forms 

r"^ cos r, sin r. 

Any solution of (3.14) therefore has asymptotic form 

(A cos r + B sin r). 

Now the asymptotic form of (4.6) is proved by Gordon to be of the form 

cos (r + 

with real. Thus A and B are real, and thus (4.6) is real. 

It follows that (4.6) is not changed if i is changed to — i. 

The function ^ (r, 6) [c/ eqxiation (3.17) of this paper] that deBctibes the 
scattering is [Gordon, loo. cU., equation (7)] 

L {2k + 1) exp (fa*, -f link) L*. (r) (cos G), (4.7) 

♦ Note that C* “ C-fc* 

t * Z. Physik,’ vol 48, p. 187 (1928). Gordon’s k is in our work put equal to unity ; 
Gordon’s I is out Jb, and his Ifka is equal to our — g. The change of sign is duo to the fact 
that in our work the field is attractive and in his repulsive. Gordon’s Xj is our (2/«)l 




440 


N. F. Mott. 


where 

oTj = arg r (— ij + *; + 1). 
t}/ (r, 0) if} shown by Gordon to 1x5 equal to 

i|i — 6*'^ r (1 -■*- iq) e**'*’®'*^ F (ig ; 1 ; 2tr sin^ ^0), 

which lias the asymptotic form 

4^ (r, 0) ^ I + SR cosec® |0, (4,8) 

where* 

I exp i (r cos 6 — log 2r sin |6) 

and represents the incident wave, and 

S ==: exp t (r + ^ log 2r) 

and 

K = Iq exp 2i (q log sin |0 + <^ 0 )- 
We have to show that if we set in (4.5) 

q q\ a = 0 

(t.c., if we make c ao ) then we obtain 

+ 3 = 4 ' (»■. ®). +4 = 0 . 

To do this, we must prove that 

* {-f + (k + l) + kB, + (k + l) B_,_, K,,.,] 

- {2k + 1) L» exp i {a, + ^rc^), (4.9) 

and that 

i (-)*= [C. - C.+i + B, j;,. J = 0- (4.10) 

for all k. 

The equation (4.10) is easily proved ; if we divide the left-hand side by 
then the coefficient of every power of r is seen to be identically zero. To prove 
(4.0) we must remember that is real, and so that instead of (4.6) we may 
use the complex conjugate. The right-hand side of (4.9) is now 

e*” {2k + 1) (2r)* e"*' F (»j + A: + 1 ; 2fc + 2 ; 24r). 

Both sides of (4.0) may now be divided by ; the coefficient of every power 
of r will then bo seen to be the same on either side. 

This form for the incident wave i» peculiar to the Coulomb field ; the wave i$, as it 
were, dietortwl even at infinity, by the nucleus that it is going to encounter. C/. Gordon, 
ior. ciL 
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§ 0. We have now to investigate the aB^mptotic fonns of the irove-fniictiims 
t{>g and i }'4 defined (4.5). It is convenient to ynite 


Y, = i S + ik + l) C'*+i] (-)* P* (008 0), 

i~0 

CO 


Y» = i S + (k + 1) B_,_, (-)‘ P» (cos 0), 


Y, =*2 K'»-C*4x](-)‘P»Mco8 0), 

k^O 

Y, = t B [B*:, - B_*_x Cg+J (-)* Pg* (cos 0), 


SO that 


k>^0 


( 6 . 1 ) 


<^8='Pa+Y‘g 

<^4 = ('P. + ’P4) 


}• 


(5.2) 


We investigate Y,,, Yj, etc., in turn, and shall first deal with Y^. It is 
oonvenient to write 

0 = w ~ p, (5.3) 

BO that 


Y. = i S [kK\ + (fc + 1) C»+x] p* (008 P). 


*-.0 


(6.4) 


Expanding the hypergeometrio function in io ascending powers of r, and 
making use of the expression for the Euletian integral, we obtain for 

!;'j =» Jr-i e-'' (2r)'’ «-».<(>+».« l/F (p + iy) . (1 — xy~*^ */■+<«-! ^ 

Jo 

Here 

P = P* == + (** — a*)*- 

If then we write 

we have that 

Y, -= e-‘" e*^ f ‘ V* . [- 2t*r (1 - *)] (5.6) 

J» '1 — »/ X 


The method by which the asymptotic form of the function Ya will be 
investigated is the following. We first obtain an asymptotic expansion of 
(^) valid for | s | large. For large r this expansion may be used over the 
whole path of integration in (5.6), except in the neighbourhoods of the points 
c a 0, and s » 1. It is found that the integrand in (5.6) has a saddle point 
in the x plane ; deforming the path of integration into the complex plane, one 


vot. oxxxv.— A. 


2 0 
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can then evaluate the integral by the method of steepest descents. One must 
investigate also whether the neighbourhoods of the points a? == 0, ac 2 == 1 
contribute anything appreciable to the integral. 

We first require an a 83 rmptotic expansion of (»)- 
Let us denote by F„ (z) the function 

F* Iz) ^ S {kz^^ + (4 + 1) P* (cos P). (5.7) 

jb^O 

The function is defined in the region 

( 6 . 8 ) 

We shall require a definition holding for all values of 2 , and shall require to 
know the poles of this function, a task which will occupy us until equation 
(5.16). 

Consider the function of y 

'l' (y) = exp [p{(l - y*)* — l}/y], 
p being a parameter. The function is analytic in the region 

|yl<l-e, (6.9) 

and therefore, by Taylor’e theorem, may be expanded in a series 

S y7« (p)- 

n 

provided that y obeys (5.9). We find therefore, since a* < 1, that 

= **' S (j ) /„ (a log *). (6.10) 

It is to be noted that/„ is not a function of Jb, and that the series (6.10) con- 
verges for all 2 . 

For < 1 e, therefore, we havef 

F. W = h [fa* S (f )■/. + (» + .)**«? (jfj)'/.] P- 

Beversing the order of summation, we have that 

F. (*) - S «Vn (« log *) S* (1 + P». (6.11) 

n*w0 ib-0 

t denotes that the term in as* for which fc — 0 in the summation is to be omitted. 
h 
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Now let US define a set of functions {«), for |z| < 1, by the equations 

S* {z*/;!-" + z*+' {k + 1)1-"} Pi = (z). (6.12) 

t 

We have then that 

^0 {z) = £ { 1 : 2 * + (i + 1) z*+i} Pi, |z| < 1 

=: z (1 — z) (1 cos 0)/(l — 2z COB 0 -f- «*)*^. (6.1S 

and farther that the other <f>„ are given by the recurrence formulte 

^n+l(^) = r^»(*)-- (6.14) 

J» Z 

From (5.11) and (6.12) we have, for |z| < 1, 

F. (z) = £ a»/„ (a log z) (z). (6.16) 

n 


We may use (5.13), (5.14) and (5.15) to define F« (z) for aU 2 , if we can show 
that the series (5.15) is convergent for all 2 . Since the series 

S®"/„ 

n 

is absolutely convergent if x is less than unity, we have only to show that, for 
given 2 , bounded as n where t is some number less 

than a“^. 

Now, unless z has one of the values 

z =rexp(i ip), 

then there exists a path F from 0 to 2 in the 2 plane along which |^o (^)AI i* 
bounded. Thus there exists a number M such that 

<M 

at every point of P. Therefore 

1^1 (*) i =1 

< r 1^0 (»)/»! Ml. 

Jo 

where I is the length of the path chosen. 

Further, it is clearly possible to choose this path so that 

l^lzl-c. 


2 o 2 
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AAA 

where t must, of cotitse, be greater than one, but may be taken as near to one 
as we please. We shall choose the path so that 

m <Cl. 

Thus I {z)/z I < Mt at all points of the path F. 

In the same way it may be shown successively that each | I ^ 

M I z I t“. Thus the series (5,16) is absolutely convergent. Therefore the 
function (z) so defined is bounded at all points, except 

z = exp (± ip). 

The nature of the poles at these points is easily seen. The only which 
are unbounded at these points are and <f>x, so that 

F. (2) ==/o ^0 (2) +/i <h{z) + G ( 2 ), 

where G(z) is bounded everywhere (except at infinity). is given by (5.13). 
For <l>i we have 

“ (l-2zcip+z*)* “ 

Also it is easily seen that 

fo — 

/i = — i a log z. 

We shall require an expansion of F.( 2 ) valid in the neighbourhood of the pole 
* »= exp (— »P). Writing 

* = y + exp (— *P), 

we have 

F. (*) « Ay-» + By-* + D (y). (5.16) 

where A, B are constants and D (y) is a function bounded in the neighbourhood 
of y Bs 0. For A we have 

A « (1 - e-*^) (1 + cos p) (e-*' - «*')“*• 

We have now defined our function F. (z) and found its poles. With the help 
of this function, we can find an expansion of (z) valid for large z. From 
formulffi (6.5) and (5.7) which define ^ and F, and using the formula 

f0+ 

2mfr (n) =ss j dt, 



we have that 




(6.17) 
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where C, the path of integration, comes from — oo , encircles the origin in an 
anticlockwise direction, and returns to — oo, and where, further, C is each 
that I ^ I > \z\ at ail points of C. Since the integrand of (5.17) is regular 
except at t = 0 and i = 0 may be 

deformed into the path shown in fig. 2. 

Now it will be shown later that 2 , for 
all points on the path of integration in 
(5.6), is such that the imaginary part 
of z is negative. Thus the real part of 
is of the form cos (a T P), with a 
and p both lying between 0 and tc. 

Thus the real part of ze^^ is greater 
than the real part of Thus for z 

sufiioiently lai^e, the integrand in (5.17) 
is largest in the neighbourhood of 
t = exp (ip). If then we evaluate the contribution made to the integral by 
the neighbourhood of this point, and show that the order of magnitude of this 
contribution is governed by the exponential factor then we are entitled 

to neglect the rest of the path of integration. 

We make the transformation 

t^z{e*^ + y), 

whence 

zjt — e-*^ [1 - + ...], | y I < 1- 

It follows from (5.16) that, in the neighbourhood of y = 0, 

F.(5)==A'r* + B'r‘ + D(y). 

where D(y) ia a bounded function, and A', B' are constants, A' being given by 

It follows that the integrand in (5.17) can, in the neighbourhood oitsa tsO, 
be expanded in the form 

(a exp [A'y* + B"y~* -f bounded function], (6.18) 

B" being another constant. Thus from that part of 0 which lies in the neigh* 
bouthood of t as we obtain a contribution to the integral (6.17) 

*!-<« (eO)-« 1 r e** [A'y“* + B"y“‘ + . . •] dy. (5.19) 

2itt io 
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Now as I a: I "► 00 , we have 

e^y-^dy^^ir{i), 

and 

We see therefore that (6.19) is of the reqaiied order of magnitude, and thus the 
contributions from the rest of the path may be neglected. Henoe, finally for 
our asymptotic expansion, from (6.19), we have 

. (2) ^ z' (e''’)"** e* “’‘f f o + - + 4- . . . I , (6.20) 

L. Z 2J* J 


where a, b, c, are constants, and a = 2A'7 t'“^ 

Thus, for large r (neglecting for the moment contributions from the ends of 
the path) we have for from (6.7) 

P —(« 4- - 4- ••■). (5.21) 

,1 0 ' 1 **"■*■ ^ 5C V 2^ ' 

with 


2iTx (1 x). 


The integrand contains the exponential factor 

exp {— 2*V [a; (1 — x) — x]). 
This gives a saddle point at 


For z this gives 


x = i(l-c-‘''). 


z = Jir (c""**^ — 1), 


so that the imaginary part of z is negative at this point, as we have assumed. 
It will be shown later that this is so at all points on the path of integration. 
Denoting these values of x, z by % Zq, (6.21) reduces to 

*„-! (a + A + ...) 

\* ** •TpY ' ^0 f 

X f exp {— 2ir [x (1 — x) e*^ — x]} dx. (5.22) 
Jo 

The integral in (6.22) is easily evaluated and is equal to 
Tt* (—■ 2 m- exp (»P)) * exp {w (1 — cos p)}. 
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Vrom (6.22) we have, therefore, putting in the values oi W 0 and 

Hi + ^*'0® P) j^l + ^ ^ + --J 

exp [— ir 008 p — log r (1 + cos P)]. (5.22) 

where A, B, ... arc functions of p, q but not of r. 

We have now to investigate what contribution, if any, is made to by 
the extremities ac = 0, and a; = 1 of the path of integration in (5.6). If we 
make the substitution 

2 ir (1 — a:) ^ y 

it becomes clear that the neighbourhood of = 1 contributes a term of order 
of magnitude r""* only. The neighbourhood of the point a? = 0 may be 
investigated as follows : — 

The path of integration in the x plane from 0 to 1 must be such that 

Hz) < 0 . 

This implies that if a: == then p + cos ^ > 0 at all points of the path. 
We take the path shown in fig, 3. 



Real Axis 

¥iq. 3 . 


We then make the substitution 

— 2ia?r y, 

and the contribution to the integral in (6,7) from the neighbourhood of a: = 0 
beoomes, as r ao 

r«y/2fr ^*..(y)e-' 

Jo y 


( 5 . 28 ) 
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The integral is convergent, as may be seen from (5.20), whudi diows that 
, (y) behaves for large y like ^ “*■ 

If we substitute for tftg , . from (5.5) we obtain a divergent series. Let us 
therefore consider the function 


where 


I 


y*® <f> (X, y) e 


y ’ 


(6.24) 


^ -.1 [ n ^, + «■ 


Provided that | X | -^ 1 — c we may substitute for ^(X, y) in (6.24) and evaluate 
the integral term by term. We obtain for (5.24) 


E (2i + 1) X* P» (cos p), (5.25) 

which is equal, if j X | 1 — e to 

(1 - X*)/(X» - 2X cos p + I)*'*. 


Thus (6.24) tends to zero as X 1. But (6.24) may easily be shown to be 
continuous at X = 1. Thus (6.23) is equsd to zero. 

Thus the neighbourhoods of the points x = 0, x = 1 make no appreciable 
contribution to the integral, terms in (l/r)‘ and higher orders of 1/r occurring 
only. 

We have now to investigate the other functions 'F,, etc., defined by 
(5.1). In each case, corresponding to (5.6) we have 

0. . = ir-1 f ‘ <I>». .. d {2t«(l -*)}-. 

Jo M — »' X 


where O has the following values for the three cases 


<5, (z) == i S 

<l)^(*)r=iS ( 

t-0 L 


(-)* r.* (»» W 


r(p»-ty) r(pt+i-»j)J 


(6.26) 


The asymptotic forms may be investigated in exactly the same way as ioe 
T,. In each case we obtain a contribution to the asymptotic ea^Mmsion from 
the saddle point a; s |(1 — exp (~*tp)), and in each a oontributi<m from the 
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neighboorhoodB of » » 0, se = 1, which may or may not vankh. 
tributioDB from the saddle point are found to be for 

i (1-008 8) 10/ 
i(l+oo8e)IG» ^ 

T., -i sin 610 . 

+i8inei04 

Here I denotes 

I == exp t [r COB 0 — g log r (1 — cos 6)], 
and 0„ etc., denote expressions of the type 

o.'-(i + ; + ® +■■•)• 


The oon* 


(6.27) 


We see from (6.2) that 4't contains a term 10, which is the term requited 
for the incident wave, and that has no term of this type. 

Let us consider now the contributions to the integrals from the neighbour- 
hoods of X = 0, a; = 1. In the case of T,, it may be shown that, just as for 
Ta, both contributions are of order r~* only.* In the case of T,, the 
contribution from x = 0 is clearly of order r"* ; to investigate the contribution 
from X ss 1, we put 

2tr (1 — x) == y. 


and obtain 


S-if y~^~*'‘<b{y)e-*dy, 

Jo 


where 


S = r~^ exp (ir -f- iq log 2r), 


and <t> is given by (5.26) in the two oases. This term represents the scattered 
wave. Thus we have finally that 

T. ~ i (1 - cos 0) lOa 
T»~i(14-oo8 0)IG*-l-S/(O) 

Y, --isinOIO;, 

'F4-i8in6IGa-fSg(0), 

with 


/(0) =* i f (y) «“•' 

?(0) “ i j* y^“‘* (y) «“* % J 


(6.28) 


* Oomsponding to (5.25) we obtain 

S (X»--^X*+i)Pi(cosp), 

MmO * 

wbioh tends to eero as X 1. 
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ThoB finally firom (5.2) we have 

^8 ~ IS + 8/(0). 

I*- Sir(e)e‘^, 

which arc the forms (3.6) that we require ij/j and i}/* to have. We have there* 
fore to evaluate the integrals (5.28) for / and g. 

§ 6. It is convement to express / and g in terms of functions that do not 
involve q' {cf, equation (4,2)). Let us denote by Tj 

T* = t c,/ic \ 

where /■ (6-1) 

c* = - exp (- t7rp»)/r (1 + Pfc -f »?) ' 

so that 

4), S [-fc (-fc - is') T, + (I; + 1 ) (~ i - 1 - is') T»+i) (“)*?» (co8 0) 

«i>, I J(i - is') T, + (A + 1 + is') T*+ J (-)* (cos 0). 

last us write 


(Dp = £ + (k+l) T8+ J (-)* P» 1 

i 0 


A«--D 

(6.2) 

Oa £ t^Tfc -[k + 1)*T»+,] (-r-)''Pfc 

Jt IT. 0 


Then we have 

<t)j^ ==:; — ig^ 0^, <I>Q, 

and, naiug the equations 

(6.3) 

+ F*.., = k [P,_i - PJ (1 + cos 0)/8in 0, 


F* - P^_v « k [P8_i -f P»] (1 - cos e)/sm 0. 

we have 

— [is' (1 + CO® 0) <I>P + (1 — cos 0) Oal/sin ©• 

(«.4) 

Thus it follows that 


y = — is' F 4" Gr 

g » [ij' (1 -f- cos 0)F + (1 — cos 0)G3/8in 0 

where 

1 (6.6) 

J <^r(y)e-*dy 

Jo 


Jo 

(6.6) 

Let us denote by F^, O#, /q, So *'* S « » P«* 

zero. Now if we put at « 0 and s *» ?* »« proved in §4, the whtde 
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problem redaoes to the aon-relativity case, and we must then have 
and/ must reduce to R ooseo* JO, where 

R = cosec® |6 ; ^ exp (2iy log sin | 6). 

i (1 + *?) 

(c/. equation (4.8)). A direct proof that this is so is given in Appendix II. 
Thus putting a = 0 and g — q' in (6.6) we obtain 

— igFj + Go ~ ^ cosec* ^6 

0 = [tg'Fo (1 + 008 6) + Go (1 — cos 6)]. 

Solving for Fq and G^ we have 

i?Fo = -R. 

Go^-Rcot*J0. (6.7) 

From (6.7) we obtain for and ^Tq, 

/„=. (^--1 + cosec® J0 )r 
R cot J0 

Equations (6.8) give us formulae for / and g which should be good approxi- 
mations for light nuclei, for which 

a* = (Z/137)* < 1. 

To this approximation there is no asymmetry in the double scattering experi- 
ment, the ratio //p being real. 

From (3.11) and (6.8) we can obtain a formula for the scattered intensity, 
valid for light nuclei. We have 

1/ 1* + Iffi* — H?* ooseo* |6 + (}'* — 5 *) ooseo® J0]. (6.9) 

For the same formula expressed in ordinary unite of length cf. equation (8.1). 
We proceed to oaloulate F and G (and hence f and g) when a* is not neglected. 
If we substitute the series (6.2) for <1> into the expression (6.6) for F and 6, 
we obtain aeries which do not converge. However, if we write Op®, for the 
value of Op when « =* 0, then, if we write 



F, =* F - Fo, 


( 6 . 10 ) 
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we have 

F, = i f* (y) - (y)] «-* dy. 

Jo 


If we substitute from (6.2) and integrate the series for O term by term we 
obtain an absolutely convergent series for A. namely 


where 


Pi = S [H)» + (* + 1) ,] (-)» P, (cos 6) , 


Am 0 


D. 




Tip 


T ip + 
p — + (^ — a®)*. 


=:M_ _ ( )* Tih~tq) 1 ^ 

l + tg) ' ^ r(ib + l+ig)J 


( 6 . 11 ) 


The aeries (6.11) may be evaluated ntimerically. Since P® is known from (6.7), 
P may be calculated from (6.10). 

In the same way we write 

Gi = G-Go, 

and obtain 

G, = ii £ [FD* - (A + 1)® D»+,] (-)» P» (cos 0). (6.12) 

t- 0 


The series converges, but not absolutely, behaving for large k like 

Z Fj^ (cos 6). 


However, there is no difficulty in justifying the integration term by term. 
Further details concerning the numerical methods of summing these series 
are given in the next section. 

§ 7. Numerical Evalvarim of F^ and Gj. It is assumed in this section that 
6 = 90®, If we put 


= 

where 


then we have 


r(p-tg) Tik~i4) 

a* L r (p + 1 + ty) r (* + 1 + 
== r (1 — tg)/r (1 4- h)> 

«« = (Z/137)® = 0-83, for gold. 


Pj = it«® [OiPo — (o, — Uj) P, — . . .] 6®*', 

Gi «= ita* OiPo - (2a, + So.) P, - . . .] ««'. 


These are the series that we have to sum. Por large k, an approximate exptee* 
sion can be found for a, by expanding in ascending powers of «*, and neglecting 



Polmisa^m of Ehdr&ns by Double Scattering. 463 


a*. This was found sufficiently accurate except in the case k =s 1. The 
expansion gives 




rjidbigL... r ,... L + iU, + 7z 

tj) r(k + l+iq)lk^ + ^^ V ‘^ ifc* + WJ 


r(i 


where 


+ terms in a*. 


=: 7C ooth Tcq 


-iiL 
1 +?* 


2? 


With the help of this formula, may readily be evaluated. Gj, however, 
converges very slowly. If, however, we set 


where 

6"i 


Gi-G', + G' 


7ta* r (1 + t'g) s 

4 r(i-t<?)t.o 


^ *?) j_ /jt _i_ 1 \ F (ifc -t- 1 ty) "[ p 


r(i + 2 + tg)- 


then the series obtained for G\ converges quickly and G"i may be summed 
analytically. It can be shown thatf 


where 




and 


B== S [o„/(n 4-i?) — c„/n] + 2 log, 2, 

n — O 


e„ sm (2n) 1/2*" n 1 nl 


Finally, it is easily seen that with 6 = 90°, the factor S of equation (3.14) is 
given by 

s_?'*(FG* + F*G)* 

(q^f* + GG*F ’ 

whsrs 

j'« = 2TtZe* (1 - v*l(?)*llw. 

1 8. BemMt. In fig. 4 the ordinates are +200 3, which is the difference 
between the scattering in the directions T^M and T^M' expressed as a per- 
centage of the mean of the two. The abscisss show the velocity of the electrons, 
expressed as the ratio to that of light. The voltage in kilovolts is also shown. 

f Cf. Appendix I. 



464 


N. F. Motfc. 


The calculations are not aooniate to more than 10 pet cent. They refer to 
gold, with a scattering angle of 90°. 

KV -»■ 



v/c -*■ 


Fio. 4. 


The same calculations enable a value to be given for the scattering coefficient, 
which should replace the Rutherford formula for fast electrons. We have 
shown in (6.9) that if a® is negligible, this formula is 

This formula should be valid for light nuclei, and should be fairly correct 
for, say, aluminium.t For gold, at 90°, we must divide by the factor 

(FpFo* + G,Go*)/(FF* ?'* + GG*). 



( 8 . 2 ) 

(8.3) 


where B and S are numerioai factors which ate plotted against v/c in fig. 5. 
At an glftft the formula (8.2) is valid, with R equal to unity, for all atomic 
numbers. 

t In loc. »«., equation (S«) a better approjdmation is givMi, which is valid if inO^fho is 

unalL For Ah at 90°, the ooneoting term amounia to about 6 per cent. 
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• We give also a table of 8, R and S. 


vie : 

I 0-1 

1 ! 

j 0'2 

0-3 

0-4 j 

0-6 

0-6 i 

! 

0*7 

0-8 

0-9 

1*0 

Voltage, in kv. 

as6 

1 

10-6 

1 zr> 

45 

79 

! ' 

1 >27 j 

2U4 

340 

062 

CO 

+ 200 8 


0-6 

0*2 

30 

11-5 

15*5 ! 

14 

10 

r> 

0 

R 

— 

1 I'l 

1-2 

1-4 

1 

10 

i.» 1 

2*2 

2*6 

3 0 

3*4 

H ! 

j 

L 1j 

1” 

[ 

l!:" 

M j 

1*2 

"^1 

M 

0*9 


0 


Summary. 

The asymmetry to be expected when electrons are scattered from two gold 
targets is investigated. Exact formulae are obtained, and evaluated for 
various velocities of the electrons. Tlie intensity of scattering by a single 
foil is also discussed. 

In conclusion, the author would like to express his thanks to Mr. R. H. Fowler, 
F.R.S., to whose helpful criticism this p^'per owes whatever approach to 
mathematical rigour it may have. 


Appbnmx I. 

We have to sum the series 


„„ m T(l+<a) I 
i r(i— 




r(*+3+»j) 


Now if jfc > 1, as it is for all terms that concern us, we have 


r(i + i + *j) 


r(i + 2tg) 


(1 


x)“* dr. 
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It follows that 

Now 

S [fcE»-» + (jfc + l)x»] P» = (1 + COS 6) (1 - ®) (1 - 2® cos e + **)-»«. 
We have therefore that 


where 


G". = ’H-’ (1 + eo. 6) 

O = j' (1 - ®)««+i ®-*« (1 - 2® 008 0 + a?)-w. 


a) 


To evaluate we note that we may write 





— (® + ®~^ — 2 COB 0 )'®^ 


® " 


We make the substitution 


<* =B [ J (® -f ®“®) — l]/2 sin* i8, 

and obtain for <I> 


0 = - (2 sin 



dt 

(1+<*)V* (lH-<»sin»i0)*' 


If we now make the further substitution 


we obtain for <1> 

• ss (2 sin 


1 +t»=l/2 

(^^y* (1 + cot* ie . *)-* dz. 


In what foIlowB we shall put 6 a 90°. The integral above can be expanded, 
giving 

r(l + t?)r(l-ty)A. 

where A denotes 


A 


1-Cl 


(l-*g)(2-^) _ 
21 3 ! 


and o„ denotes (2n l)/2*” n I « I 
Thus from (1) above, 

Q"i« 


S! (v'2)*'*”* Ae**' 
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The r functions may be evaluated by means of the foUomng theorem, 
have* 


and hence 


Butt 


where 


r (1 + 2iq) ^ TT-i r (1 + ig) r + iq), 

[riL±.. ^ 2j y ^ 2- 

r (1 + 2*5') r (i + Hf) 

r (1 + iq)ir (1 + t?) «/ B, 


Thus finally 


B ^ cj(n 4 iq). 




3^ -Vif* 

' H I" 2 / 


iq ABc“'“. 


We 


Tho series for A and B must be summed numtirically ; the series B oouverges 
nithcr slowly ; however, the series 

Ob 

0 


may easily be summed, and has the value 2 log^ 2 ; the scries 


converges quickly. 





1 

n + iq 


1 

n. 


AeeBNDix 11. 

If we put q -- 2 ', a ^ 0, in (5.26) wo obtain 

0, U) i V Vjk+l-ujn , 

■ \Z,>V(k+l + iq)lr(k--iq) 


‘J>. (*) 


,• 2 r {k 4 1 - IV) 


i oT (A: + 1 + 


fwfcj 


By the method of § 5, eorrespoudiug to (5.25), we obtain, therefore from (5.28) 
for / and g 

/(e) = -^Lim i (2fc-f <^)- H) 

X 1 k - (> i + 1 tq) 

?(e) = o. 

To evaluate (1) we make use of the Kulerian integral and obtain 

/(0) =» 4* (1 _ a:)"«-"i x-'*' F (x) ix, (2) 

* Whittaker and Watson. ** Modem Analy«iB ” p. 240. 
t Whittaker and Watson, ** Modern Analysis/’ p. 259, example 8. 


2 U 


VOt, CXXXV.— A. 
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where 


F(a:)= S (2ifc+l)a:*P* 

, A’ « 0 

= (1 - *•)/(! ~ 2x DOS 6 + **)*«. 
To evaluate (2) we make the substitution 


The range of integration is now from t ;= oo to t ~ 0, and we obtain 


/(O) = - it- 


rm 


(Bin W 


(1 + 


The integral on the right may be evaluated by means of the substitution 


1 1 / 2 , 

which gives 

2«<'- a (' (1 _ z)*"-* z-‘« dz, 

JO 

which is equal to 

22 <*-a r (iq + i) r (1 - tg)/r (3/2). 

This reduces to* 

r (2iq) r (1 — tq)/r (tq). 

Hence wc have for / (0) 

which is the required result. 


♦ < 7 /. Whittaker and Wataon, “ Modern AnalyBis,- ’ p. 240. 
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Eigenfunctions for Calculating Ehdronic Vibrational Intemilies. 
By P, M. Davit)>son, Ph.D., Lecturer in the University College of Swansea. 
(Communicated by 0. W. Uichardsou, F.U.S. -U(^ocived November 13, 1931.) 

§1. 

For the inolecuhir eigenfunction we may tak<^ the well-known approximate 
solution (discussed, for example, in Kroixig^«t book) 

y ^<l>(x,f).P(r).0. (1) 

The equation which it; satisfies differs from the exutst molecular equation by 
small i.erniH which arc conveniently treated as perturbjitions. Their efiects 
arf' suniniarised in Kronig’s book. Wc shall assume that these effects 
either negligible or that they can be calculated. 0 is a function of the angular 
(jo-ordinates which fix the direction of the mteniuclear axis in space. O is 
a function of all tln^ electronic co-ordinates aj, and also of the interuuclear 
distamje r ; it is, in fact, the solution of the equation for the molecule with the 
nuclei fixed at separation r. This equation contains r as a parameter ; we 
will write its special value as E + U(r), where U has a mimmum at Tq and is 
there xero. E will be called the electronic energy ; it is equal to the energy 
of the two atoms into which the molecule dissociates, minus the energy D 
needed to dissociate them from r = r^. 

iiach of the three fuiujtions is to be thought of as normalised. Fur P wc 
make 

^00 

so that if Fr F, we have j F*F dr ^ 1. The equation for F is 

Jo 

Hete p is rjr^, I is the nioment of inerti» at r = j is an integer, and A is 
diT*I/A‘ times the total energy, not oounting E. In the neighbourhood of 
r = f,, U may be expanded in a series 

u (5) « i5*(l + 05 + + + (3) 

f “ Baud Bpuutra aud Moleoukr Struutim%'' Curab. Uaiv. Ptsm (1030). 


2 H 3 
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where 



where 


Imp — }, and k is 2rc*tOo^I. Thus in this region the equation (2) is 
A - i ( 1 + + ■ • . ) - i • j + 1 . (I - ‘4 + 35“ - . . . ) I F 0, (4) 

I/k 4Tc*toQl/7/. 


At least, (2) and (4) are the equations as written by the earlier workers. 
According to lat er work they are only applicable in certain cases ; in others 
the quantity j . j H- 1 must bo replaced by a more complex expression^ involving 
the spin of the electrons. Since in ail that follows the generalisation is very 
easily made, w(' shall keep the equations as they are.* 

If we assume (4), with or without this alteration, or if wc take U as a modified 
Kratser function, it is seen from formulae given by Fuesf that the constants 
a and xoq in the familiar expressions 


and 

are given b}' 


B(«> — Bo — a (n + i) i - Y (n + 

- + i) - I If H- 8 + If + 

a -- 3 BoK (I + a) 


XCDo i ■» 


(ft) 

(b) 


These expressions held also in the old mechanics, and on that theory Kemblet 
derived fonnulfie for y' and 8. That the y' formula is still valid in the wave 
mechanics can easily be seen by expanding XJ' — U (^) + Ji^j . j f 1 . /Bn^Ip® in 
povrers of (r — ro')/^^' about its minimum Tq, and substituting the “ perturbed 
values of all the constants in the series for E„, or better in the formula (70) 
of Flies’ pajicr (first striking out the existing rotational terms in that formula, 
and making the correction noted by Kronig).§ One can easily check tliat, 
ajmrt from factors (1 <vc®), whmi c is of the order of unity, all these fonnuke, 

AaiotluT way of improving t hr oquations in to regard the IJ in (2) and (4) as difieriiig 
from the apooial value of the <1> equation by a amall quantity g{p ) . A^/Srr^I, which goes 
to Koro if the equivalmi maBs M ih imagiuod increase indefinitely, If (3) is the special 
value, the ©Ifoot of the small quantity is to multiply all its constants by factors of the torn 
{ i *1“ cif®) and to add a blank term and a 5 term, each of order hcK In consequence, all the 
constants such as xog, ot, are multiplied by factors of the form ( 1 + ck% Agitin 
in wliat foUowg the generalisation is easily made, 
t * Ann. Physik,* vol. 30, p. 367 (1036), and Kronig, loc. cii. 

J * J. Opt. Soc. Amcr..* vol. 13, p. 1 (1036). quoted by Richardson and Davidson, * Proc, 
Roy. Soc.,’ A, vol. 125, p, 23 (1021)). 

§ ciU, p. 34. 
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including those for v' jind bold not only for the IPvS coriHidcred by Kues, )>ut 
for all tlie others,* including Morse’s, f nientioned in this paper, provided the 
values assigned to a, b, c, d ai*e thos(^ fotmd by expanding the particular U as 
a ^ series ; and this is true whether we group the energy terms so that the 
fac^tors of B„, , are j . j f 1 , {j . j + 1)® . . . or (j f i)*, {j + ^)^ .... We 

may conclude that for reasonably small n aiul (4) predicts the vibrational and 
rotational energies of (2) with considerable {iccurat'-y. (It might l>c said that 
since, for example (I b ^iroduttea in (w + !){»>„ a change of tlie order to 

which, as we shall see. the term belongs, thew is no sense in couHidering 1 lie 
latter ; but it evidently specifies fairly accairately the <airvatnrc of t he : n 
curve for small n.) 

( 'Onversely, it is seen that if we can find the constants in the E,, and B„ series 
fairly accurately fi*oin tlie bands (and this depends on the rapidity with which 
the series converge), we can determine the ^ series with considerable accuracy. 
With what accuracy tlu*. equation (4) will then specify the eig(‘nfunctions of 
(2) will be considered in § 2. 

It is convenient at this stage to consider the order of magnitude of various 
(piantities in the energies and eigenfunctions, especially since there are 
seemingly contradictory statements in the standard works. Bom and Oppen- 
heimerj showed that if the molecular equation is treated by the approximation 
method tlu^ appropriates parameter to use is \/(m/M), which I will call X, 
since Bom’s symbol k is now exteixsively used for a diffcnuit quantity. M is 
the equivalent mass of the nuclei, and the masses may be thought of as 
luitering the various expressions in t he fonii of m and X. To see tin* significance 
of the parameter X, w note a well-known property of the approximate solution 
(1 ). In a given electronic state of a given molecule, we imagine the nuclear 
mass continuously inenmsoil (m remaining constant), so that X tends to zero. 
U(r), and thus r^, are unaffected, since the equation for <I> only involves the 
mass The function F, however, is affected, and one may say roughly that 
if it is plotted against r or ^ it becomes narrower (that is, the half-width 

* I have not cheokod the Y formula for Morse’s U, but the ex|>rcHmons for a*6j« and S 
are certainly e>orreot, and so is (6) if we ssHume the validity of Morse’s method of allow injr 
for rotation. Aotually the expression by which a is representeil in his formula for the total 
energy does not agree with (6), but that is due to a slip in applying the method ; the 
expression by which the “ perturbed ” V is replaced luw not a radius of cur\ eture correct 
as far as terms in./ . j ~f 1 at the “ |x*rturl>ed ’’ minimum. 

t ‘ Phys. Rev.,* vol. 34, p. 57 (1929), or Condon and Morse, ‘‘ Quantum Mechanics ” 

International Series in Physios *). 

X ‘ Ann. Physik/ vol »4, p. 457 (1927), 
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diminish in proportion as X dimiuiHhes. It i« thordore convenient to 
t-liink of it a« plotted against C = against yj ^ whidi 

only differs from C by a factor 'y/[%Tt\/'2mkjhr^, which remains constant 
is independent of X). The curve will not now become essentially nan'ower as 
X, or \/ic, diminishes, but will merely pass over into the harmonic solution 
=t: Nrt (t)), obtained by striking out all but the term in the series 

for U. This is aiicordingly the zero approximation, corresponding to X 
(or \/#c) infinitesimal. In the actual calculations of the perturl)ation theory, 
(4) is written in terms of or more (conveniently t]. Tin* terms with cotdhtiients 
a, 6, now appear with successive powers of \/k: (or of X). From the nature of 
the equation it is natural to assume that the eigenfunctions can be expandtnl in 
powers of ^/K (or of X), each multiplied by a fuiujtion containing, in addition 
to 7) (or C) only quantum numl>ers and the constants a, 6 (in the second case 
other constants also), whiccb, as remarked above, are not altered merely by 
varying M, i.e., are independent of \/k (or of X). It is assumed also that the 
eigenwcrtii can be cxpand<^d in a similar series in powers of (or of X), each 
multiplied by a fuiu’tion of the same quantum numbers and constants. 
stituting in the equation and (.ollecting terms, we obtain on the one side a 
series in powers of \/#c (or of X), and on th(^ other side zero. If we imagine 
'\/k (or X) varied, while tj (or 2^) and j are kept constant, we see that each tenn 
must vanish. (Actually in the (calculations it is convenient to regard j .j + 1 
as proportional to 1 /k, i.c., to regard the rotational quantum number as 
incieasing as k diininiahes. There is, of course, no reason why this should 
not be done ; j can in reality bavfi only integral values, but in solving tbe 
present equation it can be thought of as liaving any value.) It ia found that 
in the series for the eigenwerte, every term contamiug an odd power of the 
parameter vanishes. For a variation in nuclear mass only, keeping the 
quantum numbers fixed, we find that the electronic energy is constant (it 
involves m but not X) ; the principal vibrational term 

(w + 1) A<oo — (n + 1) h {X*/27c) y/ (2A;/tnro®) = (w + J) 

contains X*, or s-, the next X* and so on ; while the principal term in the 
rotational energy contains X^, the next X*, and so on. These results con readily 
be checked from the well-known expressions for the energies. Considering 
the principal terms in each, the ratio of the rotational to the vibrational energy 

* Or thf» intenuxial distaiioea diminish. 

t It is oonvenient here to think of the function normalised with respect to ^ (rather than 
r), since the nornislising constant in the above expression is then independent of a. 
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for fixed quantum numbers is evidently proportional to X* or to k. (It must 
be emphasised that we are considering a definite electronic state of a definite 
molecule, and imagining M varied. If instead we consider all states of all 
molecules, each with its actual M, then, as we should expect from (4), the above 
ratio, which does not depend on a, 6, . . , is still proportional to #c, ic., to 1/cooI, 
but there is now no reason why this should be proportional to y/{mjWj. In 
fact, it is roughly proportional to w/M, for it is known that 0 ) 0 ^ 0 * is approxi- 
mately constant.) 

As remarked above, successive coefficients in the vibrational energy 
should, according to the perturbation method, contain /c, /c^, ; and the 

actual expressions, such as (6), show further tlmt if a, 6, are alternately 
negative and positive and are not imjreasing too rapidly, the coefficients in 
shoidd indeed be very roughly in these numerical ratios. It is only for 
certain ^ series that the coefficients after xcoo will fall to an unexpectedly small 
magnitude, nor is this found to occur experimentally in the hydrogen states, 
to which the results of this paper will be applied. A roughly geometrical 
progression with ratio k is found. It must be remembered, of course, that 
the perturbation method is only valid up to values of n whose cmergies fall far 
short of dissociation, and also that the esnperimental series are derived from 
these small w s, 

The eigenfunctions of (4) may be written in the form 

^ n ^ n y ^ fn 

m 

where the are as defined previously. For j .j -f 1 — 0, Hutchisson* 

(who uses this method and Morse s to calculate intensities) gives the expressions 
as far as terms in /c, except that owing to a slip the signs of Cj and c*, which 
replace our a and 6, should be rt^versed throughout the C's. P„ may also be 
written in the form 

F„ N, [H„ + (^) + (7) 

Here. is a polynomial consisting of powers of tq with coefficients depending 
on n and a, while /„• is a polynomial with coefficients depending on n, a and b. 

If in (1) we imagine <I> (», r) also expanded in a series 

0 (aj, r) — <l> {X, r,) + (r — r^) + ... = <I> (*, r#) 

+ '^ »‘o{^) 17 +.•••.= ®(®. »'o) + ^ C+--.. (8) 


* ‘ Phya. Bev.,’ vol. 37. p. 46 
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and if this is multiplied by 0 and the series for F, wc obtain 'Fr as a series in 
jyowers of k** or X. In Bom’s original treatment the method is applied, not 
to equation (4) but to the complete molecular Sohrddinger equation. The 
procedure is essentially similar, the operator being expanded in powers of X.* 

Replacing the 0 in (1) by its valu(3 at would, by (8), be equivalent to 
omitting part of the term iu (and higher powers) in the full eigenfunction ; 
this can be seen also from Born’s expressions. From this point of view, then, 
the error so produced would be as serious as that produced by neglecting the 
an harmonic character of tlie oscillator. It does not follow, however, that in 
the calculated intensities the numeiical errors would be as serious. Fortunately , 
also, is known theoretically for some of the states of Hj, so that the series 
(8) can ho determined. 

To obtain the inteixsiiy formula, we may insert^ (8) in (1) and use the standanl 
expression. Then for the transitions which will be mentioned in the summary, 
and in whicli nothing but the lower vibrational quantum number w" varies, 
it is easily seen that if the F’s are purely real as in (10) and (11), the ndativc 
intensities are obtained as a series whose principal term, in the usual notation, 

The later terms involve (in addition to simple 


IS V' 


F\/F'^ . dr 


radial ” integrals), constants which can be evaluated if we know the series (8). 

So far wo have thought of m and M as entering into various quantities 
in the form of m and X, and we have only considered how the quantities depend 
on X. The following simple extension is perhaps worth remarking. We may 
take the case where the spin is neglected. In the full molecular equation, or 
in the equations for and F, wc introduce new co-ordinates ap = for every 
co-ordinate x (nuclear or electronic); we introduce also U = U/m and 
W — W/w. Wc find that w no longer appears explicitly in the equations, 
but only X. Using the previous results, the full dependence of the eigen- 
functions on m> and M (or more conveniently on w and X) is now readily specified. 
For example, U and the electronic “ orbits ” are naturally affected by varying 
m ; iu fact, is inversely proportional to m, and U is of the form 

(1 + 5 ^ + +.*.), 


♦ Condon and Morse give a very neat treatment of the diatomic molecule without using 
the expanHiun in powers of i^/(w/M). The argument is perhaps less satisfactory than 
Bom’s, though it leads to an essentially similar “ vibrational ” equation. The factor 
t/i/M, or X*, with which the vibrational energy appears in this oahmlation does not, of 
course, indicate its dependence on X in the sense explained n-bove ; Indeed, as we saw, its 
principal term contains a factor X*. Bimilarly, when they say elsewhere that the rotational 
energy is of the order (m/M)*, it must not be taken in ike above sense. 
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where the barred constants arc independent of m and M. The electronic 
energy, defined as above, is proportional to m (as is the energy of a hydrogen 
atom). By the previous method o>d, xoi^y Bq and a were found to contain X® , 
X*, X* respectively. The full dependence on m and M is given by multiply- 
ing each of these factors by m. 

§ 2. Expa/nsimm nmr ^ = 0/or all types 0 / U. 

If #c is a small fraction, and if n is an integer of the order of unity, all the eigen- 
functions to be consklered in this pajier, including MorseV and the new ones 
in § 4, can be expanded in the region of ^ = 0 in a form similar to the expression 
(7) for the anharmonic oscillator. In expanding the normalising constants it 
is usually convenient to use Stirling's theorcun, and in the rest of the function 
it is often convenient to use an exponential expression for (1 + obtained 
by multiplying the welhknowu series for log (1 + x) by p and taking the 
exponent. In every case the expression is identical, as far as the first per- 
turbation term, with the expression (7) for that anharmonic oscillator which 
represents the particular U in the region of ^ — 0. As examples I will writt> 
down the expressions for the first two For n — 0 the function normalised 
witli respect to r is always 

F = N„ . [H„ - iK* a (7) + + Rol. (10) 

wh(‘J•^^ Uq is of onlor not sweater than k. For n = 1, we have alwaya 

F = Ni ^ [Hi + «• a (2 - 27)* -Jt)") + R,]. (11) 

In theMC expressions N„ is 1 /\/ (2"»i ! \/7t . ■\/ k ), as in the harmonic ose-illator. 

For normalisation with respect to t) the fo must be omitk>d from N„. 

For /f == 0, the solutions evidently pass over into those; of the harmonic 
oscillator, while for k small the expressions, without R, represent the eigen- 
functions satisfactorily up to a value of t] which increases as k diminishes, 
and diminishes as n increases. Thus if k is small, and if we wish to determine 
the first few eigenfunctions accurately in the region whore their values are 
large (which is what we want to do in calculating intensities, provided the two 
ro’s are close together), the essential thing is that the U shall give correct 
and terms ; the impossible behaviour of the U’s (or most of them) at 
large values of r is evidently immaterial. 

Actually k is not always very small, nor are the r q's always very close together; 
hut even so, correctness of the 5 series should presumably be the fl»t test of a 
U (for calculating the first few eigenfunctions), though approximate correctness 
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at a distance from the minimum is now desirable. The U fimotion of Morse is 
frequently supposed to be correct in both regions, but, according to the next 
paragraph, it does not give correct values for a and h in the \ series, except by 
chance. 

§ 3. The Importance of a. 

We pass now to a matter which seems to be of some importance. We 
consider the equation (4) with rotation absent ; that is, with j . j + f 
equal to zero. It is often tacitly assumed in modem work that U (and thus 
the eigenfunctions) can be determined with considerable accuracy if we know, 
firstly (which determines Tq) ; secondly, the approximate value of D, to which 
U goes asymptotically ; and thirdly, a number of the eigenwerte, or vibrational 
levels (usually falling far short, of D), — ^in other words, the constants in of 
which the first, Oq, together with B0, determines the radius of curvature of 
U at f 0. Actually, however, I think that these data leave the constants a, 6, . . . , 
in the 5 series undetermined, though they certainly determine k. 

The matter may be illustrated by a U function which will be investigatfnl 
in the next section. Its vibrational intervals, for given Oq, are the same as 
those of the simple liarmoiiitj oscillator, with j + I ^ 0. Neither can 
arise in an actual molecule, but that docs not seem vital to the matter. The U 
is A (p — l/p)*/4, and the eigenfunctions of the rotating molecule are 

(13) 

where L is the generalised associated Laguerre polynomial. 

Here 

« = ^ {1 + 4.C* (j ■ + J)®}* and p = « + 

The energy levels* are 

E/A = (n 4 - i)tOo + ^ [{1 4- 4 »f® (j 4- — 1 ] = (n 4- J^)tOo 

+ Bo (i 4- If + +■■■• (1C 

“0 

Simpler levels can hardly be imagined ; it will be seen that the constants 
xwq, 8, are all zero, and so are the constants a, y', .... As remarked in § 1 , 
the formula for E/A will be in agreement with ( 5 ), (6), and Kemble’s expressions 
for y' and 8 ; that is, if we make the expansion 

u - * (p - l/p)*/4 = AC (1 - 1 + iC - 

and substitute in these expressions, we shall find that all four vanish. 
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We oompate thi« with a harmonic oscillator liaving U — Here also 
5, are all zero, but a, y', are not. Suppose now we have a (hypo- 
theticjal) molecule of each kind, with the same nuclei, and the same and cuq. 
Actually, in finding these two constants experimentally we should have to 
determine a, x<*>o, by examining the full spectrum, with rotation. But 
we are mistaken if we suppose that the part played by a is here ended, and that 
IJ (and thus the eigenfunctions) can now be determined from the vibrational 
expressions E^/A ; for these expressions are the same in the two cases, each 
l>eing simply {n + i)o>o* Expressed somewhat differently, it is evident tluvt 
for j . j + I — 0 the energy given by (14) differs from the energy {n + |)W(j 
of th(‘ harmonic oscillator by terms which are not only small l)ut are constant 
(independent of w), and which thus, on account of the electronic energy, do 
not enable the two cases to be distinguished spuitroscopically. It is true that 
neither U could arise in an actual molecule, since neither goes asymptotically 
to a constant value as r goes to infinity, and only one goes to infinity at r = 0 ; 
on account of this last, it is also true that the ranges in which the eigenfunctions 
are non-vanishing are different. But I do not think theme objections are 
fundamental. Certainly, from the standpoint of the old quantum theory the 
example is perfect ; for th<ire each quantised vibrational state is quite un- 
affected by those parts of the U curve which the swinging nuclei do not reach 
in that state. Thus, by modifying each curve in the region where r is large 
and also where r is very small, we can obtain two curves which are both possible 
for an actual molecule, and which have exactly the same vibrational intervals 
right up to the region of dissociation.' On the wave mechanics the vibrational 
entTgies of the modified curves will agree closely throughout the smaller n's, 
which are usually the only ones that can be observed. 

The impossibility of determining the U formula from a knowledge of B(, 
and the experimental series for is also suggested by the formulae of the 
anharmonio oscillator ; for it will be seen that the expression for ojcoq involves 
the first two constants a and 6 of the series ; the expression for 8 will involve 
the first four constants ; and so on. However far we go, there are only half 
as many equations as there are unknowns. (This is bound up with a result 
mentioned in § 1 ; in the perturbation fimction the constants a, 6, c, . . appear 
with successive powers of the parameter, but in the expressions obtained for 
the energy the terms in every alternate power of the parameter vanish.) It 
follows, presumably, that there are an infinite number of widely different sets 
of values for a, h, c, . . all of which give practically the same vibrational energy 
levels up to a certain value of n. 
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Now Huppo»(j then? is rotation. It introduces into the Sohrodinger equation 
a term of known form, — (j .j + l)/p^? which, in a sense, may be regarded as 
a perturbation. The resultiiag energy levels will naturally depend on which 
of the possible U*8 it is affecting. This is not the removal of a degeneracy, in 
the usual sense, but there is a certain analogy. Evidently the exact magnitude 
of the small “ cross- l;erms,” of whi(^h the most important is a, will enable the 
spfK^troscopist to determine whi(di of the possible U*s (and eigenfunctions) he 
is dealing with. Thus on examining (5) and (6), it is not longer surprising to 
find that after and have determined the k in thii ^ series, it is the small 
constant a wliic h determines the value of n and in large meiisure b also.’*' A 
variation in the small quantity a should not be thought of as mimvg a great 
change in the U series ; it merely indicates it. 

We may conohnle that a U formula cannot be regarded as correct unless it 
predicts the experimental value of a com^otly to within a reasonable per- 
<;entage, for otlierwise it will not agree with the experimental ^ series for the 
region of ^ — 0. As remarked before, the wave equation which (1) satisfies 
differs from the true equation by certain terras, wdiich may be regarded as per- 
t!irl)ations (causing the simple formul® for the energies to fail). If these effects 
are appreciable the determination of the U curve may be difficult. 

W<i may conclude that the following U’s are suitable for our purpose : — 

(1) Morst^’a function U — D (1 — in which the a is not, of course, 

the same as ours. It is beyond all question the best U we have, provided 
it gives approximately correct values for the coefficients of and 
(‘Sj>ecially 5^. Frequently it does ; sometimes it does not ; and in that 
case it is difficult to say to what extent its correctness at large values 
of r should outweigh its inaccinacy near r ^ r^. 

(2) Morse’s function with D and a (Morse’s symbols), chosen so as to give 
the coefficient of (and also, of course, 5*) correctly. This sacrifices 
the accuracy at large values of r, since D is no longer the correct dis- 
sociation energy. 

(3) KniUer’s function. It goes to a finite value as r goes to infinity ; 
and, as in the old quantum theory, the necessary perturbation terms 
are smaller than those of the harmonic oscillator, so that it may be used 
up to larger values of n. 

Theoretically the constants D„, F„, can be used in determining the 5 series, but 
experimentally the accuracy is lees {»*>€. Richardson and I)avidfM>n, foe, 
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(4) The perturbed harmonic oscillator, discussed above. 

(5) Some new functions which will be developed in the next section. 


§ 4. Sof}w New Bigemifuiwtwm. 

Wo start from the functions 

where n is an integer, 0, 1, 2, . . . We shall only be concerned with i*eal positive 
valucH of a and y. The functions (15) are knownf to be solutions of 


^ , if + l -Y d¥ , 
dx^ X dx ^ 


j + + 





Put a: — cp’", K ■= Y ~ - l itit, and 2n + 1 • n*. Th«*n 


MatisiieH 
(i*F 


dp2 


4- 


F r::,.-: p<"'' ' (pp.») 

■ I AH2p3'-‘ -■! -I- i (n* + s) ctH*p’“ -* - 1 ( «* •- ~ j »»2p-* J F = 0. 


(16) 

(17) 


We shall only be concerned with real positivt' values of x, p and the coixstaut 
m ; also the powers of x and p may bo thought of as ha ving their real positive 
values, ^rhe usual conditions are satisfied in the range of x from 0 to x , by 
the functions (15), to each of wduch there corresponds a function (16), satisfying 
the conditions in tlie range of p from 0 to oo , provided that, c is positive. The 
expressions (16) would be tln^ eigenfunctions of the wave-equation (2) if for all 
values of 9i* we could spMufy c, m and s (as functions of n*, j and the molecular 
constants in U), such that the following equation were satisfied 

J [— -|" 2 (w.*** + #) (mV 4(^4- i)^)p 

— [const. — 87 c®III(p)/A^] — 0. (18) 


The constant, a function of j and thci molecular constants, w^ould be the 
special value A in (2). (It will be noted that the rotiitional term has l>ecn 
taken on to the left.) It is only for certain functions U that values of c, nt 
and 8 can be found satisfying this equation. Firstly, if we put m ^ 1, we 
obtain a standard case — Kratzer’s function, treated by Fues. Now put 
m ss= 2. This gives U = t (p — 1 /p)*/4 if 

c = ~ and s = ^ {1 + 4«« (j + 4)»}». 


t Condon and Morse, he. c4t, p. Sft, 
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The energies, obtained from A, have been given in advance in § 3, together 
with the eigenfunctions (infinite in number), obtained by substitution in (16). 
This molecular model, like the harmonic oscillator, cannot dissociate, and the 
perturbation theory can be applied without the complication introduced by a 
continuous spectrum. 

Considering a more general case, let (18) be expanded in powers of 5* U 
being replaced by the general ^ series (3), Equating the coefficients of 
and to zero gives three equations to determine c, m and 8 ; and on inserting 
these values in (16), and giving successive integral values to n, we have the 
eigenfunctions of a U wliich when expanded as a ^ series has any desired con- 
stant values for the coefficients of and ; but the coefficients of the higher 
powers are not adjustable, and will, moreover, vary with n and j, though not 
usually very much, hi other words, the U that we are employing varies 
slowly and progressively throughout the quantised states. 1 find that for our 
purposes it is usually sufficient to give m the value which it has for 
This value is 3 f a. Wc then deteimine m and 8 so as to make the coefficients 
of ^ and vanish in (18). Even the coefficient of will now vary slightly with 
n* and j. The solutions for c and 8 we will write in the form 


m 


b{‘ ■) +=5-".*(i + (»-%+ ...) 


(m - 3) (TO - 2)* (TO - 2)* . . 

4^? 4to» ^ 




3 (w-l)(w-2)» _ (w-1)(to-2)» ^ 

4m® 2m® 


where g is f J)*. The expression for K/A, obtaimxl from A is 

Bo U + i)* - b„k» (J + hr + (« -f 4) - 3 (2 - to) kBo(« + 4) O' + 4)* 

— 4<c<«)o(2 — »)(4--TO)(n + i)*+ ••• (12) 

U for «* as J + 4 = 0 is 

i (p«-‘ - p-i)« = *^*{1 + (TO - 3) ^ + y , (TO - 3)« + 1] 5« -f 


Hubstitution of this U in (5) and (6) gives expeesaions in agreement with (19). 
That this would be expected may be seen by oonaidering how the actual U, 
for n* imd j f | not vanishing, differs from the <m& above, and how these 
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difEerenocB will affect the energy ; the terms as far as they are written in (19) 
will be unaffected. The variation of V with n* and j is perhaps best shown by 
a typical example. Suppose wo put l/tc equal to 35, and a equal to — f . 
These are about the values for the 2p^S state of Hj. Then for a* = jf + ^ =*“ 0 
we have 

If now n’*' increases, the coefficients of 5^, ...» are altered by small amounts 
roughly proportional to At n* == 15, which corresponds to the eighth 
vibrational state, wo find that the coefficient of has changed by about 3 per 
(jent. of its value, the coefficient of by about 5 per cent, of its value, while 
th(‘ <duiugcH in t>lve later coefficients tend to a limit of about 8 per cent. The 
change, in the term is, of course, the most important, but it can hardly be 
considetfid serious ; at this value of n*, which is about the largest observed 
experimentally, th(3 failure of U at large values of r will be causing far more 
serious errors. The variation with j is alight, and the above figures will hold 
for any rotational state which we are likely to need. The only advantage of 
these eig(mfmictions is that thcjy are often convenient for the graphical cal- 
culation of intensities. (Whatever U is employed the algebraic expressions 
for the intensities involve a more or loss awkward series, whereas the graphical 
method gives a wonderfully clear view of the process, and brings out the 
diffonmee between the various typtis of U.) The expansions for those eigen- 
functions near 5 — 0 are obtained by writing w 3 for a in the expressions 
such as (10) and (11) ; though with the small value 35 mentioned for I/k these 
series would only be applicable for a very few n’s. 

It may be added that all the U’s mentioned in this paper can be quantised 
on the old nuichanios, using standard integrals in the Argand plane. The 
expressions for the eneigies are similar to those of the wave mechanics (with 
the usual differences in the quantum numbers). Thus it is not surprising that 
the formul© for a, a?6>o, y' and 3 hold for both. 

In a separate communication Mr. W. C. Price, of this college, will calculate 
some intensities for using a variety of methods. The agreement with 
experiment is very good. 

Sitmmary. 

As an introduction to gome work on spectral mtenaities wdiioh has been 
carried out at University OoUege, Swansea, it is proposed in this paper to 
summarise the methods, discussing some special points ; in partictilar, it is 
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suggested that the widely used Morse formula rests on a partly fallacious 
argunicat j aad is only valid when certaiu conditions ai* * * § e satisfied. At the 
end of the paper some new eigenfunctions are established, which are often 
convenient for the graphical calculation of intensities. 

The transitions considered are those from a fixed vibrational and rotational 
state of the upper electronit? level to a set of states in the lower electronic 
Icvt'J differing from each other only in their vibrational quantum number. 


The SteUcir Voefficimts of Absorption and Opacity. -Part IL^ 

By S. Chandraskkhab, Trinity College, Cambridge. 

(Cioinrnunicated by E, A. Milne, F.H.S. -Received Nov^ember 19, 1931.) 

1. ItUrodueimu — It is well known from the n^searches of EddingioUst 
lloHseland j; and Milne, § tliat the main source of the absoq)tion of radiation, 
by an ionised (non-degenerate) stellar material is due to the photoelectrii? 
“bo\md-freo ” transitions of the electrons mider the influence of the (‘xternal 
radiation. But a study of the literature showed that there is really no trust- 
worthy evaluation of the coefficients of absorption due to the bound-fn»e 
transitions from the K and L litates, which process should certainly contribute 
the greater part of the absorption due to these bound-free transition8.il An 
iK ijurate evaluatioji of the total absorption-coefficient due to hydrogen atoms, 
generalisations to hydrogen -like and more oomplicat<?d atoms, and a critical 
discussion of the existing treatment of the absorption and opacity coefficients 
arc the subj(Hjt matter of this paper. 

* Part I l»a8 ap^Kuiml in * Pruc, Hoy. 8oo./ A, vol. 133, p. 241 Rttoml to 

att C. 

t ‘ Moil, N<»t. U. Awtr. Soc.,' vol. 184, p. 104 (1924). 

t ( 1 ) ' Astrophys. J.,* vol, 01, p,424 ( 1925). Heferrod to as H 1. (2) * Hand. Astrophysik,' 
vol. 3. p. 452. Refern?d to as R II, 

§ * Mon. Not. R. Astr. 8oc.,’ vol, 85, p. 750 (1925), referred to as M I. ‘ Mon. Kot. K. 
Astr. Soc.,' vol. 89, p. 17 (1928), referred to as MIX. * Mou. Kot. R. Afttr, Soc./ vol, 85, 
p. 079 (1925), referred to as M HI. 

(I Thus Gaunt has criticised Milne's treatment (M I), but does riot undertake to evaluate 
the transitions more aeourately. He merely makes rough guewsses as to what the jwobable 
values AviU Ix'. 
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2. The “ Sosaetand-Eddington ' ' Value for the Toted Opacity. The Importanoe 
of Bound-free Transitions . — ^Let a,, represent the free-free contribQtion to the 
rate of absorption of energy from radiation of frequency v and unit intensity 
and per atomic nucleus of charge Ze and by a unit volume of a stellar material 
containing N, free electrons. Then (C, equation (12) ) 

__ 167tW N, .j. 

SVa hcv> ■ {kTyl* ' ' ’ 


The coefficient of opacity is defined by 


where 


^ r« 1 ai, , /rai. , 


a„(l-c-»-n 


( 2 ) 

(3) 


and ly dv is the intensity of the radiation in the enclosure in the frequency 
interval v and v + which in our case is the usual Planck function 



(4) 


The reason why we have to average given by (3) instead of cty is pointed 
out in C (p. 244). Equation (2) in conjunction with (1) and (3) yields (C> 
equation (23)) 

_ 87pa&a ZW N. . 

where 


S -^5+ 1: = 1-0128... 1 

U-iw* I 

-i-osai... 


(6) 


Oo the other hand, the coefficient of absorption defined as the straight mean is 
given by 

ao = I oc/I, dv^l I„ dv. (7> 

The absorption coefficient corresponding to the free-free transitions is given 
by (M I, equation (3) ; C, equation (24) ) 

« _ ZW N 
® “ 7tV3 c(27cm)3/« (i^* 

The numerical coefficient in (6) is about 30 times larger than that in (6). Thus 
the otnieot evaluation of the opacity coefficient comes out stuprisingly «t»u.11 
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But we have not yet considered the contribution to the opacity by the bound- 
free transitions, which, as is well known, is rather important in the Maxwell 
case. The accurate' evaluation of the opacity is a rather difficult business, 
but Bosseland’s (B II) and effectively also Eddington’s procedure is as follows 
{of. C, footnote (*), p. 244), 

Rosseland assumes that the a„ ” including the bound-free transitions is 
that given by (1) multiplied by i e,, 

a (v) = a(v) (l')t 

The opacity coefficient corresj>onding to (!') is given by 


^ ^ lo dT 

‘ 3 V3 Ac (27m)*/* (jfcT)^'» BA f* vV'" dv 

AT*J« 

Now 

AT*J„ TV A-' ’ *’ 

where 

= i [ S -- L i| =0-0044969. 


(9) 

( 10 ) 
( 11 ) 


We hav(! therefore for the Rosseiand-EIddington value for the total opacity 
coefficientj 


= Z*e«A* N, 

® 3I6V394 c( 27 m)*/* (AT)*/*' 


( 12 ) 


Comparing (12) and (5) we have 

“ RosBeland-Eddington ” total opacity 226 

Free-free opacity ^4 


(13) 


ThuH if Koaseland is right in including the bound-free transitions this way, 
that is, by means of equation (1') it is clear from (13) that all the opacity 
arises from the bound-free transitions and is not at all due to the free-free 
transitions. Though for the temperatures and pressures contemplated by 
Eddington’s theory, Milne’s results (M I) make the absorption due to the bound- 
free transitions very important, that the total opacity could be so much as 
225 times larger than the free-free opacity has not even been contemplated ; 
but the Boaseland-Eddington method of takmg into account the bound-free 


t The oiigin aa to how this arises is pointed ont in C (footnote (}), p. 2M). 

1 It is easily verified that (IS) is identfassl with RosMlaaid’s fomnla R n, equation (3M). 
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photoelectric absorption is by no means satisfactory* The following comments 
are suggested : — 

(1) The method amounts to the extrapolation of the Kxamexs«6aunt formula, 
applicable to the case of the free-free transitions, to the C/ase of bound- 
jfree transitions. 

(2) The method assumes for an atom a oontimmuf series of negative energy 

states (and in fact the continuous states that are operative for the 
absorption of the quantum Av extend to —Av) ; and since the Rosseland 
mean stresses very largely the absorption at the high frequency side 
(namely weighting by instead of it is clear 

that Koaseland assumes the existence of states of an altogether impossible 
fictitious negative energy. 

(3) Since, further, the electron-velocities have a Maxwellian velocity-dis- 
tribution in the states of negative energy extending to — Av in the case 
of absorption of the quantum Av, it is clear that there is a very gross 
exaggeration of the existence of bound decirons with a large negative 
energy. 

(4) The total absorption at the frequency v, given by in fact yields 

an infinite absorpion coefficient, since the integral in (7) is then divergent. 

(6) Eddington’s investigation of the guillotine factors ” (*‘ Internal 
Constitution of Stars,” §100 and especially §179)* requires further 
consideration. 

Though Kosseland terms his value (12) an upper limit to the opacity 
coefficient,” in view of the above five remarks it becomes doubtful whether 
this “ upper limit ” is reasonably near at all to the actual coefficient. This 
question is all the raor(‘ important since the free-free opacity is altogether 
too small. 

It becomes, therefore, a matter of some importance to evaluate at least the 
absorption-coefficientt due to the bound-free transitions^ in a much more 
rigorous and satisfactory maimer than has hitherto been attempted. This 
I attempt to do in the following sections based on some recent calculations 
of M. Btobbe4 

S, The AUmk Ahsorpim Coefficient due to the two K-dectfons, — 6auat§ has 

• 226 is in fact Eddington's “ guillotine factor ” corresponding to his “ 4'1/AT =>=^ 0. 

But here we are ooneemed as to how much the bound-fire© transitions are rdativdy impor- 
tant as compared with the free-free transitions. 

t E, A. Milne, /or. rt/., M II. See particularly his remarks on top of p. 38. 

I * Ann. Physik,’ vol 7, p. 661 (1930). I should like to take this opportunity to express 
my thanks to Br. M. Stobbe for much valuable discussion on the subject. 

§ ' Phil. Trans.; A, vol. 226, p. 103 (1980). 
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shown that Milne'a formula (M I, p. 754) is true for large total quantum numbers ; 
but it is not at all a good approximation for the K and L states. Hence we 
will start our discussion by a rigorous evaluation of the coefficients of absorption 
by electrons in these states. 

Now, the rate of absorption of energy by the two K-electrons of a single atom 
with a nucleus of charge Ze is, according to Nishina and Eabi,* and Stobbe 
(he, oil,, equation (43) ) acouraiely given by 


(t.)k - 


where 


zm p 
V,, ; R 

rr 


27Aw^ 


((14) immediately shows that the usually assumed law (t«)k; = KZ^X^ is purely 
of an accidental kind ” (cf. Nishina and Rabi, loo, oil,,) and hence therefore 
much of the discussion contained in Rosseland*s paper, loc, cit, (R I) ceases to 
have much value.) Hence the atomic absorption coefficient for the two 
K-eleotrons is given by 

f (rJitd— e'*''") I,dv 

J**! /I 


where I, is the Planck function given by (4). Introduce the new variables 

V(v — Vi)/vi = x and hviJFS—jfi. (16) 

And after some minor simplifications we get 

2* 6 e* r* ® p-(4/») tan-*» 


2».5 e» 

7t* omv 


- «,« e-** —5— ^ - ■ e"*'**' dx. 


It does not seem possible to evaluate the integral in (17) either in finite terms 
or in a convenient infinite series. Numerical methods were adopted and 
yields 

Jo 1 - ^ 


dx 


0 ’01082 0-00119 _ 0-00248 _ 0-00225 

Vi Vi Vi Vi 

-0-00119 (G (2 VVi) - Q WVi) ) 

■f 0*00828 Vw/yi (G (8 VVi) — G (2 \/yi ) ) 

+ 0-01062 (0 (4 VVi) - G (8 VVi ) ) 

+ ... (1 
* ‘ Verb, dents, phys. Ges.,* (8) vol. 9, p. 8 (1988). 
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6 (x) — f e”** dx 
VTt Jo 


(Gaoss-inti^ral). 


Noting that even 6 (2) = 0-9952, we have as a reasonable appioziination for 
the integral (y^ > 3) 


r 


» y. g-(4/a5) tan“* * 

sc* + 1 1 — 


6 


-If, «• 


0 01082. 
Vx 


(19) 


(If necessary, the complete expression (18) can be used which should give an 
accuracy far beyond that which will ever be needed. But I adopt in the sequel 
the approximation (19).) Hence the atomic absorption coefficient due to the 
two K-electrons is given by 

aK ~ — Pi* e-*- X 0-01082. (20) 

tt omv, 


4. The, Coefficient of Absorption due to the 8 L-etentrons . — ^We will now calculate 
the absorption due to the 8 L-electrons of an atom which has this ring complete. 
If an atom possesses less than 8 electrons, say n ( < 8) then the absorption by 
the L-electrons will be given by n/8 of that calculated below {see § 6 where the 
effective atomic numbers to be used are detailed). In Stobbe’s notation we 
have (loo. oil. equations (44) and (45) ) the L-absorption given acowatdy by 


(^o)l 


2“to* V,* 


^ /l 4- 4- ' 

K* \, V V* / 1 


16v«*\ e~® y !-,/(•■— ft) cw'* 


8cm v 

Introducing the new variables 


i and 


itT 




y* 


(21) 


and remembering that 


»L- 


f (tJl (1 — Ip dv 

lo; 


B 


we get by (21) 

2"-5 «• 


1' 


- 1 


(23) 
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The iutegral in (24) was again evaluated by numerical methods and yields 


■■■■I— H i2 — f -e-''-»*da! 

X* + 1 (x* + 1)*J 1 - 


0-00077 0-00048 


_ 0-004485 0-000655 ^, 

Vt 2 /a 2/2 

+ 0-000666 [G (2 ^/y^) - G (Vya)] 

+ 0-00220 V^Fa [G (3 V^a) ” G (2 Vya)] 

+ 0-00365 Vn/y, [G (4 Vya) - « (3 Vy*)] + 
0-004435 
ya 

Hence to a sufficiently good approximation we have 


-sv, . 


yt 




2^.5 

TT® cmv, 


^2® . X 0-00444. 


(25) 


(26) 


Hence, we have finally for the atomic-absorption coefficient due to each of the 
K and L electrons 

TXr CWVj^ 

«L = y — ya* c-»* X 0-00444, (28") 

Tc® cniVi 

(where y„ = Av„/*:T). 

6. A Short Note . — and Vj in (28) are according to definition 

vi Z*R V, = Z*R/4, (29) 

R being the Rydberg-frequenoy. But Stobbe’s results are derived on the 
basis of a single atomic nucleus of charge Ze and another electron in the field 
of the nucleus with no other interfering electrons. But a reasonable generaUsa- 
tion which Stobbe has suggested is to use in (29) not the actual atomic numbers 
but the " effective-atomic numbers ” defined in the manner of Slater.* Thus, 
when there are two electrons in the K ring then to calculate Vj we use 

Z«B (K) = Z -- 0-30. (W) 

Also for an atom whose K-ring is complete and for which also there ate n ( < 8) 
L-electrons, the effective atomic number to oalonlate v^ is 

Z,fl (L) * Z - 1 -70 - (n — 1) 0-850. (80") 

* ‘ Phys. Rev.,’ voL 36, p. 87 (1980). 
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The oontribaticm to the absorption by mch of the K and L eiectiona is that 
given by (28') and (28") respectively with the and Vj calculated with the 
proper effective atomic numbers, 

6. TAe Absorption Coefficient due to Hyd/roge^i Atoms,^ — Since this is the only 
case for which the evaluation can be rigorously and accurately carried through, 
and as this will also form the basis for the extrapolation to other cases, it will 
be considered in rather elaborate detail Further, we can see what modifica- 
tion the revised calculations bring in the value of the absorption coefficient 
given by Milne’s treatment, corrected to take accoimt of the fact that, even 
when he calcidates the straight-mean ’* it is necessary to average a/ given 
by (3) and not simply a„. The notation used is as follows : — 

n = total number of hydrogen atoms per cm.®. 

Hi =: number per cm.* in quantum state Z . (i =» 1, 2, 3, . 

N< = number of hydrogen ions per cm.®. 

= Mai number of free electrons per cm *. 


We shall write our coefficients as per normal hydrogen atom in quantum state 1. 
Then oti(v) due to the free-free transitions per normal hydrogen atom is 

*1 ('») == «/ (>»). ( 31 ) 


where (v) is given by (1). Hence (because Z = 1) 

. . 167:® 1 N,N, 

But by the ionisation formula 


N.N< _ (27tm;feT)»^® 

Hi A* 




(32) 


(33) 


* After the QaleuUtious were more or less complete, a paper by W. H. MoOea 
(Mon. Not. Roy. Astr. Soc., June, 1931) appeared, where there is also a calculation of 
the absorption coefficient due to hydrogen-like atoms *’ based completely on Milne's 
treatment. He, like Milne, averages correctly for the free-free transitions {c^. C, 
p. 244), but simply for the bound-free transitions. The oorreot evaluation, 
however, using (28) and avera^^ a/, apart from yielding important numerical 
ocorecrions minindsing the importance of the bound-free term, also largely 

^soounts Milne's estimates (M I, equation (30) ) of the rdaiivt importance of the 
bound-free term as compared with the free-free term in the total absorption coefficient, 
X have, after the appearance of MoOea's paper, altered my notation to be in agreement 
wi^ his so as to make oompariion easy. 
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By (S2) and (33) we have theiefoie 


«i(v) 


167t* e® 

8V3Ac{Av)* 


We"*". 


( 84 ) 


How we shall consider the absorption due to the “ bound-free ” traoaitioDB. 
(We follow Milne’s treatment for M and higher states, t.e., for 2^3, but use 
our results (28') and (28") for the K and L states, that is, for 2 =»: 1 and 2.) 
Absorption by atoms in state I gives a band of absorption starting at the 
frequency Vj where vj = and extends to higher b^quencies. Henoe the 
absorption at the frequency v is the sum due to all the bands with i>x, 
where 

Vx_.i > V > Va. 


Now Milne’s result (which Gaunt has justified to be a good approximation 
for large 1) suitably modified for hydrogen is 


where 

Remembering that 


a(v)=.* 


167r» * 

3V3<5(Av)® 

(A >3) 




A (i) = 1/(1 -4)*- 1/(1 + 1)*. 


tiilrti = 2* . e’'!"*'', 


(36) 

(36) 


we have by (34) and (35) the absorption due to the free-free transitions and the 
boimd-free transitions from states of 2 ^ 3 


A(v) = 


e^v, 


16 tc ® 

3-\/3 c (Av)® 




t A 


Hence the coefficient of absorption corresponding to A (v) is given by 


Ce-*' P 

L [“ rfv -f S A (2) en (* dvl 

y 

Jo * » J J 


v»dv 




(37) 


(38) 


where C stands for those terms in (37) outside the bracket [] which are inde- 
p<mdent of v and T. Simplifying we have 


80 

0 


'i-f- S A (2)1 

yi i>9 I 


e-*' 

(AT)*’ 


(39) 


or by (86) we have immediately 

T__ 80 e«v,rX . 41 e-*' 

Tt*V3 c Lyi 25J(*T)»’ 


( 40 ) 
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[It may here be noted what we should obtain if Milne's approximation (35) were correot 
(whioh is nc»t the oase) for / 1 and 2 aUo. By (39) we would have for the total absorption 

ooeiffioient 


_ 80 esri , J 

«MUna ^,^3 ^ Lyi'^ 

On the other hand MoC^a gives 

"V3 c U Ui ;J(*T)*’ 


(41) 

(«)• 


whioh differs from (41) in having 2lyi instead of 1 /y^. This arises beoause McOrea {follow- 
ing Milne) averages oty instead of (Xy as ought to be done. But the difference between the 
two is not so very ** trivial " as to simply change 2/y, into l/yj. It has a rather important 
physical consequence in minimising the rdatim importance of the bound-free transitions 
at high temperatures (see $ 7). Incidentally this method of averaging has introduced a 
slmpUBoation since £A (1) in (39) is found directly and accurately from its definition, while 
Milne had to introduce at the oorresponding stage of the analysis an approximation of 
replacing sums by integrals. Jt 


To obtain the total absorption we have to add to (40) the absorption due to 
the bound-free transitions from the K and L states, t.e., corresponding tol^l 
and 2. Since our absorption coelBcient is per normal hydrogen atom we have 
by (28') and (28") 

5k+l e-»* X 0-00641 

cmvj 

4- ~ »,* X 0-00444 X (43) 

7u^ cmvg ytj 


Since however n,/ni =s 4e‘'*“*' we get (using further the relation that v, = Vj/4) 


«K+I- == 


s 

omvi 

2».6 


7t® cm (fcT)* 


. e-*'* [0-00641 4- i X 0-00444] 
e~»' [0-00641 4-0-00111]. 


(44) 


To add (44) conveniently to (40) we replace 


V by vi X 


and get 


A» 


«K+I = th [0-00641 4- 0-00111] 


[1-888 + 0-386]^. 


( 46 ) 


( 46 ) 


• The terms in the f ] in (42) and (41) are the free-free and the bound-free terms respec- 
tively. 

t M I, equation (20), also MoOrea, loc, ctf., p. 840. 
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Hence, the total absorptitm coefficient as per nonnal hydrogen atom is 


(«, 

The revised form (47) can be compared with the corresponding one which would 
be obtained by following completely Milne’s treatment (but correctly averaging) 
namely (41). Since, for the temperatures generally mot with in the outside 
of star, it is the bound-free term which is the most important, — (McCrea has 
also drawn explicit attention to this),— it is seen that the revised form gives, 
more or less uniformly, 0*61 of “ Milne’s ” values with which McCrea works.* 
7. The Absorption Coefficient dm to Hydrogen Atorns (Discussion), “f — In 
(47) Ijyi corresponds to the absorption due to the free-free transitions while 
2*429 that due to the bound-free transitions. We shall now define a quantity 
Q which is the ratio of the bound-free absorption to the free-free absorption. 
Q therefore is a measure of the relative importance of the bound-free transitions 
as compared with the free-free transitions. Hence 



Q (revised) — 2*43^1 == 2-43Avi/AT, (48) 

which tends to zero as T •> x , This result is physically understandable, 
since at high temperatures the ionisation is more or less complete and the 
free-free absorption begins to dominate, as we should expect. On the other 
hand (42), which corresponds to Milne’s result (MI, equation (25) ), Ify^ i« 
the free-free term while (1/yi + 4) is the bound-free term. Hence 

Q (Milne.) -4^=1 + ^. (49) 

Here we see at once that Q (M) does not tend to zero however high the tempera- 
ture and however complete the ionisation. In fact Q (M) 1, that is, the 

* Since, however, the inain point about MoCrea's paper is to show how a simplified 
model atmosphere would behave, supposing it to be composed of two hypothetioa] elements 
(H and X), whose absorption coefficients behave in a manner suggested by the quantum 
theory, it is clear that it is the variation of ot withT and yj, which is more important than the 
absolute value so long as the latter is taken to be of the light order. Hence the main 
results of MoCrea's paper are unafieoted* But it is neoessary to draw attention to the fact 
that if any one were to use similar methods to obtain numerical values for oomparison 
with particular observations, it would be necessary to take the values for S that are given 
by (47). 

t The remarks made in this section apply equally well in the case of the absorption by 
bydrogm-like atoms (see § 8). 
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boimd'firee transitions are at least just as important as the froe-^free transitions.^ 
But the revised form (48) does not support this result of Milne. Thus the use 
oi (28) reduces the absolvle magnitude of the bound-free absorption by a factor 
of 0*61 and the correct averaging minimises the relative importance of the 
bound-free term as compared with the free-free term, at high temperatures. 

Also "" 4,’* which is the bound-free term in the corrected Milne’s result, is 
equal to [3*566 + 64/226 + ^/26] corresponding to the K, L and aU the higher 
absorption “ terms ” respectively. In the revised form (47) the corresponding 
‘‘ partition of the bound-free term 2*429 is [1 *883 + 0*386 -f 4/25]. Thus 
we see that Milne’s value for the K-absorption must be multiplied by about 
0 • 5 to obtain the correct value. This is in agreement with some rather vague 
statements of Gaunt relating to his g**factors. 

Now, we will consider a little more closely the effect of the bound-free 
absorption in modifying the general variation of the absorptiou-coeflBicient by 
hydrogen (and hydrogen-like) atoms, with temperature and density. Since 
(47) IS the atomic -absorption coefficient per normal hydrogen atom, the mass- 
absorption coefficient k is given by 

K = ani/p, (58) 


where p is the density. By (47) we have for /c, after removing the exponential- 
factor by means of the ionisation formula, 


80 I" 2*429xn 

7r2V3c(27tm)»^ L ^ kT J (A:T)’/^p ‘ 


(54) 


where we have written Xi iox K now is the fraction of the total number 
of atoms which are ionised, we get using also the known result that the ionisa- 
tion potential of hydrogen is 13*64 volts 


80 f 3*82 X 10^1 

n V3 c L ■*' 


*jN|_ 




(85) 


being the mass of the hydrogen atom. (55) immediately shows that for 
T < 10* the bound-free absorption is the most important. Since T < 10®, 
for temperatures generally met with in the outside of a star (and since all the 
atoms hem are mostly hydrogen-like (see § 8) ) it follows that here the greater 
part of the absorption is due to the bound-free transitions. Also for T < 10* 
degrees we have 

* Of. M I, equation (30), also remarks at bottom of p. 762. 


( 56 ) 
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Neglecting the small variations due to a?^ it is clear that m tAc outside of a iiar 
for hydrogen {and hydrogen4ike atoms) the absorption ooeifioierU is very nearly 
proportional to and does not vary according to the usually assumed law 

that K a: V, /(ifcT)*»/* 

But for temperatures of the order of 10® for hydrogen (and not for hydrogen* 
like atoms*'*) the free-free absorption dominates absolutely and we go back to 
a law of absorption and hence therefore the opacity is presumably given 
by equation (5) with Z = 1. 

It is difficult to say as to how the opacity will behave, particularly in view of 
the theorem proved by Milne (M III) regarding the Rosseland-integral for the 
stellar opacity, McCrea, however, seems to believe that the variation of the 
opacity with density and temperature should not be very different from that 
of the absorption coefficient (loc, ciL, top of p, 893), If so, the opacity coefficient 
for hydrogen (and hydrogen-like atoms) should also obey a law of the type 
#c ^ for the temperatures generally met with in the outside of a star. 

8. Absorption Coefficient due. to Hydrogendike Atomaj \ — Consider now the 
absorption by an atom which is neutral and which has an optical electron 
describing “ non-penetrating ’’ orbits. (Such atoms are usually called hydrogen- 
like.) Since the optical electron is under the influence of a net charge ^ + c, 
we can as a rough approximation take directly the results of § 6. But a better 
value would perhaps be obtained if we multiply (47) by (1 + 8)* where 8 is 
a small constant to take accoxmt of the fact that the ** effective ** charge of 
the core may not be exactly -f e but (1 + 8) e. (Here we make the assumption 
that the effective charge operative for the optical electron is also the same for 
the free-electrons making free-free transitions in the field of the ionised atom, 
that is, the atom having lost the optical electron !) But the difficulty of 
using effective-charges is avoided by the following procedure which also 
appears to be a better method of generalising the results (accurate only for 
the hydrogen atom) to the case of hydrogen-like atoms. 

In equation (44) we have replaced by Vj x 27T*me®/A*, so that we could 
conveniently add (44) to (40). We can, however, as legitimately keep Vj® 
as such in (44) and replace in (40) by Vj* x (27r*fwe*/A*)“^ We obtain then 




7 c ® \/8 



2-43 



(67) 


♦ For with these atoms, the successiye ionisation potentials will intervene. 

I The absorption coefficients calculated in this section are those to be used in oonneotion 
with Milne's “ Problem I ” in his paper on the ** Ionisation in Stdlar Atmosidieres ” 
(Mil). 
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Strictly speaking (67) is true only for the hydrogen atom, but when the atom is 
“ hydiogen-like ” we can expect (57) to give results not far wrong, but an 
extrapolation for such atoms, which will presumably give better accuracy, 
is to use for yi the value obtained directly from the known ionisation potential 
ot the optical electron. Thus if Xi is the ionisation energy (expressed in ergs) 
derived from the ionisation-potential, then 




40 e% .rifeT , 

Ul ^ 



e-x./w 

{ifcT)»’ 


(68) 


or by moans of the ionisation formula 

40 e*A« . r. , 2-43z,l N.N, 


(69) 


where equals the number of ionised atoms of net charge + e, and equals 
the neutral atoms in the lowest state. It is to be noted that (67) is only a 
“ one stage extrapolation from (28) while with (47) it would have been a 
“ two stage ** extrapolation. For this reason alone it would appear, therefore, 
that (69) should give better results, apart from the advantage we have gained 
in avoiding the difficulty of using effective charges for the core. The mass- 
absorption coefficient corresponding to (69) is 


or 


40 ^ r, 2-43: 

««V3 cm (27cmF* ^ L AT 




pi.{AT)»'*’ 


40 X 2 -is c*^*Xi* forJbT<2'45y 

Tt* V3 (27m)»^ (W* 


(59') 

(59") 


where (ji. is the atomic weight in grams and the fraction of the total number 
of atoms that are in the first stage of ionisation. (69") shows therefore that 
for AT <2*43x1 absorption coefficient is more nearly proportional to 
P,/(AT)i>/» raOier than to P,/(AT)»/». 

[Now tti is merely the part of the absorption due to the free electrons in the 
field of the ionised atom and the optical electron of the neutral atom. We must 
add to (69) the absorption due to the other bound electrons. Thus if an atom 
has in addition to the optical electron, two K-electrons, eight L-eleotrons and 
X M-electrons the total absorption would be given by 


a ss= ai + (2 *k 8ai, -f* ®*m)> 


(60) 


where an, aj. and «u are given respectively by (28'), (28") and MUne’s formula. 
Now, because we have the negative exponentials occurring in each of these 
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expresftioiiSj it is clear that we can neglect these terms compared to a^. Hencet 
to the order of accuracy we are working the absorption is given correctly 
by (B9).] 

9. The Absorp/im-coefficienl in General , — We proceed now to the evaluation 
of the absorption-coefficient of any atom by a still further generalisation of the 
results of §8. 

Consider an atom which has lost (t — 1) electrons and let this ionised atom 
have an optical election which describes now non-penetrating orbits. Hence 
we have for the charges of the core and the atom, re and (r — l)e respectively. 
By a generalisation of the results of § 8 we have for the atomic absorption 
coefficient expressed as per (r — l)-ionised atom in the lowest energy state, 
due to the bound-free transitions of the optical electron of the (r — l)-ioni8ed 
atom and the free-free transition of the electrons under the influence of the 
field of this same atom, 

. 8() 2-43y, N,N, 1 

7t2^3c(2Tcm)®/* fcT 

, 80 (r- l)*c®A» N,_, 1 

^ 7r«V8 c(27m)»^ ‘ ^ 

where 

= total numb<iT per cm.* of atoms having lost (r —* 1) electrons, 

= total number of normal (r — 1) ionised atoms per cm.*. 

Now since all but a small fraction of the atoms will be in their lowest states 
we can write ^ Also instead of r and (r — 1) we can write 

the “ effective-charges ” of the core and the atom as can be derived from the 
rth and (r ~ l)th ionisation energies Xr ^d Xr-i respectively. Also let 
1 1 , etc., represent the fraction of the total number of atoms which have 
lost (f “ 1), r, etc., electrons. We have, therefore, for the atomic absorption 
coefficient as per atom in all the stages of ionisation 


a 


40 eW N, 
7ri V3 cm (27m)*/* 



+ Xr-X 


)}• 


(62) 


Since Xo does not exist, we have for the atomic absorption-ooeffioioBt 


- 40 e«A* 

cm 




( 68 ) 


(63) is our final absorption coefficient formula which rejdaoes Ifiloe’s fonaula 
(M I, equation (26) ). But here we have taken proper aoeonnt of the "efleo(^> 
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cb&rgCB ’’ to be used at each stage of ionisation, while this is not done in Milne s 
treatment. 

10, Dependence on loniscdion-potentwils , — This section really duplicates a 
section of Milners paper (M I, § 5), but I include a brief account to make the 
present discussion complete and since also the details of the two discussions 
are not quite so identical. 

Following Eddington, we define for a given temperature and pressure a 
** dominant ionisation-potential x given by 

1 (27tmAT)»/« (64) 

9r 

Leaving apart the complications arising from differing weiglcts (g„ etc.) 
and symmetry factors ipf) etc.), it is clear that we have for the different fractions 

®f. ®rii> related 

= e"<>!r+i and so on. (65) 

®f4 1 ’ 

Equations (65) help to determine the “ fractions ” occurring in our formula 

(1) Let there be a group of p “neighbouring ’ ionisation potentials (m 
Milne’s sense) and let the temperature and pnissure be such that x »» given by 
(64) is approximately equal to them. Then from (65) it is clear that as,, 

are approximately equal and the other x's can be neglected. 

Each is therefore approximately equal to Ijp + 1. Hence we have for the 
summation factor in (63) 



since p = 2 for the K-levels and p = 8 for the L-Ievels, we have for the sum- 
mation factor in the two cases 

[, + L|S}. .Bd + («■■) 

(2) If now X occurs between two well separated x’s* say Xr X»-<i i'itan 
approximately =* 1 and the other aj’s are almost zero. Hence in this case 
the summation factor is 




( 67 ) 
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(3) If now X is somewhat bigger than the last ionisation potential which is, 
of course, x«> then all the atoms are bare nucleii and = 1 and the other 
x’b are negligible. Hence the summation factor is 

Kub formula is valid where x exceeds by two or more. If now x*/^T > 1 
it is clear that the absorption-coefficient is proportional to and boxind- 
free term predominates till 

JkT> 2*43x, or T> x 3-82 x 10* (69)* 


(the second inequality arising from the fact that x* = 13-64 X 2? volts), 
after which the free-free term gains in importance rapidly. 

11. Nurnericcd CahuMiom , — ^Using formula (63), the calculations contained 
in M I, § 6, are repeated. The calculations are made particularly easy when 
we note that the summation factor (2 + 2) of Milne’s paper corresponds in 
our formula to 


2t(i 



(63') 


The results are those for T = 9'56 x 10® degrees and p = 0*1414 (Eddington’s 
estimates for " the centre of Oapella ”) : — 


K for the “ Centre of Oapella.” 


Blement ; ^ 

Fe. 


Ca. 

Ag. 

Ab»onytion-OQ«ffioient as — 

(U Dub to Milne 

6*8 

2 07 

1:9*6 

U-8 

7-71 

1:17*0 

16*3 

7*W 

1 : U*6 

10*6 

4*64 

1 1 16-2 

(2) Itevised by (68) 

Batio of the free-free term to the 
botmd-free term 



We see that Milne’s estimates are cut down in the sense in which Qaimt had 
conjectured, but the case of special interest is silver where the reduction in 
Milne’s value is enoimoTis. This arises because we have used in our calcu- 
lations ” effective-atomic numbers ” appropriate to each stage of ionisation 
while this consideration is missed in Milne’s treatment.')' For T = 9 *66 x 10* 

* The second inequality givee temperatoree beyond whiob ** bound-free *' absorption oan 
in general be neglected. 

t This defect in his treatment waa reoogniaed later by Milne himself (see M n, p. 87 ). 
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degrees and 0*1414 gnis. cm the most favourable element for high 
absolution is titanium, for which also the bound-free absorption attains it^ 
maximum importance. 

Summary and Condimom, 

(1) It is shown that the Rosseland-Bddington '' value for tb<i total opacity 
makes this about 225 times larger than the free-fn^e opacity for all elements 
and under all conditions of temperature and density. 

(2) Based on some recent results of Stobbe on the photoelectric absorption 
by theK-and L-electrons, afairly tnistworthy value for the absorption-coefficient 
<lue to hydrogen atoms is derives 1. These results are generalised for the case 
of hydrogen-like atoms. It is found that for hydrogen and hydrogen-like 
atoms for T < 10® degrees the abBorption-ccH".fficient is proportional to 

(3) Milne’s estimates of (1) the absolute importance of the bound-free ab80r|)- 
tion, and (2) the relative importance of this as compared to the free-free 
absorption, are both shown to be much too high in favour of the bound-free 
absorption. The former is a conscKjuence of the accurate evaluation of the 
1)Ound-free absorption from the K- and L-states and the latter due to a difference 
in the method of averaging. 

(4) Results derived for the case of H-like atoms are generalised to yield a 
formula for the total absorption-coefficient due to any element {equation (68) ). 
Using the new formula the mass absorption coefficient due to different elements 
(Fe, Ti, Ca, Ag) at T = 9* 56 X 10® A. and p = 0*1414 grama cm.-® (“ centre of 
Capella ”) are calculated and compared with Milne’s estimates. From these 
calculations it appears that the Rosseland and the straight means both giv<» 
more or less equal values for the general opacity when the absorption due to 
the bound-free transitions are also considered, and further that (63) can be 
depended on to give the right kind of variation with density, temperature and 
the successive stages of ionisation. 

(5) A study of the absorption-coefficient shows that a law of the type 
K oc p/!F^® is not very reliable, and this fact has to be specially emphasised 
sinoe very many numerical integrations such as have been carried out by 
Strdmgren, Biennann and others lose much of their quantitative interest in 
view of the lack of any really reliable evaluation of the coefficient of opaenty. 

[Note added Jammy 10, 1932.— In this paper, though the contribution to 
the absorption by the bound-free transitions lias been evaluated more or less 
accurately, it has, however, been tacitly assumed that the Kramers’ formula 
for the free-free absorption is exact. This is by no means the case. If we 

2 X 
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muifne that the Kiatnern* formula has to be multiplied by a factor g to obtain 
the exaot value, it in then clear that our final formula for the absorption 


coefficient is 


^ Xr( 


2-43 X] 

-~W~I 


IJ^ 

l(j^) 


instead of (63), The precise value of ^ (if it is not too large) is not very import 
tant, particularly for the temperatures generally met within the outside of a 
star, since here 2’43x/ifcT is usually of the order of 60 or mor<\ 

Y. Sugiura, in a very recent paper (‘ Sci. Fap. Inst, Pliys, Chem. Kes./ 
Tokyo, vol. 17, p, 89, 1931) estimates that under favourable circumstauoea 
g could be as large as 6, If we tentatively assume that g -- 6 and revise the 
calculations of § 11 we find a meagre improvement : 


Element Fe Ti Ca Ag 1 

Absorption coefficient 3*04 9*86 9*92 5 '85 


These revised values have to be compared with Sugiura’s estimate of the 
opacity-coefficient at 43*6 under precisely the same physical conditions to 
which (70) refers. This large difference arises because Sugiura uses his new 
formula for the free-free transitions to evaluate the ^o^a/-opa<5ity by the 
Kosseland'Eddington method. As was pointed out in § 2 this method amounts 
to the extrapolation of the formula applicable to the case of the free-free 
transitions to the case of the bound-free transitions. With the Kramers- 


(Jaunt formula (v) for the free-free traxisitions, this extrapolation could to 
some extent be justified since the “ a (v) ” for the bound-free transitions from 
states of large total quantum numbers ( > 3) differs from (v) only by the 
factor A(E), the difference in energy between successive energy-levels. But 
one cannot surely adopt the Boaaeland-Bddmgton method (as Bugiura does) 
to evaluate the total opacity when working with a formula for the free-free 
transitions with large j^-faotors ; further, it must be remembered that Kramers' 
original formula makes the absorption by electrons in the K-state twici^ 
as large as that given by more exact fonnulsB. It is thus hardly surprising 
that Sugiura should obtain such large values for the opacity coefficient 
approaching the astrophysical ” value. 

At the present moment (70) appears to bo the most reliable estimate that one 
could make for the absorption coefficients at the “ centre of Capella/’] 


The above study was made during the summer of this year while 1 was at 
Gottingen, and I should like to take this opportunity to ejqpress my thanks to 
Professor Max Bom for aUowixvg me the very valuable privileges of his institute^ 
My thanks are also due to Professor E, A. Milne for valuable advice^ 
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The Crystalline Struetwe of Benzene. 

By E. Q. Cox. 

(Communicated by 8ir William Bragg, F,R,S* — Received November 19, 1931.) 

In a previous conimuiucation* the writer gave the preliminary results of an 
investigation on the structure of solid benzene. It may be recalled that the 
unit cell was found to have the following dimensions at —22° C. ; a — 7*44, 
6=: 9*65, c -- 6*81 A.U., while the space-group was determined as 
(orthorhombic bipyramidal). The imit cell contains four molecules, the 
molecules being centro-symmetrical. 

Since the publication of these results a certain amount of information has been 
obtained by other investigators. Bruni and Nattaf took powder photographs 
of benzene which confirmed the above values of the cell-dimensions ; this is 
very satisfactory, since previous workers (Broom4 and Eastman) had obtained 
axial ratios which did not agree particularly well with each other’s or with the 
writer’s. Mrs. LonsdaleJ has shown that in hexamethylbenzene the benzene 
ring is planar, the diameter of the atoms being 1*42 A. U. More reoently§ 
she has examined hexachlorobenzene, and although in this case the investiga- 
tion did not yield quite such definite results, it was shown that if the ring is 
planar then again the diameter of the atoms must be 1*42 A.U. 

Since the publication of the preliminary results the writer has endeavoured 
to obtain further information on the structure of beiuene itself by consideration 
of the intensities of reflections from as many lattice planes as possible. Un- 
fortunately there are several circumstances which introduce difficulties. The 
vapour pressure of solid benzene is very high (24*4 mm. at 0° C. as compared 
with 4*6 mm. for ice at the same temperature) so that even at comparatively 
low temperatures a small piece of frozen benzene evaporates rapidly. This 
consideration, together with the fact that all the manipulation must be done 
at a temperature below 0° C., makes it almost impossible to carry out experi- 
menta on the ionisation spectrometer. The experimental work was carried 
out by the rotating-crystal method in a special camera constructed by Mr. 
Jenkinson and his assistant in the Davy Faraday Laboratory. By circulating 
methylated spirits, previously cooled in carbonic snow, the temperature inside 

* ‘ Nature; voL 122, p. 401 (1928). 
t * Reo. Ttav. ohim, Pays-Bas.; vol. 48, p. 860 (1920). 
t ‘ Proo. Roy. Soo.; A, vol. 123, p. 404 (1929). 

§ ‘ Proo. Roy. Soo.,’ A, wL 138, p. 530 (1931). 


2x2 
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the cttiuera could be reduced, if necesHary, to —40 ®C, Lower temperatures 
than this would have made the manipulation of the apparatus inconvenient. 
Although the rotating-crystal method is more rapid than the ionisation spectro- 
meter, it was necessary to keep a crystal for some hours at least, and the 
simplest way of preventing evaporation was found to be to enclose the crystal 
in a gelatine capsule such as is used for medical purposes. These capsules when 
coated very lightly with shellac, were found to be reasonably transparent to 
X-rays, and were sufficiently impervious to benzene vapour to enable a crystal 
to be kept for several days. 

The capsule causes a certain amount of absorption which will not be the same 
for all diffracted beams, but this is not a serious source of error and in any (sase 
is unavoidable. Other factors which influence the intensities of refliections 
are the shape of the crystal and its degree of perfection ; in these experiments 
the crystals were in general of quite irregular shape, because they were grown by 
slow recrystallisation in a frozen mass of benzene. Other methods of crystal- 
lisation were not successful. With regard to the perfection of the crystal, 
the effects of primary and secondary extinction arc unknown, although the 
former is probably small. The problem of the influence of crystal shape on 
the intensities of reflections is connected with the question of secondary 
extinction, but it is not clear, in the absence of experiments directed specifically 
to the investigation of these points, what allowance should be made for them . 
Taking these and various other factors into consideration, it was thought 
sufficient for the preliminary attempts at determining the structure to estimate 
the intensities by eye, To assist in this, and with a view to more accurate 
measurements on the radioactive photometer later, calibration spots were put 
on the photographs in the maimer described by Astbury.* By trial on a 
photograph on which the intensities of the spots had been measured accurately, 
it was found that with care the error in intensity estimated by eye in only one 
instance exceeded 20 per cent, and averaged 9 per cent. Thus it may reason- 
ably be assumed that the average error iu the structure factors obtained in 
this work is not much more than 6 per cent., and that the error of individual 
results is rarely more than 10 per cent. 

The geometrical structure factors were calculated from the intensities by 
the relation 

where 

= corrected intensity of reflection from {hH), 


• ‘ Proc. Roy. Soo..’ A, vol. 128, p. 576 (1929). 
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^hki “ gooraetrical atnicture factor for {hid), 
ff^ ^ scattering power (effective atomic mimber) of tlie carbon 
atom for angle 0 where 0 is the glancing angle for (hid), 

L = the jjorentz factor, — ^ 

sm 20 

In the above formula a constant has been omitted, since the intensities, being 
relative only, are expressed in terms of a purely arbitrary unit. To obtain 
an /-curve for graphitic^ (carbon was constru(5ted, using the data given by 
Bernal* and by Ponte, f As the work of Brindley and others has shown, the 
curve thus obtained is probably not very accuratr*, l[)ut it was considered 
sufficiently so for the present purpose. The corrected intensity is the 
intensity Oitimated from the photograph multiplied by a factor to correct for 
oblique incidencie and for the angular position of the reflect in g plant' . 1; A It hough 
this factor was usually not much different from unity, it was less than 0*5 
for some planes and so could not be neglected. 

In the following table the corrt'oted intensities and corresponding geometrical 
structure factors are given for must of the more important lattice planes. Thti 
values given are in nearly all cases the mt^an of several estimatious ; the scale 
for both intensity and structure factor is arbitrary, but tlie valiuis of th(‘ 
structure factors given arc of the same order as the absolute values. On tlie 

Table I. 


kkl 


P/t/cO 

hkl. 

I. 

1 P/ii'C 

002 

50 1 

2-3 

132 

1 

0*8 

004 

0 

6-3 

133 

10 

3 *H 

020 

lOo 

1-5 

200 

(57 

2-2 

021 

18 

10 

202 

32 

:to 

032 

S 

1*4 

210 

12 

M 

023 

< 1 

< 1*2 

2 U 

54 

2-9 

024 

10 

10 4 

212 

10 

2*8 

040 

70 

00 

213 

12 

3-7 

041 

<1 

<M 

' 220 

< 1 

< 0-4 

042 

2-5 

2'2 

; 221 

13 

2-3 

102 1 

67 

3-2 

1 222 

< 1 ! 

< 0*8 

111 1 

200 

2‘7 ; 

223 j 

<l ! 

<2 0 

112 i 

12 

15 

240 ! 

<1 

< 0-9 

113 1 

8 

3*0 

; 302 

27 

0*0 

121 1 

12 

1*4 

i 323 

n 

11*6 

122 

21 i 

2*6 

1 .331 

11 

3*4 

123 j 

1 

1*3 

332 

6 

0*3 

131 ! 

16 

1 : 

2*2 

j 400 

i 

17 

7*2 


♦ ‘rro(5, Roy. »Soc.,' A, vol. 100, p. 740 (1024). 

t ‘ Phil. Mag./ vd. 3, p. 195 (1927). 

t CJox and Shaw, ‘ Proc. Roy. Soo./ A, vol. 127, p. 71 (1980). 
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scale of intensities adopted, the least intensity observable has the value 1, so 
that when the intensity is given as less than 1, it indicates that the reflection 
was not observed. It is not possible to estimate really big intensities very 
accurately, so that the errors in values greater than 50 are likely to be appreci- 
ably greater than in the smaller values. 

The data of the above table, although of limited accuracy, are sufl&oient to 
indifiate the main outlines of the structure of crystalline benzene. In attempt- 
ing to determine the structure it was not thought advisable to try the Fourier 
series method at this stage, particularly as no absolute intensity measurements 
were available. The structure factors for the more important planes were 
calculated for various possible structures and compared with the experimental 
figures. As is usual in work of this kind the scattering power of the hydrogen 
atoms was neglected. The symmetry of is such that the calculations are 
not very involved, although laborious. The arrangement of the molecules 
may be called pseudo-faoe-centred, since if the centre of one molecule is taken 
at the corner of the unit cell, the centres of the other three are at the face 
centres, although their orientation is different. Also, owing to the arrangement 
of the two-fold screw axes of if the orientation of the first molecule relative 
to the crystal axes is defined by three direction cosines, then the orientations 
of the other molecules are given by the same direction cosines with various 
(changes of sign. Thus if a definite molecular structure is assumed, by varying 
the three cosines to cover all possible values, the complete range of possibihties 
for structures involving that model may be investigated. This has been done 
fairly completely for the case of the flat hexagonal model for the benzene 
molecule as follows. Let six atoms of radius f be arranged with their centres 
at the comers of a regular hexagon, and for reference purposes take the centre 
of the hexagon as origin, with axes Oz perpendicular to the plane of the ring, 
Oy passing through the centre of one of the atoms and Ox at right angles to the 
other two. Then if the direction cosines of Ox and Oy relative to the crystal 
axes OX, OY and OZ are respectively tn^ and and Jg, Wg and ng, it can be 
shown that the geometrical structure factor of the plane (MJ)# considering only 
one molecule, is 

F = 2»<»2» + + + 

-f 2 COB ^ "j » 
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where a, b and c are the lengths of the primitive translations. For purposes of 
calculation the above may be expressed as a product of cosines if necessary. 
For each of the other three molecules in the unit cell the same expression holds 
with appropriate changes in the signs of the direction cosines. The structure 
factor for the whole cell is obtained by addition of the four separate F’s, 
allowance being made for their relative phases. Thus if h, k and I are all 
odd or all even, all four are in phase, while in aiiy other case two molecules are 
180^ out of phase with the other two. 

In this way the structure factors for several im}X)rtant planea were calculated 
for a large number of possible values of and taking r as 0-71 A.U. 
By interpolation practically the whole range of values for the various direction 
cosines was covered. In no case was a really good agreement with experiment 
found. The most satisfactory structure seems to be with the plane of the ring 
approximately parallel with the h-axis and making an angle of about 40° witli 
(100). A projection of this arrangement on (010) is shown in fig. 1. The shaded 



Fm. I. 


molecules lie at a depth 6/2 below the others. This can only be an approxi- 
mate structure in any case ; for example, if it were exact, in addition to the 
spaoe-^group halvings, all planes (6ib) and {old) for which k and I respectively 
were odd, would be halved. Reference to Table I, shows that although this 
is not so, yet the structure factors for all the planes in question are less than 
I ' 2, that is, very small. This indicates that the proposed structure is probably 
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rpaaonably close to the truth. Neglecting planes with intensities greater than 
50 for reasons previously mentioned, the agreement between observed and 
calculated stnicture factors is fair. The comparison is given for some of the 
principal planes in Table 11. 




Table II. 


U'l 

j 

P (calculated). 

1 r (obaerv 

i 

004 


7 '2 

’ 0-3 

400 



7-2 

220 


0-8 

<0-4 

022 


:t-2 

1 -4 

024 


10-7 

10*4 

222 


1-5 

<0*8 

202 



8-0 


idome calculated factors differ considerably from the observed values, but on the 
whole the divergence is less for this structure than for any other so far 
examined. By making slight adjustments in the direction cosines som<! im- 
provements in the agreement con bo made, but since it is very lalmrious to 
investigate all possible adjustments it was considered advi.sable to wait until 
more reliable values of the intensities are available. 

Tlie preceding discussion has so far been confined to structures involving a 
ffat ring. The only serious alternative is a puckered ring, in which the atoms, 
of diameter approximately 1 -54 A.U., are formed into a ring in such a way that 
the tetrahedral irngle is everywhere conserved. A formula, similar to the one 
given above for the flat ring can be derived to give the structure factor for any 
given plane in terms of the orientation of the molecule, so that the possibilities 
of this model can also be investigated. Actually it has not been found necessary 
to do this, os Gonaiderations of a general character show tliat the puckered ring 
is not likely to give satisfaction. 

In the first place, it is found that the structure factor foi (020) calculated for 
the structure proposed above, is much too big, even allowing for uncertainty 
in the expeximeutal value. Now the molecules are arranged so that they take 
up the greatest possible space in the direction of the b-axis ; this has the effect 
of making Fo,o as small as possible. Consequently a puckered ring, which 
even with larger atoms would take up less room than the flat ring, would make 
the value of Fqiq even further from the experimental value. In foot the open 
character of the structure in the direction of the b-axis would be increased 
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considerably if the molecule were puckered ; this would almost certainly show 
as a cleavage parallel to (010). Among the large number of crystals handled 
during tlus work no sign of cleavage has been observed, the crystals actually 
being ratlier hard and compact compared with most crystalline aromatic 
substances. 

The flat-ring structure is quite loosely knit ; the average distance from centre 
to centre of carbon atoms in neighbouring molecules is about 3*8 A.U., com- 
pared with 3 ‘6 A.U., which is the distance most usually found to occur in other 
organic substances. The puckered ring is smaller than the flat one in two 
directions and larger in oue, so that on the whole the gaps between the carlxjTi 
rings would be increased by introducing the puckered molecule. It se^ms 
unlikely that such large gaps should occur, especially as the (uystals are not 
particularly soft. The structure factors for (200) and (002) as well as (020) 
would be made far too big with a puckered ring model. 

At present the balance of evidence is thus in favour of a flat ring for benzene ; 
also it is evident from what has been said that the agreement between the 
proposed structure and the experimental results could be improved by giving 
the (carbon atom a diameter greatc»r than it has in graphite and hexamethyl- 
benzene. It may be, howc^ver, that a more acurate /kuirve for carbon would 
mak^? a larger atom unnecessary ; it is interesting to note that with the present 
data, the tendency is for F (caUnilated) to be greater than F (observtHl) foi‘ 
planes of large spacing, and for the reverse to be true for planes of small 
spacing. 

It is intended to take furtlier photographs under (mrefully controlled con- 
ditions in order to obtain more accurate intensity measurements. It is hoped 
also to investigate the optical properties of single crystals of benzene and if 
possible to relatt^ them to the structure. A preliminary examination has shown 
that benzene, like antliracene and naphthalene, has vt^ry higli birefringence*. 


Sunmmry, 

Previous work on the crystalline structure of benzene has now been extended ; 
by consideration of the intensities of the X-ray reflections from a number of 
lattice-planes, it has been found possible to decide on the arrangement of the 
molecules in the lattice, and in addition, it is found that the experimental 
results are strongly in favour of a flat-ring molecule. These conclusions are 
definite, but it is proposed to carry out further experiments to determine the 
finer details of the structure. 
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The exjmrimental work on which this paper is based was carried out m the 
Davy Faraday Laboratory. The writer wishes to record his gratitude to Sir 
William Bragg, who suggested the work, for his continued interest, and to the 
Managers of the Royal Institution for providing facilities for the research. 
He wishes to acknowledge the interest taken in the work by his late colleagues 
in the Davy Faraday Laboratory, pariioulaTly Mr. W. T. Astbury. 


The Flaw of a Com j)ressible Liquid in the Neighbourhood of the 
Throat of a Constriction in a Cir(ndaT WM ChanneL 

By S. (L Hooker, A.R.C.8., D.I.C., Armourers and Brasiers Research 

Fellow. 

(Communicated by Jj, Bairstow, F.R.8. — ^Received November 20, 19.^1.) 

An a result of earlier work by G. 1, Taylor on the two-dimensional motion 
of a compressible fluid,* it appears evident that the elastic property of a fluid 
places a limitation upon the maximum velocity w}uch can exist in a field in 
order that a certain type of irrotational motion may continue to be possible. 
So far a complete solution of the equation of motion of a compressible fluid 
in any particular problem has eluded the workers on this subject ; and the 
greatest theoretical advance came when Taylor used the idea of expanding 
the velocity potential in a power series about the point of maximum velocity. 

In a report to the Aeronautical Research Committee, Taylorf discusses by 
this means the irrotational flow of a non-viscous, (^compressible fluid past 
convex surfaces. He works out in detail the flow through a throat in a parallel 
walled channel, the (jonstriction being formed by two circular arcs of radii H 
so related io the minimum distance 2h between them that 



The arrangement is siinilar to that sho^ in fig. 1, if the axis of cr is replaced 
by y and the figure is regarded as representing two-dimensional canditions. 
It was first pointed out by Bejmolds that there are two types of motion possible 

♦ *Aero. HfS. CW., Rep. A Mom.,* No. 1106 (1036). 
t ‘ Aero. Res. Ctoc.,’ No. TWH (1930). 
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through such an The first one in which the flow is symmetrioai^ the 

maximum velocity occurring at the minimum constriction, while in the second 
type an asymmetrical flow can exist in which the velocity steadily increases 



along every stream tube. These types are not alternative ; but each has a 
range of velocities for which it alone can exist. The method adopted by 
Taylor in discussing these two cases was as follows. 

The equation of motion in Cartesian oo-ordinates for the velocity potential 
^ can be written 

^ ^ 1 ^ ^*1 

dx^ dy^ 2 - (y -** 1) (9* - 1) [dx Sx ^ 

In deriving this the pressure and density arc assumed connected by the 
Adiabatic Law, and so y is the ratio of the specific heats of the gas which for air 
has the value y 1-408. 

The quantity 6 is the ratio of the resultant velocity at any point to the 
velocity of the fluid when it attains that of sound at the point, and if the units 
are chosen so that the velocity is unity when 0 1, then 



Taking first the case of symmetrical flow through the orifice, the conditions of 
symmetry necessitate that dff>ldx shall be an even and d<f>jdy an odd function 
of both X and y. Hence ^ can be expanded in the following form^ 

^ ss a|X + agfip® + + Cs®y^ 4* ternas. 

From this expression 6* can be calculated and the result, together with the 
value for substituted in both sides of the differential equation given above. 

♦ The idea of using a power expansion for ^ wa» ftrst employed by T. G. Meyer in a 
dissertation for his GetUngen dootorate. 
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{Jonsiderations of the order of terms show that, in the resulting identity, 
ooefficients of powers of x and y up to the third can be equated to zero, and by 
this means tlu'ee equations involving the six constants contained in will be 
obtained. Finally, the expression for ^ must be such that the circular boon* 
daries are stream lines. By enforcing this condition a further two equations 
can be obtained which, together with the above three, form a set of five 
simultaneous equations involving the six constants Cg, Cg, /g. One 

of these is therefore arbitrary and foi this it is convenient to take — the 
velocity at the origin. Having assigned a numerical value to Uj, the remaining 
five constants can bt‘ evalua1;ed, and provided their values ai e real the expression 
for is determhiate. On doing this it was found that, provided 0*855, 
no difficulties occurred, but when 0*855 real values could not be found 
for the remaining five constants, and hence the assumption that a symmetricjul 
type of irrotational motion existed with this velocity at the origin was n(^ 
longer tenable. 

The maximum velocity in the field obviously occurs on one of the circular 
boundaries at the narrowest portion of the constriction. When — 0*856, 
calculation showed that this maximum velocity was i *026 ; but whether this 
2\ per (ient. excess over the local velocity of sound was an actual excess or 
due to numerical limitations in the approximate method of solution employed 
could not be determin(‘d. 

Taylor next examined under what conditions an asymmetric type of motion 
could exist. The flow must still be symmetrical about the axis y = 0 of the 
constriction and the form of ^ is limited to 

=:ir aiZ f f- 

Proceeding as in the first case, four equations are obtained from the identity 
made by the substitution in the differential equation and the satisfaction of 
the boundary conditions gives four further equations. Thus in this case there 
are eight equations involving the eight unknown constants and the solution 
is therefore unique. All the constants in <f>y including cq the velocity at the 
origin, have one and only one value. Numerically it was found that was 
approximately 0*92, indicating that on the axis the velocity of sound is not 
reached until the minimum section of the constriction has been passed. 

The preceding problems are closely related to that of the flow of air through 
a constriction in a parallel pipe and Stanton* measured the velocity distribu- 


* ‘ Aero. Res, No. imo (1930). 
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tion in the neighbourhood of the throat of a constriction iu a wind channel in 
order to illustrate the extent to which Taylor's solution applies to the three- 
dimensional case in practice. 

The qualitative results of these experiments entirely bear out the theoretical 
predictions ; but, as might be expected, there ate numerical differences in the 
critical values determined in the two cases. 

It was with a view to investigating how far these differences are due to the 
far^t tluit the experimental flow is three-dimensional, while the theory applies 
to two-dimensional, motion that the following work was begun. The treatment 
follows exactly the method developed by Taylor in the papt*r already cited 
and in the numerical part which is incorporated I have taken the particular 
values used l)y Stanton in order that a direct comparison with his results 
might be possible. 

Consider the flow through a constriction whicli consists of ti symnietrit’ul 
circular sleeve whose longitudinal swtion is two circular arcs of radius K of 
minimum distance 2h apart. 

If the axis of the sleeve is an axis of symmetry of the flow, the equation for 
the velocity potential in an adiabatic regime can be written 

dU , I d6 , dU _ 1 , 002 d^\ 

33?* rrr dw a?rr* 2 — - y — 1 (G* —1)1 ^ dm ’ dm\ ' 

Xr and m are measured along and at right angles to the axis of symmetry, the 
origin being taken at the centre of the narrowest portion of tlu* constriction. 
The quantity G is the ratio of the resultant velocity at any point to the velocity 
when the fluid attains that of sound at the point. So when 0 =: 1 the fluid 
velocity is equal to the local velocity of sound and if the units are chosen sucli 
that the velocity is unity when 6 1, then 



Case L — Take first the case in which the flow is also symmetrical about the 
surface In this case ^ can be expande<l about the origin in the form 

tf^ == UxX + o^xm^ + -f + l^xm^ + 7th and higher powers. (2) 

From this expression 0® can be calculated and the result substituted with the 
value of ^ in (1), In the resulting identity the coeflScients of powers of x 
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and er up to the third oan be equated to zero and by this meanz the following 
three equations are obtained : 

- 6 (Y + 1) «3 («i® - 1 ) i- 4 c3 {2 -- Y^ K* - 1)} = 0, (3) 

- 20 (y + 1) as « ~ 1) + K {2 ~ Y - 1) (V - 1)} 

- 36 (y 4 1 ) OjOg* — 24 (y — 1) o,o*c, = 0, (4) 


— 12 (y 4- 1) <»i«8C» — 8 (y -I- 1) «iCs* — « (y + 1) "s (“i* — 1) 

+ 16i6{2-f^K*-l)}-0. (6) 


If X is angle which the tangent at any point to the curved section of the 
sleeve nmkes with the axis of x then the boundary condition is (fig. 1) 


dj/dl 

0ct/ dx 


= tanx. 


Since the channel is symmetrical about the axis of rs, tan x may be expanded 
in odd powers of x. To the third power it is 

From (2) it is found that 

d^jda 2c^ + 2csa!*g -4 ^hxa’* 

d(f>ldx rtj + CjW* + SagX* + Sojac* -f- So^ir*®* -f li,o* 


and putting cr = A 4- ic*/2E in this it can be expanded in the form 

(j2a!LtM^) £ 4 . (F, 4- p.) ^ /i.) 

Wj 4- CjA* 4- hh*l A ^ ^ ^ A» \2E/ 


The boundary conditions are therefore 


^ h 
It 

where 

V ^ (A/2E) (2c,A» + 121i^*) + 2c,A« /^\ 

* ^8^* "f" 'hi 

« _ ~ (Sos** + «,A‘) {(M* + (A/2E) 4- 3a,A» + S<j,A«^ /2E\ 

* ■■(a;+o,A»+'^)» ■ u; 


(7) 

( 8 ) 
(9) 


( 10 ) 
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The equatioiui (3), (4), (6), (7), (8) are tiufiioieut to determme five of the oonatante 
in the assumed ejcpansion for <f> in terms of — Oi, the velocity at the point 
* = 0, tff as 0. 

In the folloYjing particular eases the numerical value of h/R will bo taken 
the same as that used by Stanton {loc. dt.), i.e., 

4 0-2100 with Y == 1-408, 

K 

and as a first example let ™ — 0*80. Writing the following 

equations can be obtained 

from (5) 0-60572 

from (7) ^ - 0-0443 + 0-2812 

from (6) 0-2926-^ 1-85582 + 1-60502’^ (11) 

These values are now mibstituted in (9) and (10) and then equation (8) reduces 
to an equation for 2 which can best be solved graphically. 

Table I gives appropriate values of f- h^for various values of 2 and — Uy ; 
and the relevant root of the equation 

(Fi + Fg) - (0-21)«, (12) 

when Uy — — 0-80 appears to lx- 2 == 0-183 (see fig, 2), 

Table I. -Tables giving the Value of Fy + Fa against 2 for various values of 


— ttj, the velocity at the origin (see fig. 2). 


a ,. 


-n 




1 

1 



z 

0-10 

0-15 

0-20 

0-26 





^ 0*80 

1^1 

-2 •8250 

- 0-8414 

+ 0-4108 

1*4628 





1-4962 

1-3206 

1-2078 

1-1422 

— 





K , + F . 

-- 0-8288 

4 0-4791 

+ 1-6181 

1 2-5960 

— 

— 



z 

0 16 

0-20 

0-26 

0-80 

0-40 

0*60 

0-60 

-- 0 ’ S 8 


- 4-9886 

- 3-8776 

- 3-0674 

^ 2-4707 

- 1-9688 

- 2-3176 

- 3*4676 


2-5766 

2-6172 

2*6291 

2 -OlOB 

2-9631 

3*5644 

4-4000 


F . H ' l '’. 

- 2-3620 

- 1-3604 

- 0-5283 

+0 1401 

+ 0-9943 

1*2468 

0-9326 



0-80 

0-40 

0-60 

0*60 







- 8-0666 

- 2-6169 

- 3*0416 

~- 4 - 286 « 

— 


. ~ 

Ft 

2-7876 

3-1634 

3-7910 

4-6084 

— - 

— 




Fi + F . 

- 0-2690 

4 - 0-6476 

4 - 0-7494 

+ 0-8728 

— 

— 

.... 


e 

0-86 

0-40 

0-60 

0-60 






- D -894 


- 8-6169 

- 8*6609 

- 4-0800 

- 0-4616 

— 





- 8-2236 

+ 3-4683 

4*1236 

6-0378 







- 0-8988 

- 0*0926 

+ 0-0436 

- 0 - 41 SS 

— 




* 

! 0 -lU 

0-20 

0-26 

0-30 

0-40 

0-60 

0-60 

- 0-»0 

V, 

;- 6 - 9 oas 

- 6-9048 ! 

- 6-1668 

- 4-6616 

- 4-8081 

- 4-9604 

- 6-4297 

F. 

: 8-1200 

8-0600 

8*0600 

3-2700 

8-7176 

4-4111 

0-3606 


Fi + F, 

- 8-7862 

- 2*8660 

- 2-096 

- 1-3800 

- 0-6886 

-^ 0-6403 

- 1-0690 
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The values of the oonstants can now be obtained from equatums (11) and (4) 
which gives a^h*. 

The point of raaximutn velocity in the field is a: = 0, ra = h, and the value 
is 

In this particular case 

V, = 0-80 + 0-0806 4- 0-0069 
== 0 - 8876 , 

and so tlie inaxiraum speed shows an increirse of about 11 jier cent, over the 
speed at the origin. Similar results are obtained when — Wj has the values 
0-88, 0-886, 0-894 (see Table 11 and fig. 2). 

Table 11. -The roots Sj of the equation Fj + Fg = (0-21)* are obtained from 

lig. 2. The values are 


■= - v„ ; 

0*8<) 

-0-880 ; 

-0-880 i 

->-0-894 

j -o-oo 

lo : C133 

0-2d2 ! 

( 

0-333 j 

0*44 

j Nono 

V. 1 

0-8874 

00871 i 

1 

1-0000 i 

1 

1*0244 




The curve of V, against Vo is plotted in fig. 4. 

However, when =s; 0*90 equation (12) appears to have no real root and 

the limiting velocity at the origin in order that a symmetrical solution should 
exist is very slightly greater than Vq =» 0-894. The <«>rreBponding maximam 
velocity is therefore slightly greater than 

V, = 1*0244. 
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It seems to be impossible to verify if this 2^ per oent. excess over the local 
velocity of sound is actually attained or whether it is due to numerical limita- 
tions in the method of solution. 

In Stanton’s experiments air was discharged through a sleeve of the same 
dimensions as those used in the preceding calculations. 

The velocity curves which he obtained are reproduced from the actual 
paper (Stanton, he. dt,) in fig. 3. The full lines represent the velocity dis- 



Fio. 3. 

Py Ka Initial pressure in drums. 

0 Velocity at axis. 

' '■ — O ' Velocity along a line parallel to the axis 

distant 0*1'' from wall of throat. 

tribution along lines parallel to the axis and distant in each case of 0*1 inch 
from the wall of the throat. At their centre points these curves show to all 
intents and purposes the velocity V, at the wall of the throat. The lower 
dotted curves give the velocity at each point on the axis. Curves (A) and (B) 
are typical examples of the symmetrical flow investigated in the preceding 
analysis and in (A) we notice that when the velocity Vq at the centre of the 
sleeve is 0*815a the velocity V, at the wall is 0*906a, while the corresponding 

2 h 
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values in (B) are seen to be 0‘852a and 0'967a respectively. These values 
are shown in fig. 4 as circles and they lie very close to the theoretical curve 
of against represented by the full line (see Table 11). 



It is also possible to compare the experimental velocity distribution along 
the axis with theory, for from the expression (2) for 

-f~ Ca?rT* + + 6a^a^ + 3 c5CT®x* *f /gCy** 

and since ts ^0 along the axis 

( i 3= — u = Oj + 3a^ 4* SugX*. 

\OX Vioug axU 

Once Ui is given, and can be determined by the preceding method. 
For example, referring to the broken curve of diagram A in Stanton's work, we 
find ^ 0*815 and interpolating from the values of the roots in fig. 2 

0*155. 

Hence, theoretically, 

« = 0*815 - 0-466^ 

Ir 

Tabic 111 (sec fig. 5). 

The variation in velocity along the axis of the sleeve (symmetrioal case). 


j 

Theory ' 

I 

Wlh 


±0 1 1 

±0 2 

i0*3 

u 

0*815 1 

0*8103 

■ 

0-7964 

0-7641 

i 
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Thf^ following experimental values are reproduced from Stanton’s paper 
(loc. oil .) : — 

j “T” 

x/h -0-217 ! ^0 U4 [ -0 072 j 0 +0-072 +0-144 +0-217 

« 0*79 0-80 j 0*81 j 0-816 j 0-816 0-811 0*797 

I J [ [ i I 

Fig. 5, derived from Table III, shows the comparison, where again the ftdl 
line is theoretical, while expcirimental values are indicated by circles. 

Curves (C) and (D) of fig. 3 appear to have no counterpart in theory as they 
represent a state of afEairs where, presumably owing to boundary layer effe(!ts, 
a transition from symmetrical to asym- 
metrical flow is taking place. When the j 
pressure difference between the two sides of 
the sleeve is greater than a certain amount 
then, in accordance with theory, a sym- 
metrical motion is no longer possible and a 
unique asymmetrical type of flow develops, 
in which the velocity increases and the ^ 

pressure decreases continuously along every 

stream tube. This type of flow is clearly shown in curves (E) and (F) and the 
corresponding mathematical solution will be discussed in the next section of 
this paper. 

Case II , — ^The first part of this investigation shows that, in conformity with 
the two-dimensional solution, there is a limit to the maximum velocity which 
can occur in the symmetrical flow through an orifice. In this section the 
case when the velocity increases continuously down every stream tube will 
be discussed. 

The most general expression for <f> which is symmetrical about the axis of 
the pipe but not about the constriction is 

^ 5= OjX + + Cjtar* + (IS) 

From this 0* can be expanded to the third power and we obtain 

0» =« + flails} + {^ajC^ + 4c^^} 

+ {So^a* + ISajjag} + + 4agC3 + So^g). (14) 

Inserting this and the expression for <f> in the differential equation (1), we can 
equate coefficients up to terms of the second power and the following four 
equations ate obtained 

Constant term. 



2cg{Y + 1 Y ^ 1 a/} + Y + 1 (1 - 0- 


(15) 
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Coefficient of x. 

— 8 (y + 1) — 16 (y — 1) Ot«2C» + 6aa (y + 1) (1 — «i*) 

+ 4c8 (y + 1 — Y — 1 “i*) = 0- (1®) 


Coefficient of 

- 8 (y + 1) aff - 16 (y - 1) as%2 + OiajOjI- 36 (y - 1) - 72} 

— 24 (y — 1 ) ~ 16 (y — 1) + 1204 (Y + 1) (1 ~ “j*) 

+ 4c4{7TT-f=Tai»} = 0. (17) 


CoeffMerd of cr®. 

— 4 (y + 1) UiagCa — 8 (y + 1) aiCgCg + 2 c4(y + 1) (1 — aff) 

+ 161., (Y + 1 -7^1 «,*) ~ 8 (Y - 1) ojc,* - lOrcj* - 0. (18) 


The boundary coniiition as before is 

and leads to equations 


2c^i + = 0 , 

(19) 

h 

4 cgii,* ~ R’ 

(20) 

_ £* - 1 - 2c. A + 

a,+<ijf R ' • ^ E ■ 

(21) 


(22) 


Equations (16) to (22) form a set of eig^t independent relations from which 
the eight constants in <f> can be determined. 

As before, tsddng 

A/R== 0-2100 and y = 1-408, 

it is possible to eliminate all the constants except Oj and obtain the following 
equation 

((l-Saseo,*- 1-474) (1 

(2 - 0-34ai») (0-022oi* -- 32) 

« (1 -28 - 2-4W) (2 - 0-34o,») + (17-984 + 0-2a(h») (1 - a,*) 

21-418oj*-16 
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The relevant root of this is approximately 

tt/ = 0-915 

and the constants in <f> are now all determinate, viz., 

a, = -0-967, = - 0-222, c^ = 0-011, 

OgA® = - 0-023, Cgh* = — 0-112, 

ZgA* = _ 0-006, 04 ** = - 0-066, a4A» = 0-035. 

The curve along which the local velocity of sound is attained is obtained by 
putting 6* = 1 in equation (14). 

Substituting the above values for the constants in (14) then this becomes 

0-086 = 0-86 ? + 0-329 + 0-216 - 0-207 ^ + 0-304^, 

h h* hr nr 

for which the following points can be calculated : — 


xjh 

0 090 

0 06 

0 

-0 1 

wlh 

0 

±0 433 

dbO-63 

:i:0-90 


The curve j = a is now shown as the full line in fig. 6. Three experimental 
points can be obtained immediately from curves (F) of fig. 3 and these are shown 
in fig. 6 to be very close to the theoretical surface. 



K 

■R — — 

Fig. 6. 


Finally, there remains to determine the variation in velocity along the axis 
of the sleeve in this ease. 

From (18) 

{^) Ox + 2ot* 4 - 3o,a? -+- ia^. 
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or using the preceding values for Oj, Wg, ag, a^ 

u ^ 0-967 4 - 0-444 ? + 0-07 ~ - 0 - 14 ^. 

h hr A® 


Froin tliis the following points can be calculated 


xjh 

1 

0 

01 

I 

j 

0-2 

1 ; 

! -0-1 i 

i ™ 0-2 

uja i 

0-957 

1-002 

! 

i 

1 -0476 

I O-0133 

1 ' 

0-8721 


The corresponding experimental values are shown in fig. 8, carves F as the broken 
line, and are 


x/h 

1 -0-217 

-0-U4 

^0 072 ; 

0 

+0-072 j 

0-144 

0-217 

uja 

i 0-863 

1 0-892 

1 

; 0-923 ' 

i ! 

0-966 

1 0-086 

1 

1-01 

106 


These results are compared graphically in fig. 7, where again the experimental 
values are indicated by circles. 



As a final point it might be worth while considering the pressures which 
exist in these t 3 rpes of motion. In the symmetrical case the velocity is the 
same at two points on the axis and equidistant from the minimum constriction. 
It follows that the pressures must be the same at corresponding points and the 
conditions at each end of the throat are identical In the asyinmetrical 
case this is not so. There is a steady increase of velocity alcmg the axis and as 
a result a ready decrease in pressure. 
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If and po are the preBsure and density at a point where the fluid is moving 
with the local velocity of sound, then by integrating Bernoulli's equation 

and since 

pIPo = (p/Po)^ 

plPf^=={l — i(y~l)(^—l)}yiy-\ 

lict ujs determine the decrease in pressure along the axis of the jet. From 
fig. 7 it will be seen that the velocity at —0 * 2h upstream — 0 • 872, and velocity 
at downstream = 1*048. 

The. coriesponding pressures are immediately calculable from the above 
formula and are at — 0*2/t upstream p/p^^ 1*18^ at +0-2A downstream 
plp^ 0*93. This drop in pressure down the axis is quite considerable and 
is an indication of what an important effect the elasticity of the air has at these 
high speeds. 


2 M 
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Reactions between, Carbon and Certain Gases. 

By W. E. J. Broom, Ph.D., and Morris W. Travers, D.Sc., F.R.S. 

(Received Januar)" 5, 1932.) 

Our object in undertaking this investigation was to study the mechanism 
of the reactions which take place between carbon, carbon monoxide and carbon 
dioxide, and between carbon, hydrogen and methane. It was our intention 
to use samples of carbon from different sources produced under carefully 
controlled conditions, and to carry out the experiments in such a manner that 
the history of the solid phase, and its oxygen and hydrogen content at any 
moment was known. For reasons which will appear later the work could only 
proceed very slowly, and is of the nature of an exploration. However, as one 
of us is unable to continue the work, the further prosecution of which must be 
delayed, we have decided to publish an account of it. 

The investigation has resulted in the development of some new experimental 
methods, and in the discovery of some new phenomena. In the course of it, 
the need for the very accurate analysis of mixtures containing hydrogen, 
nitrogen, oxides of carbon, methane, and other hydrocarbons, led to the 
development of new analytical methods. We were obliged to devise a process 
for the continuous evacuation of apparatus at 10“* mm. of mercury, so that 
the gas removed from it could be collected without loss or contamination. 
Prom the commencement of any series of experiments, the distribution of the 
carbon, hydrogen and oxygen in the solid and gaseous phases was always 
known, so that information, which has hitherto been unavailable, but which is 
essential for the solution of the problems which we have studied, has been 
obtained. 

Apparatus and Method of Investigation. 

The apparatus used in the main research is shown in figs. 1 and 2, that part 
which lies to the left of H being in duplicate, and coiiaisting of an independent 
furnace, etc. Bach furnace, of which the details are shown in fig. 2, A, con- 
sisted of an alundum tube, 6 cm. in internal diameter, and wound with nichrome 
wire, with a lining tube of Hadfield^s Bra H.R. steel, and with end pings of 
the same material This metal lining enclosed the reaction bulb, which was of 
silica, 10 cm. long and 2 cm. diameter, sealed to a capillary stem, which met 
the capillary stem of stopcock No. 2, with which it was coxmected by rubber 
pressure tubing, wired on and varnished over, the junction being kept cool 
by a coil of lead tubing, through which water circulated. Temperature was 
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In all of our experimental work it was necessary to collect and analyse all 
the gas removed from the carbon, and as the carbon had generally to be freed 
from gas by heating to 900®, and exhausting to lO""^ mm. pressure for some 
hours, we had to design an apparatus to do this effectively. The usual device 
of a combination of molecular and mechanical pumps was quite useless for our 
purpose, as the gas could not be collected. The apparatus which we designed 
was simple and effective, and could bo left without any attontitm for several 
days. It consisted of a continuously operating Sprengel pump (fig. 1, L ; 
fig. 2, 0), which removed the gas from that part of the apparatus wlxich is shown 
to the left of H, or from its duplicate, and delivered it, without loss, into the 
Topler pump T, in which it could collect, and from which it could be trans- 
ferred, as might be convenient, to storage tubes. By opening the cock No* 4 
fche Sprengel apparatus could be short-circuited, and the apparatus exhausted 
by the Topler pump directly. 

Meircury was supplied to the jet of the Sprengel pump from the rem^rvoir 
P through an inverted syphon and a needle valve D. From L the mercury 
flowed into E, and thence to a vessel which emptied intermittently through a 
syphon, so that the sump Q below it filled very rapidly. As the mercury 
rose in the sump it lifted a float 6, and when the sump was nearly full a cam on 
the vertical shaft carried by the float tripped a tumbler, which made electrical 
circuit in the motor operating the steel force pump X, which raised the mercury 
from the sump through the pipe SS to the upper reservoir G. As the sump 
emptied, another cam on the vertical stem tripped the tumbler again, and 
broke the electrical circuit. Only one point need be mentioned with regard 
to the working of the system, and that was that it seems necessary to purify 
the mercury continuously by allowing it to flow in a fine Jet from the reservoir 
6 through a layer of mercurous nitrate in the tube Y. Otherwise metallic 
impurity collected behind the needle valve, and slowed down the flow of the 
mercury through the Sprengel pump after some hours working. Some 
diflSculty arose through the carrying over of the mercurous nitrate into the 
lower reservoir P, which was avoided, though not completely, by renewing, at 
frequent intervals, the roll of filter paper in the tube R. 

In most experiments a definite quantity of gas was introduced into 
the reaction vessel, the initial pressure being arrived at by calculation, and the 
actual pressure P^ after definite intervalB of time, by direct observation, the 
volume of the gas being kept constant by raising or lowering the reservoir M 
BO as to keep the mercury at the mark B on the capillary tube at the top of the 
apparatus G. To follow the course of any particular reaction was a kborioua 
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iBatter. The stopcocks 1, 2 and 3 being turned so as to connect the reaction 
bulb and the apparatus C with the pump, the temperature was raised to 900® 
and the carbon was cleaned up, the gas being collected and analysed as a check 
on the process. The temperature was then adjusted to 706® or to 746®, the 
two temperatures at which the experiments were carried out. The stopcocks 2 
and 3 being closed, a measured quantity of gas, which was exactly the same for 
each experiment of a series, was introduced into Z, and thence into C, and at 
zero time into the reaction bulb by turning the stopcock 2. The change in the 
total pressure was observed at intervals, the volume being kept constant by 
adjusting the mercury to the mark on the capillary tube B by raising or lowering 
the reservoir M. At time t the gas in the bulb was sampled, by turning the 
stopcock 2 BO as to (connect the reaction bulb with the Topler pump for a 
moment, the stopcock 4 being opened, so as to short-circuit the Sprtmgel 
apparatus, and the whole apparatus being exhausted. From the observed 
or extrapolated pressure at time t, and from the analysis of the sample, the 
pressure of eat^h constituent could be calculated. Knowing the volume of 
the reaction bulb, the data also made it possible to calculate the amount of 
carbon, oxygen, etc., added to or removed from the solid pliase at the moment 
of sampling. The temperature was then raised and the cleaning up process 
repeated, the analysis of the gas collected furnishing a check on the data 
already obtained. 

From a series of such experiments, in which the reaction temperature, the 
initial condition of the carbon, and the quantity of gas admitted were always 
the same, and in which the only variable was the i)eriod after which the sample 
for analysis was taken, it was possible to follow the course of the reaction in 
detail and to calcxilate the rate of increase or dcicrease of each of the reactants 
or resultants, and the variations taking place in the composition of the solid 
phase. 

All analyses were carried out by a method worked out in this laboratory.'*' 
The gas was always measured dry, and in water-jacketed burettes, the results 
being reduced to normal pressure and to 10® C. Corrections were applied for 
the departure from Boyle's law. 

Material Used in the Beseamh. 

Two kinds of carbon were used. Coconut shell was freed from fibre and 
carbonised in hydrogen at about 700®. The product was extracted with 


• * J. Boo. C3h«io. Ind.,’ vol. 47, p, 276 T (1923). 
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hydrochloric and hydrofltioric acids till it contained (dry) only 0*44 per cent, 
of ash, including 0 • 016 per cent, of iron. Sugar carbon was obtained by heating 
B.D.H. saccharose to 160® in a basin in an oven till frothing ceased, grinding 
the product, moistening with 6 per cent, sugar solution, and heating in a 
current of hydrogen to 600®. The material was in each case screened between 
30 and 8 and subsequently heated in the reaction bulbs. 

Volunhes of the Reaction Bulbs ^ and QtuintUies of Carbon. 

The volumes of the free spaces were determined by means of helium at the 
air temperature. The data relate to cubic centimetres at normal pressure and 
10® C., to which the results are referred. 

Sugar carbon, 37*0 grams, 706® Log V — log P — 1 *72298 

„ „ 746® Log Vr- log 1*73985 

Coconut carbon, 19*79 grams, 706® Log V log P — 1 *70964 

„ „ 746® Log V log P 1*72663 

The Equilibrium Relationships in the System Solid Carbon-Carbon Diacide-- 

Carbon Monoxide. 

A very large number of investigations have been carried out to determine 
the value of the constant Pco,/P^co at difierent temperatures and with 
different kinds of carbon. Rhead and Wheeler^ give results for graphitised 
carbon at temperatures above 800®. Falckc and Fischerf carried out experi- 
ments between 600® and 760®, using carbon wliich had been deposited on metal 
catalysts by treatment with CO till the mass contained over 44 per cent, of 
carbon. Their results appear to coincide with those of Rhead and Wheeler, 
and by plotting log against the temperature it is found that the experimental 
results are fairly evenly distributed about a straight line. The following are 
their mean values at the temperatures at which our experiments have been 
carried out : — 

Temperatme 706® 0. 746® C. 

(atmospheres) 0*82 0*37 

Several other investigators, the latest being Dent and Cobb,J have shown 
that the value of depends upon the nature of the carbon and the manner in 

* ' J. Chem. Boo.,* p. 2179 (1910), p. 1140 (1911). 
t * Z. Elektroohem./ vol 32, p. 194 (1926). 
t * J. Chem. Boo.,’ p. 1903 (1929). 
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which it has been treated, their experiments indicating that with any sample 
of carbon the value of increases with the degree of graphitisation of the 
material. It is difficult to understand how a number of metastable states can 
exist, since in the process of exchange which is proceeding continuously between 
the gas and the solid the surface and lattice energy must always be falling till 
a minimum is reached. 

We carried out experiments with tlie two kinds of carbon, coconut carbon 
wliich had not been heated above 900®, and sugar carbon which had not been 
heated to above 1000®. The experiments took a long time, and it was only 
possible to carry them out at one temperature, 746®. However, they were 
much more complete tlian those of previous investigators, for they extended 
to the study of the (jomposition both of the gas and of the solid phase. The 
method used was as follows. After cleaning up the carbon, a measured quantity 
of CO or of COjj was admitted to the reaction bulb. The mercury in the 
apparatus C (fig. 1 ) was raised and lowered daily, so as to bring the gas in the 
bulb and in the dead space to the same composition, and was then brought 
to the mark on the tube B. The sample from the bulb was not taken for some 
time after the pressure had ceased to change, Tables I, A and I, B. From the 
observed final pressure, and from the analysis of the sample, the values of Poo 
and of Poo, could be calculated. From these data, the volume of the reaction 
chamber and the amount of gas introduced, th<^ amount of oxygen on the 
carbon could be calculated. 

The first series of experiments with coconut carbon at 746® lasted over 4 
months, and during the whole of this time the carbon was in contact with the 
gas, which was frequently changed ; the mixture of CO and CO3 being removed 
for analysis for the determination of at intervals, and fresh CO2 being added. 
As a result, a considerable quantity of the carbon was gasified as CO. It will 
be noticed that during this process the observed values of fell continuously 
till a value was reached which remained constant at about 0*225. This is 
very close to the value obtained in the second series of experiments with coconut 
carbon, and in the experiments with sugar carbon, except for the first of each 
series after cleaning up the carbon. 

It may be observed that the value 0*226 lias been arrived at both by intro* 
ducing CO, and CO into the reaction bulb, and appears to correspond to a 
definite condition of equilibrium which possibly represents a metastable state 
of the surface of the material This condition was only arrived at in the case 
of the coconut carbon after many weeks’ contact with the OO-COg mixture, 
in which the COj had been renewed very frequently. The action of the CO 
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Table I. — B. Eqailibriom Experiments. Coc^mut Carbon, 7 46^. 
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or COj probably accelerates the establishment of the metastable condition. 
While in the case of the original coconut carbon the value of the ratio 
Pco*/P“<;o was at first high, but after cleaning up either the coconut carbon or 
the sugar carbon the value of the ratio was at first always low, as can bo seen 
by reference to the results of experiments 12, 15, 18, 19 and 23, whether the 
observation was made from the OO 2 or from the CO side, the value being 
0*195. 

[Added October t 1931.— When these experiments were completed the sugar 
carbon was heated in vocm to 1170°, and, after transference to a new reaction 
bulb, CO 2 was admitted to it at 746°, After 24 days the value of was 
determined, and was found to be 0*36. The carbon was then allowed to remain 
in contact with gas at 746° for 6 months, when the value of was found to be 
0*37. These values are very close to those found by Falcke and Fischer and 
am very much higher than those obtained with the specimens of carbon which 
had not been heated so strongly. That there are upper and lower limits to 
the value of K<, the upper relating to a stable and the lower to a metastable 
state, is indicated.] 

The quantity of oxygen absorbed by the carbon corresponding to each 
observation of the equilibrium conditions was determined, and it was found 
that the following relationship held good over the whole range of our experi- 
ments, 

Log (oxygen on carbon) = a + 6 log Pco.+co* 

The points, representing the second series of experiments with coconut carbon, 
lie very exactly on a straight line, about which the points representing the 
results of the first series are evenly distributed. The data for sugar carbon 
show a linear relationship. In the following equations, C is the concentration 
of the oxygen on the carbon in cubic centimetres per gram, and N is the total 
pressure which a volume of CO equivalent to the oxygen would exert at 746°. 

This is, of course, the Freundlich isothermal, and has no physical significance. 
An attempt has been made to represent the data by means of equations having 
a physical basis. The simplest expressions which can be supposed for a 
reaction such as is expressed by the following equation 

CO + carbon — carbon — 00-complex, 
taking place at constant volume are 


and dP/* «= 



622 


W. E. J. Broom and M. W. Travers. 


Table III. 


Sugar carbon * log C S'556 + 0*67 log P 

log N ^ 0*893 + 0*67 log P 

Coconut carbon log C as 3*693 + 0*331 log P 

log N == 2 *280 + 0-381 log P 


Tabk IV. 


Pco+oo, 
at equilibrium. 


mm. 

60 

100 

200 

300 

500 

700 

900 

1100 

1300 


I Cubic oentimettes 0| (10** and 
V at 746^ C. 760 mm.) per gram of carbon 

at 746** C. 


Joconut c»rtK»n. | 

1 Sugar cttrlM Jn, 1 

1 

Coconut oarbt)n. 

Sugar carbon. 

mm. 

! mm. 



710*5 

! 101 0 

0*1800 

0*0470 

893 

171*0 

0*2285 

0*0785 

1123 

272 -.5 

0*2845 

0*1265 

1284 

357*5 

0*3255 

0*1645 

1523 

503 5 

0*8875 

0*2315 

1701 

629*5 

0*4310 

0*2900 

1848 

744*5 

' 0*4685 

0*3430 

1977 

853*0 

0*6010 

0*8925 

2084 i 

i 

953*0 

, 0*5285 

0*4385 


where N is the space available on the surface at any moment, n is the amount of 
complex formed, and Q, Q' are the critical inciements of the processes. From 
our later experiments it will appear that the reaction between carbon, carbon 
monoxide and carbon dioxide is not represented by the equation, 


C + COa 2CO, 

since it takes place in two stages, represented by 

COg + carbon = 00, gas + carbon — 0-complex 
CO + carbon == carbon — CO-complex. 


and 


We should therefore be able to represent the reqwetive rates of the two reactions 

ty 

= KjPi^oo, (N — “ n) ■— 

— ‘dPco/df ^ KgPjj^co (N h) — K4H, 



Reactions between Carbon and Certain Gases. 528 

where N is the number of available spaces on the surface, and n is the number 
filled in time L N may have a definite value imder equilibrium conditiona 
only (p. 527). The oxygen-carbon-complexes must be identical, or con- 
vertible one into the other, and in equilibrium under equilibrium conditions. 
When equilibrium is reached 

dPjdl = 0, 

and combining the two equations we have for any constant temperatures 
Pr< JFco - KaKa/K^K, - K, 
which accords with the facts. 

Each value of represents a complex term where Q and q are 

the heats of activation of the gaseous molecules, and the solid carbon atoms 
or CO-complexes, though it is possible that we are only concerned with the 
activation in the solid phase. It has been suggested on p. 517 that our experi- 
ments appear to point to the existence of a stable and an unstable state of the 
carbon, for which differences in the values of q would be related to the change 
of energy accompanying the change from one form to the other. 

From the two equations which we have given above, the respective values 
of Pco and Pco,, under equilibrium conditions, are given by 

?oo - Kn/(N - n) 
and 

Poo. - KV/(N n)K 


These expressions require that N should have a limiting value, which is not 
indicated by the exponential relationship which we have found to hold good 
over the range of our experiments. We have recalculated the values of Poo 
and Pco, from the smoothed results of our experiments, using 0*226 for the 
value of Poo,/P*oo» and refer to the resulting values as “ found,” the values 
obtained from the above equations lieing referred to as “ calculated.” Select- 
ing single values for N and corresponding values for K and K', we have calcu- 
lated the values of Pco and Poo, for coconut carbon and sugar carbon using for 
n in the above expressions the values of equivalent carbon monoxide 
pressure given in the equations in Table III and in Table V. 

We could hardly expect to be able to reproduce the values of Poo and Pee, 
with greater exactitude by the aid of such simple expressions, particularly as 
it is unlikely that the quantity N is determined solely by the properties of the 
carbon, and is independent of the amount of oxygen on the surface. 
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Table V. 


Sugar carbon N=2270 K = 1615 K' = 7-6 

Ooconut carbon N = 2646 K = 2289 K' == 25 



Pound. 


Calcularted. 










Sugar oarbou. 

Coconut carbon. 

Pco,-}-co. 

Pco. 

Pco,. 

PfO. 

Piro,. 


Pf'O*. 

! 

200 ! 

181 

i 

1 19 

196 

IS 

228 

15*6 

400 

361 

39 

345 

37*6 

361 

39 

800 

520 

1 80 

506 

80 

502 

75 

800 

668 

132 

659 

133 

668 

132 

1000 

i 

807 

193 

823 

211 

891 

236 


Influence of Hydrogen freaent, in the Carbon on the Bate of Reduction of Carbon 

Dioxide. 

It was our intention to experiment with carbon which had not been strongly 
heated, and, as such carbon always contains a good deal ol hydrogen, it was 
necessary to determine the influence of this hydrogen on the rate of reduction 
of carbon dioxide by the carbon. The method of investigation, afterwards 
referred to as the measurement of the reactivity of the carbon, was to introduce 
a definite quantity of CO 2 into the reaction bulb at 705° or at 746°, and, after 
SJ hours at constant volume, to measure the extent of reduction as the per- 
centage of 00 present in the gas. The results of the experiments showed that 
the amount of reduction increased as the hydrogen was removed, so long as the 
temperature did not exceed 900°. As the temperature was increased above 
900°, however, though a good deal of hydrogen was removed from the carbon, 
the extent of reduction of the OOj dinunished. There is a practical limit to 
the amount of hydrogen which can be removed at any temperature, since the 
equilibrium relationship between the hydrogen in the gas and in the solid is an 
exponential one, and the hydrogen isothermal becomes very flat at low pres- 
Biues. Thus at temperatures below 900° it seems possible to reach a steady, 
though metastable condition, and by heating to about 900° in vacuo the carbon 
can be recovered in condition giving always an identical reoabimity as defined 
by this test. On beating to above 900° the reactivity diminished without loss 
of hydrogen, and more rapidly as the temperature rose. The coconut carbon 
was heated to 920° and the sugar carbon to 1000° for some days. However, 
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though heating to above 900® does effect some change in the carbon, the two 
samples retained an identity of character, which did not disappear till the 
sugar carbon was heated to a much higher temperature. 


The Influence^ of the- Prenence of Oxygen retained on the Carbon on the course of 
the- Reaction between Carbon Dioxide and Carbon. 

The following experiments were carried out using coconut carbon at 746®, 
After cleaning up the carbon at 900®, the temperature was dropped to 746®, 
and the reactivity of the carbon was measured in the manner already described 
(p* 515). Successive quantities of COj, whicli were not accurately measured, 
were then admitted, and allowed to remain in contact with the carbon for 
5 minutes, whoii the apparatus was rapidly exhausted with a Hyvac pump. 
At each addition some oxygen remained on the carbon, and when it was judged 
that sufficient oxygen had been retained, a second reactivity measurement was 
made. In some cases the rate of change of pressure in the apparatus during 
the second reactivity measurement was also observed. The temperature was 
then raised, and from measurements of the volume and the analysis of the gas 
removed from the carbon, the quantity of oxygen on the carbon before the 
second reactivity measurement was calculated. 


Table VI. 


No. 

Beaotivity value 
with 

cloaxi surface. 

1 Oxygen on surface at 
[ start of second 

1 reactivity measurement. 

Second reactivity 
value. 


; ! 

00 per cent. 

O.O., 10^ and 760 mm. 

00 per cent. 

1 

89-7 

9*67 

76*8 

2 

89-6 

11-98 

71*6 

3 

90-5 

16*89 

64*3 

4 

89*7 

19*61 

57*4 

5 

89*3 

22*67 

51*8 

6 

88*8 

28*83 

46*2 

7 

88*0 

88*00 

41*6 

3 1 

88*6 i 

11*28 

72*8 

e 

88*1 ' 

25*04 

t 49*7 

10 

1 

88*1 1 

5*24 

82*1 


The results of these experiments are recorded in Table VI. They indicate 
that the rate of reduction of 00* by carbon diminishes almost linearly with the 
concentration of the oxygen on the surface, and they confirm in a semi- 
quantitative manner the views put forward as to the mechanism of the process. 
InoidentaUy, they show that the carbon does not sufier permanent change as 



526 W. E. (T. Broom and M. W. TiavozB. 


the result of the experiments. The graphs which show the oonxae of the 
pressure changes in the reaction bulb daring the second reactivity measuze- 
ments are of greater interest (fig. 3), but they are only capable of quaUtative 



Tim©-pr©88ure curves for reactivity -oxygon in surface experiments with coconut 

carbon^ 746^^ C. 


inteipretation. It will be seen that when the S’lrface of the carbon is clean, 
or free from oxygen, the preBsnre falls continuously (fig. 3). However, if 
there is oxygen already on the carbon, a very rapid fall of pressure follows 
immediately on the admission of the COg for the second reactivity measure- 
ment. More information is required before the phenomena can be understood* 
It seems clear, therefore, that the presence of oxygen on the surface 

increases the initial rate of reaction of carbon dioxide with the carbon, 
* 

and the effect depends upon the manner in which the surface has acquired the 
oxygen. In fig. 3 the curvx? marked “ fresh ” refers to experiments in which the 
oxygen was derived from carbon dioxide admitted immediately before making 
the second reactivity measurement, while that marked “ res.” refom to experi- 
ments in which the oxygen had been on the surface for some time before the 
second reactivity experiment was carried out. The two curves in fig. 4, A 
and B, refer to e:q>etiments in which the oxygen on the carbon was derived 
from carbon monoxide. In A the 00 was in contact with the oarb<m for 3 
hours, while the pressure fell from 646 to 242 mm. In B three quantities of 
CK) were admitted to the apparatus, and each was allowed to remain there for 
16 minutes. After removal of the gas temaiuing from the third quantity the 
reactivity experiment was ostrried out. It is evident that the admuskm of 
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any reacting gas to the carbon has an immediate and profound inSuence which 
is not permanent, but changes with time. The simplest explanation is that the 
energy of the reaction is taken up by carbon atoms adjacent to those which 
enter into reaction, and these become temporarily activated, but that their 
excess energy is slowly dissipated. If this is so the value N in the equations on 
p. 522 has a definite significance only under equilibrium conditions- 

The Rates of Reaction of Carbon Dioxide and Carbon Monoxide Stigar 
Carbon and GocontU Ceofbon at 705® and 746®. 

As we have already stated, the experiments were carried out at moderately 
liigh gas pressures, so as to be able to follow the processes analytically. At low 
gas pressures, the COj tends to vanish from the system, and experimental 
results relate only to the reactions between CO and carbon. However, the 
experiments described in the previous section of the paper raise doubts as to 
whether, since oxygen on the surface influences the rate of reaction of COj 
with carbon, it will in any case be possible to find a simple interpretation of the 
results of experiments such as we have carried out, whether at high pressures 
or at low pressures. 

Our observations lead to the conclusions that we have been studying the 
effects of two processes which are superimposed, and which are, firstly, the 
movement of the gas towards the surface, and, secondly, the reactions at 
the surface. At high rates of reaction, the former process appears to mask the 
latter, a fact which is shown very clearly by our later experiments on hydrogen 
(p. 534). This process is dependent upon temperature to a small extent only 
so that it becomes impossible to determine the critical incnmenls of the 
processes taking place at the surface. Attempts to apply the equations on 
p. 622 gave in each case values of k. which, for each reaction, varied only 
slightly with temperature, and values of N very much smaller than the values 
indicated by the statical experiments, and increasing with temperature. It is 
to be expected that N would increase with temperature, but the small values 
obtained indicate that the accessible active carbon atoms in the kinetic experi- 
ments are but a small proportion of the total As we shall show presently, 
equilibrium between the gas and the accessible surface is established even while 
the reaction between OO 2 and the solid is still proceeding quite rapidly. Even 
at low pressures therefore, when the rate of reaction is small, an accessibility 
factor must be allowed for in calculating the critical increment of the surface 
reaction from the results of reaction velocity experiments. 

In spite of the fact that we have not been able to draw any direct deductions 

Vox*. OXXXV.--A. 2 N 
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from the rates of the reactions, our experiments appear to lead to the con* 
dusion that the reactions follow the courses indicated by the equations on 
p. 522 and that the absorption of the oxygen k a chemical process. Apart from 
the effects described in the last section of the paper, we have no reason for 
assuming that the mechanism of the absorption of oxygen involves more than 
one type of process. 

The method of investigation was as follows. After cleaning up the carbon 
at dOO"^, the temperature was dropped, and after admitting a measured quantity 
of gas to the reaction bulb, the mercury was brought to the mark at the top of 
the apparatus C, fig. 1. Keeping the volume constant, the pressure was 
reed at intervals over a convenient period, when a sample of the gas was taken. 
From the analysis of this sample, the observed pressure at the moment of 
sampling, and by use of one of the equations on p, 51G, it was possible to 
calculate the partial pressure of each constituent of the gas in the bulb at the 
moment of sampling, and also the amount of oxygon retained by the carbon. 
The carbon was then cleaned up, and the analysis of the recovered gas was used 
to check the results already obtained. Another quantity of gas was then 
introduced into the reaction bulb, and the experiment was repeated, 
the reaction time only being varied. In this way, by means of a somewhat 
laborious series of experiments, a complete record of the changes taking place 
in the course of a reaction was obtained. The course of the variation of 
the total pressure in individual experiments in the series served as a check 
on the uniformity of the results. 


Sugar Carbon and Carbon Dioxide. 

Reference must be made to Table VII, A and B, and to figs. 5 and 6. It will 
first of all be noticed that there is, at the lower temperature, a rapid though 





Table VII. — Sugar Carbon and CO. 
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After 60 minutes log P*, co, == 2 -5^3 + 0*3262 log f ~ 0*1909 log* f. 
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After ao nd&iitea log Pco» = 2*3717 — 0 *6156 log 1 -h 0 06^9 k>g*t. 
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amall fall in the total piessiire, after which the total pleasure remains sensibly 
oouBtaaxt. At the higher temperature the same efiect is observed, though it is 
less marked, and, after the initial fall of pressure, the pressure slowly rises 
again till it is slightly greater than the initial pressure. There are two possible 
explanations. The fall of pressure may be due to some process of adsorption, 
resulting in the direct removal of the elements of COg from the gas, and differing 
from the process, which is strictly chemical, by which the main reaction pro- 
ceeds. In Table VII, A, the figures in column 6 represent the fall in the total 
pressure in time t, and those in column 7 the fall in the pressure of the OOg. 
The difference between the two sets of figures is for each time interval equal 
to the figure in column 4, that is, apart from the initial fall of total pressurei 
the rate of formation of CO is exactly equal to the rate of disappearances of 
COg, so that the change in the main reaction may be represented by 

COg, gas + carbon, solid — CO, gas + carbon-oxygen complex. 

However, if this explanation holds good, one has to assume that during the 
above reaction no independent absorption of CO takes place, while it is shown 
in the next section of the paper that CO is absorbed quite rapidly by the 
carbon. We are therefore inclined to attribute the initial fall in the total 
pressure to absorption of CO, the rate of absorption being influenced by the 
simultaneous absorption of COg. There is no evidence in support of the view 
that two distinct phenomena ate involved. 

Sugar Carbon and Carbon Monoxide, 

A single experiment was carried out at 746® ; as the carbon was then heated 
to 1100®, it was not possible to make further comparable experiments with it. 
A summary of the results is given in Table IX. 


Table IX. 


Time. 

PrMsure. j 

Time. 1 

1 pTMBUrO. 

mitw. 

mm. 

mins. 

mm. 

0 

S26*0 

; 08 

406-8 

2 

521*0 

1 320 

552-0 


508-4 

‘ 4258 

235*7 


474 6 

1 5612 { 

236-0 

87 1 

i 

442-8 

1 

i 


Between 4^ and 98 minutes, log P = 2*7119 + 0*00068 log t — 0*0270 log* t 
The value of the ratio Pco,/P*co was 0 * 220 at 6612 minutes. 
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Coconui Carbon and Carbon Dioxide. 

Reference must be made to Table VIII, A and B, and to figs. 7 and 8. Study 
of the results shows that there is a very much larger fall in the total pressure 
than in the ctise of the experiments with sugar carbon. However, on reference 
to the results of the experiments with coconut carbon and CO, which are 
described in the next section of the paper, it will be seen that this gas is absorbed 
very rapidly by the carbon, and that on admitting it to a clean carbon surface 
there is, immediately, a considerable drop in the pressure. The results, 



Fro. 7. 706* C. 



Oubott dioxide and oooonot carbon. 


therefore, confirm the conclusions arrived at by considering the results of the 
experiments with sugar carbon, which was that there was no evidence in 
support of the view that two absorption phenomena arc involved. The 
reactions of 00 and COj involve one kind of phenomenon only, which is that 
generally described as chemical adsorption. 

It is interesting to note that equilibrium between the gas and the solid 
surface accessible to it is established as soon as the rate of reaction becomes 
fairly small, as the following figures indicate ; — 


Experiment at 746®. 

Time, minutes 10 30 

Pco,/P*(!o. atmospheres 0*282 0*197 

Experiment at 708°. 

Time, minutes 

Pco,/i*c®, atmospheres 


60 

0*171 


60 

0*867 


160 

0*186 


198 

0*428 


CcS: 
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The equilibrium experimeutB show that the value 0-196 was that obtained at 
746° with a freshly cleaned up carbon surface. The value 0-428 must be 
very close to the corresponding value of the constant at 705°. 


CoooniU Carbon and Carbon Monoxide. 

Experiments (Table X) were carried out at the two temperatures and at two , 
pressures, and, using the method applied to the investigation of the reactions 
between COg and carbon, the rate of formation of CO 2 during the absorption of 
the CO was also measured. This work would have been carried further had 
it appeared possible to interpret the results quantitatively. However, it is 
clear that at the higher pressures the rate of absorption is almost independent 
of the temperature, and that the results give no measure of the rates of reaction 
at the active surface. The results are useful as they explain the sudden fall 
in the total pressure which is observed when 00 g is admitted to the carbon. 

As would be expected, the rate of formation of the COg increases with the 
pressure, and diminishes with rise of temperature. 


Table X. — Coconut Carbon and Carbon Mojioxide. 


Timo. 

Pro, +4 0 at 705^ 

Pi'0,+C0 at 74^)^ 

ndoB. 

0 

2 

6 

10 

16 

20 

30 

40 

60 

60 

560* 2'*^ 

461 -9 

431 « 9 

416 -9 

403*8 

.393-7 

724*6 

642*5 

609*6 

684-6 

564*5 

649*6 

523-6 

603-0 

486-0 

639 -Ot 

408-8 

364-7 

389-1 

319-6 

297-4 

763-0 

646*0 

616-5 

686-0 

6.16-6 

617*2 

496-0 

479-2 

Pen, at 706°. 

P((), 

at 746*. 

0 

0-0 

0-0 

0-0 

0-0 

5 

«« 

— 

1-4 

— 

20 

6*6 

8-7 


— 

30 


10-7 

4-7 

— 

40 

7*9 

12<5 

— 

— 

60 

7-6 

13-7 

6-2 

12*0 


• Log P « 2*67170 + 0*02400 log t -- 0*0406 log* t 
t Log P 2*66866 -f 0 02814 log t ^ 0-0766 log* i. 
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CocomU Ca/fhm, Hydrogen^ aTid Meihane. 

Equilibrium relations in the system carbon-methane-hydrogen have been 
studied by a number of workers, including Meyer and Altmeyer,* whose experi- 
ments, in which metallic catalysts were used, cover the range 475® to 625®, 
and Pringt and his colleagues, whose investigations extended to higher tempera- 
tures. Jones {C. W. H.) and Holliday and ExellJ deal with the decomposition 
of methane under different conditions. 

A good many experiments were carried out with a view of finding a method 
of attack on the kinetics of the reaction between carbon, methane, and 
hydrogen at relatively low temperatures, and of studying the changes in the 
solid phase. The results of some of them are of interest. 

After cleaning up the carbon at 900®, the temperature was lowered to 705®, 
and 68*3 c.c. (10® and 760 mm.) of hydrogen were admitted to the carbon, 
and the rate of fall of pressure observed. After removal the same quantity 
of hydrogen by heating to 900®, and exhausting, the temperature was dropped 
to 746®, and 69 c.c. of hydrogen were admitted. The results are given 
below. 

Table XL 


1 

Time. 

At 706®. 

At 746*. 

P. 

dB/dt. 

P. 

dBfdt. 

mine. 

mm. 


nun. 


0 ! 

3540 

— 

3536 


6 

332 0 

16-6 

299*6 

14*6 

9 

286 0 

8-00 

260*6 

7*0 

13 

259*6 

5*15 

338-0 

4*45 

18 

238*0 

3*45 

330-0 

2*95 

24 

221*6 

2*40 

300-0 

2*10 

30 

208*6 

1*80 

104-0 

1*66 


At 706'^ Log P - 2 • 70249 ~ 0 *26953 log 

At 740® Log P « 2 00608 - 0*24223 log t. 


An experiment carried out at a later date, which was not therefore strictly 
comparable, gave an almost identical rate of absorption, confirming the fact 
that the temperature coefficient of the rate of absorption of the hydrogen is 

' Her. deute. chem. Ges.,' p. 2134 (1907)* 
t * J. Chem. Boo.; p. 1591 (1906), p. 493 (1910), p. 91 (1912). 
t ‘ J. CW. Boo.; p. 419 and p, 1066 <1920)* 
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practically aero* This is probably due to the fact that the surface reaction 
is an extremely rapid one, and that the phenomenon which we are observing 
is the flow of the gas towards the sur&ce. 

In investigating the reaction between the carbon and methane, the carbon 
was first saturated with hydrogen at 746°, and then allowing the reaction 
bulb to remain, at that temperature, in communication with the Sprengel 
pump for 48 hours* After this period the rate of removal of hydrogen was 
very slow. Quantities of methime of 11*33 c.c. (10° and 760 mm*) were then 
admitted, and it was found that it was possible to recover the hydrogen, 
partly as methane and partly as hydrogen gas, by exhausting at 746° for 48 
hours. By this method it was hoped to be able to saturate that part of the 
carbon far removed from the surface, and to study the reaction of the methane 
with that part of tlie carbon most exposed, and so to eliminate capillary 
effects. Series of experiments were then carried out at 746° and at 705°, in 
the manner of the experiments with the oxides of carbon. The results are 
given below. 

Table XIL 


liimi* 


PCH,. 






Ottbio centimetres of 
OH 4 in apparatus. 


Temperature 746°. 


sees. 

0 

0980 

fi-5 

11-33 

40 

423 0 

12 5 

7-92 

60 

348-0 

26*6 

6*53 

90 1 

176-0 1 


3-286 


Temperature 705®. 


0 

676-0 

6-6 j 

1 11-38 

60 

468-0 

40 

8-04 

120 

380-0 

6-6 

7-416 

180 

316 -0 

10-6 

6-17 


The four points obtained at 746° lie exactly on a straight line, and at 705°, 
though the initial rate is slightly faster than that over the period from 60 to 
180 aeoonds, the last three points also lie on a straight line. The rate of 
absorption of methane, from the three pressures actually observed in either 
case, is 4‘01 times as rapid at 746° as at 705°, and this gives a value for the 
oritioal increment of 66,000 calories. 



586 


lUadiom hetwem Cmhm and Certam Gases. 


3?h6 process of absorption of the methane is one for which it seems impossible 
to find a parallel, for the molecule in non-polar, and very stable, and purely 
physical (van der Waals) forces can play but an insignificant part in it. It 
seems necessary to assume that as the molecule enters the field of an active 
carbon atom, or group of atoms, that it becomes distorted, and ultimately 
disrupted into CHg — and H — , a process which, in the gaseous phase, requires 
the expenditure of 98,000 calories. That the reaction rate is independent of 
the pressure, or is of zero orders is associated with the fact that the surface has 
attained, through treatment with hydrogen, a condition approaching satura- 
tion of the same character as results from the reaction with methane. 

The experiments were not carried out in the order of the time periods, so 
that it is clear that addition even of considerable quantities of carbon to the 
carbon surface do not appear to change its properties. Other experiments 
confirm this observation. 

At the conclusion of the experiments with methane, and cleaning up the 
carbon at 746*’ for 48 hours, 11 *33 c.c. of hydrogen was introduced. The 
pressure fell to 20 mm. in 1 minute. This confirms the view that the reaction 
of the hydrogen at the surface is a very rapid one. 

It has not been possible to investigate the distribution of the hydrogen in 
between the solid and gaseous phases, and the composition of the gaseous phase 
with sufficient accuracy with the apparatus at present installed to make it 
worth while pursuing the investigation, but the following observations may be 
recorded. 

Table Xin, 

Temperature 746®. 


j 

Total gm pressure. 

Hydrogen per gram of carbon. 

1 

mm. 

0.0. 

91 

210 

163 

2'83 

236 

8-20 


The volumes represent the quantities removed from the carbon at 900®, 
and since some loss takes place by diffusion through the silica, and the carbon 
would undoubtedly yield more hydrogen if heated to a very high temperature, 
they do not represent the quantity of hydrogen in equilibrium at the observed 
pressures. They indicate that it is probable that in the system carbon* 
methane-hydrogen an equUifrrium between the solid and gaseous phi^ emsts 



Magnetic Properties in Strong Magn^ic Fidds, 537 

si m i l ar to that obtaining in the system carbon-carbon monoxide-carbon di- 
oxide. Even at 900° hydrogen is still taken up by the carbon in very large 
quantity. These facts are important in relation to many industrial problems. 

We have, in conclusion, to express our thanks to the Department of Scientific 
and Industrial Research, to Imperial Chemical Industries, Ltd,, and to the 
University of Bristol Colston Society for generous assistance in caiT)dng out 
this investigation. 


The Study of the Magnetic Properties of Matter in Strong Magnetic 
Fields. Part HI.* — Magnetostriction. 

By P. Kapitza, F.R.S., Messel Research Professor of the Royal Society. 

(Received December 16, 1931.) 

IifUTvductimi. 

Magnetostriction may be defined in general as the change of shape of a 
substance when it is magnetised. The phenomenon may originate from various 
causes, but there is one which appears to us to be of major importance. From 
our present conceptions of the origin of cohesion between the atoms forming 
a crystal lattice it appears that a considerable part of this cohesion is due to 
forces of electrodynamical origin ; we may therefore expect to influence these 
forces by means of a magnetic field, and thus produce a change of shape of 
the body. 

In ferromagnetic Bubstances magnetostriction is easily observed in ordinary 
magnetic fields and a number of theoretical investigations have been carried 
out to explain the general aspects of the phenomenon. With para- and dia- 
magnetic substances, however, no magnetostriction has been observed. 

The failure of a number of investigators, using ordinary magnetic fields, to 
trace any magnetostriction in bismuthf and other weakly magnetic substances 
seems to indicate that in these weak fields the phenomenon must be extremely 
small. Having at our command a field several times larger than previously 
available, we decided to attempt to find magnetostriction in diamagnetic and 
paramagnetic substances, and, as will be seen, with positive results for a number 

♦ For Ports I and 11 see ‘ Proo. Roy. Soc.*’ A, vol. 131, pp. 224-243 (1931). 
t E. von Audel, * Phys. Rev.,’ vol, 16, p. 60 (1903). 
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of substaaceB.'^ The phenomenon was found to be largest in the case of 
bismuth and we therefore chose this metal for examination in particular detail. 
It was found that in bismuth the magnetostriction is very closely connected 
with the crystal orientation and even changes its sign with difierent orienta* 
tions. In previous unsucoesaftil attempts to discover magnetostriction in 
bismuth the phenomenon was not looked for in single crystals, and, as will be 
seen, in multicrystalline rods the magnetostriction of bismuth is very con- 
siderably reduced and more difficult to trace. This probably accounts for 
previous failures to discover the phenomenon in bismuth. In certain 
special cases it can be seen that it would be possible to measure the magneto- 
striction even in ordinary fields (30 kilogauss) provided enough care was taken, 
and a sufficiently sensitive extensometer used. 

Our method of measurement of magnetostriction in strong magnetic fields 
lasting for only a fraction of a second has great advantages, not only because 
the scale of the phenomenon is so much magnified, but also because the experi- 
ments were performed in such a small fraction of time that all the disturbances 
produced in the shape of the tested body by accidental temperature variation 
were eliminated. It is a well-known fact that these disturbances are the main 
difficulty in studying magnetostriction in permanent magnetic fields. We 
also found it possible to design an extensometOr which was practically as 
sensitive in our brief time of experiment as those used for ordinary long duration 
measurements. 

The present experiments described in this paper will relate only to the 
longitudinal magnetostriction, measured in the direction of the magnetic 
field ; this was chosen because, owing to the general conditions of the experi- 
ments in the first instance, it was the simplest to study. Eventually it is 
hoped that we shall be able to extend our experiments to the study of the 
transverse and volume magnetostriction. The main aim of our work has been 
to establish the general character of the phenomenon and to find the influence 
on it of the principal physical factors such as crystal orientation, temperature, 
strain, chemical impurities, etc., without attempting to make measurements 
of great precision. We have also had in view the establishment of a possible 
xdation between the magnetostriction and some abnormalities of in<aease of 
resistance which were observed f<» several groups of metals (bismuth, antimony, 
graphite) in the strong magnetic fields.t It appeared that these were the 
metals which also showed the largest magnetostricticm. 

* ‘ Natuie,’ voL 124, p. 63 (1M9). 

t * Proo. Roy. Soo.,’ A, W. 133, p. 867 (1229). 



539 


Magnetic Properties in Strong Magnetic Fidds. 

Besidee the study of the magaetostrictiou in diamagnetic and paramagnetic 
substances, some experiments were also carried out with iron and nickel for 
which the nature of the phenomenon is well known in weaker magnetic fields. 
These experiments were mainly done with a view to checking the accuracy 
and reliability of our methods, but were eventually extended to the region of 
stranger magnetic fields where some phenomena were found which probably 
have a different origin from the magnetostriction occurring in weak fields, 
which, as is well known, is limited by and related to the saturation. 

In the subsequent sections we shall first revise the general theory of magneto* 
striction mainly from the point of view of the thermodynamic relations and 
the requirements of crystal symmetry j then the details of the method and of 
the experiments on bismuth and other weakly magnetic substances which we 
studied will be given with a discussion of the results. Finally, we shall give 
an account of the experiments on the magnetostriction of iron and nickel, 

Tlte General Theory of MagnetoBlridUm. 

The Classical and Atomic Magnetostriction . — In the following sections we 
shall deal mainly with the different factors which produce magnetostriction, 
and with the general conditions imposed by thermodynamic relations and 
crystal symmetry which determine the magnetostriction. 

From the theory of magnetisation it is known that the work done in bringing 
a body into a magnetic field depends not only on its magnetic constants but 
also upon its shape, and stresses will develop in the body which will tend to 
alter its shape in such a way as to diminish the energy of magnetisation. The 
possibility of the existence of a magnetostriction corresponding to this cause 
was originally proved by Maxwell. In a long isotropic cylinder magnetised 
along the axis in the Z direction, a longitudinal strain will occur due to this 
source of magnetostriction which is found to be equal to* 

e„ - (1 - 28)y/Y ]■ injY J (1) 

wbete 8 is Poisson’s ratio and Y is Young’s modulus. More detailed analysis 
sho^ that this magnetostriction is actually produced, by two kinds of forces. 
The first is given by the initial term in expression (1) and is due to the forces 
acting on the magnetic poles on the surface of the magnetised body wh^ 
I^oed in a magnetic field ; these forces are positive for ferro* and para-magnetic 
bodies and will produce an elongation of the cylinder; in the case of a 

* See Graetii;, ‘ Handb. d«r Elektrwitit and Magnetiun,’ v»l. I, p. 270. 
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diami^etic body there will be a coutraotiou. The second term is due to the 
mutual action of the magnetic poles on the surface of the body ; it always 
has a positive sign and is in general much smaller than the first term. From 
the formula it will be seen that this type of magnetostriction can be com- 
pletely described by constants which can be determined from usual elasticity 
and magnetisation measurements. The study of such phenomena actually 
amounts to the verification of the classical equations for stresses in magnetic 
fields, and gives us no new information about the physical properties of the 
substance. We shall cal] this kind of magnetostriction the Classical Magneto- 
striction and refer to it by the letters C.M.S. In our experiments the O.M.S. 
will only be of importance for the interj)rotation of the magnetostriction 
occurring in ferro-magnetic substances. In most of the other cases it will be 
merely a correction tom of a small magnitude. 

From thermodynamic relations it appears that a body can also change its 
shape in a magnetic field when its magnetisation constants alter with stress 
or strain ; it can then be shown that the energy of the elastic deformation is 
obtained at the expense of the alteration in the magnetic energy produced 
by changes in the magnetisation. The theoretical possibility of the existence 
of such a magnetostriction was first proved by Helmholtz* and subsequently 
considered in greater detail by KirchofiE.f This magnetostriction depends 
essentially on independent constants which can only be obtained experi- 
mentally from the study of change of shape of a substance in a magnetic field, or, 
correspondingly, from the influence of strains or stresses on the magnetisation of 
a substance. Thus this typo of magnetostriction is intimately ooimected with 
the change of the magnetisation properties of a substance with the displacement 
of the atoms in the crystal lattice, a knowledge of which is evidently of 
importance in the development of the theory of magnetisation of solids. We 
shall call this type of magnetostriction the Atomic Magnetostriction and denote 
it by the abbreviation A.M.S. 

The Thermodynatmc Bdation of the CoTiatanta in A.M.S, — ^In order to describe 
the state of a magnetised body we choose as independent variables the tempera- 
ture T, the six components of stress (a = 1, 2, 3, ..., 6), and the throe 
components of the magnetic field (a » 1, 2, 3). If we take Uj to be the 
first thermodynamic potential per xmit volume of the body, it will be a function 
of all these variables. 

A(^> H<i)* (2) 

♦ • Aim, Fhysik; vol 18. p 885 <1881). 

t * Ann. Physik,* vol 24, p, 52 (1885), and voL 26, p. 001 (1885). 
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The strain c« set up in the body will be 



( 8 ) 


In the case when the terms containing the magnetic field have not disappeared 
after the difierentiation of by p., e. will be a function of the magnetic field, 
and this means that a stress will be produced in the body when magnetised, 
which produces a magnetostriction. From (2) we obtain for the magnetisatioD 
of the body 



(4) 


Also, as may depend on the stresses, the difierentials in (8) and (4) are 
closely related, and if is such that a magnetostriction is produced the 
magnetisation must also depend on the stresses. Using the properties of a 
complete differential we got 


ap, • 


( 6 ) 


This shows that if e. is a function of the magnetic field 1^ must also be a func- 
tion of the stresses. 

If the substance which we magnetise has no permanent magnetisation, 
and the magnetisation has central symmetry, then by reversing the direction 
of the magnetic field the magnetisation is also reversed and has the same value ; 
in which case Uj is a function of the even powers of only. Then for an 
isothermal process, developing in a series we get 


Uj = — 6 -f S — ... 

- ... 

( 6 ) 


where a summation is imderstood with respect to each suffix which enters 
twice in a term, and where a, b, c, ... take the values 1, 2, 3, and «, p, ... the 
values 1, 2, ... 6. The same abbreviation will be used in the next equations ; 
S is a function of the stresses and the temperature only, 6 and m’a are functions 
of the temperature only. The magnetostriction of a body will depend only 
on the terms in this expression which are made up of products of H with p. 
The magnitude of the magnetostriction is determined by the parameters m 
which we shall call the moduli of the atomic magnetostriction, and they may 
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be of different order according to the number of variableB which they connect. 
The physical meaning of these moduli can easily be defined. 

Let us in the first place consider only terms of the lowest (first) order 
relative to H*. An aelotropic body whose magnetisation is linear with the 
field has six constants for the volume magnetic susceptibility which we will 
denote by They are defined as, 

Xa^ Xe.a 


From (4), (6) and (7) we get, considering only the lowest term of H* 

P-^Pp- ••• (8) 

This expression shows that the magnetic susceptibility changes with the stresses 
in a substance. If we denote the magnetic susceptibility in an unstrained 
body by Xab^ develop it in series we get 


Xa> Xab® + I 

Comparing (8) and (9) we get 


^Pa 0 


p. + i 


dp^dpfi 0 ^ 


Woe. = IXo»®lo : == I ; 

1 OPa 0 


dp.dpf 


Thus the physical meanii^ of maguetostriction moduli is that they represent 
the change of susceptibility with the stress in the body. 

If the magnetisation of the body is proportional to the cube of the magnetic 
field, then we have for an aelotropic substance, 15 constants for the magnetic 
susceptibility which we will call wd similarly we may demoitstrate 

that 

m-... - nii 


If instead of choosing as independent variables the six stresses we choose 
the six strains e« then we get the second thermodynamic potential 


and evidently 


U, */(T, e„ Hj) 


an. 


We may expand U, in series in the same way as we have ejqwnded TJ,. Instead 
of the parameters m we shall use parameters M which are named the A.M.S. 
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cooetanta, aod similarly we may demonstrate that the physical of 

the M’s will be 


M, 


Ob ' 


IXab" 


|0> 


M, 


ob,« ’ 


de. 


M, 








(U) 


The change of shape observed in magnetostriction experiments is evidently 
proportional to the strains which from (3) and (6) will be 


m 

Thus in general it appears that the magnetostriction may also depend on an 
independent stress set up in the body. 

The constants of magnetostriction ... will probably be found to be of 

greater convenience than the moduli •- for interpretation by an atomic 

theory as they relate directly to the changes of magnetic susceptibility with 
deformation in a lattice. As may be seen from (15) the direct experimental 
observations on magnetostriction give the values of the moduli, but if the 
relation between the stresses p. and the strains e« is known, then the moduli 
can be expressed in terms of the constants of magnetostriction. Especially 
simple is the case when we consider the moduli of the first order relative to 
the stress. Then, comparing (14) and (10) we get 

M„.. = »».». ( 16 ) 

and if the relation between the stresses and strains obeys Hook’s Law, we 
have 

(17) 

where are the elasticity constants. 

The Adiabatio Magnetostriolion and Jeothamal Magnetostriction. — We have 
now to consider the difference between the magnetostriction {ooduced iso- 
thermally and that produced adiabatically, the latter actually being obeerved 
in our experiments. In this case the tempeiatoie T cannot be regarded as 
an independent variable, and the development in series of the corresponding 
thstmodynamic potential will contain, different moduli. These new moduli 
will be connected with the magnetic susceptibility in the same way as given by 
(10), only in this oase the magnetic susceptibility will zdate also to an adiabatio 
rangneiiaation. We can easily eatimate to the first order of approximation 


2 0 


roi. ozxxv.— A. 
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the difintence between the adisbatio and isothenaal moduli. Th« devidt^pmeat 
in series relative to the temperature of the moduli, assuming that the experi- 
ment is made at a temperature Tg will be 

»«==l«*k+ ^ at... (18) 

T, 

The rise in temperature AT has been shown in Part II, Section (iii) to be a 
function of the xnagnetic field, which can be obtained if the way in which the 
magnetisation depends on the temperature is known. Thus replacing AT 
by H and replacing the tn*s in (10), we shall get the required thermodynamic 
potential for an adiabatic process ; and, since we have seen from Part II that 
AT is always proportional to some power of the magnetic field, after the replace- 
ment and the collecting together of the terms of the same order relative to H 
and p, we shall see that the first order term in will be the same for an adia- 
batic and an isothermal process. The higher order terms will be changed, 
and this change can easily be estimated if the way in which the moduli depend 
on the temperature, and the dependence of AT on the magnetic field is known. 
Actually in practice we shall mostly be interested in the lowest order terms 
so they can be taken to be the same in isothermal and adiabatic processes. 
All these considerations are correct apart from the terms 6 and S in (5) which 
are also functions of the temperature. Developing S in series relative to the 
rise of temperature as 

S=|Sk+ at... (19) 

and replacing AT by the magnetic field, we get some terms which may be of 
the first order relative to H*, and since the function S depends also on stresses 
this will give terms containing the product of H and p which will contribute 
to the noagnetostriction. From an examination of (6) it is seen that the term 
S accounts for the thermal expansion of the body, and the ph}'8ical meaning of 
the new terms which will be contributed by S in an adiabatic ma^etostriotion 
is only that the body on adiabatic magnetisaticm changes its temperature, and 
this produces a thermal expansion, the value of which is evidently 

e. = (J. AT, (20 ) 

^ritere the Q,'s are the expansion coefficients. We shall call this magneto- 
striction which only occurs in an adiabatic process and which will be seen to 
be only a sw**!! correction term in most cases, tbennal m^netostriotion, and 
denote it by the abbreviation T.M.S. 
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If the Qa And AT in (20) are known, than by subtracting the e« from the 
corresponding of mangetostriction observed during adiabatic processes, 
we find the magnetoetriction to be the same to the first order term as in an 
isothermal process. 

In all these deductions we have regarded AT as being only a function of the 
magnetic field, but actually it has also to be regarded as a function of the other 
six components of the strains or the stresses. However, since the change of 
temperature is very small in an adiabatic defonnation the dependence of AT 
on stresses or strains can be disregarded, and even if taken into account will 
only affect the terms of higher order than p* md e„, which are found experi- 
mentally to be negligible. 


The Moduli and ComtarUs of Quodralie MagneU>8iirictiori for different Crystal 

Symmetries, 

The number of moduli m and constants M for an aelotropic body is very 
large, and increases very rapidly as we consider terms of higher order in (6). 
The requirements of crystal symnictry reduces this number considerably, 
but even in this case it seems to be of no practical interest to go beyond the 
first order term in and p (quadratic A.M.S.). We shall therefore only 
consider the terms of the expression 


2Vi = «HaHj,p«. 


( 21 ) 


For convenience we introduce instead of the product a component of 

a symmetrical tensor of the second order which we denote as A* — and 

in detail 

Aj == Aj^j Hg;^ } Ag Agg Hy^ , Ag 

Aft 


( 22 ) 


A33-H/; 

A4 = Agg = HyHj ; Aj Ajg ~ j A^j -- Ajg 

Instead of the moduli Wa6,« other moduli m** which will b('. con- 

nected with the previous ones in the following munnfisr 

1 




h 

»» 6 . J 


(23) 


2m, 3, . = m,, ; 2mi8. . = m,. ; 2mi j. . 

We shall use these moduli for expressing our experimental results ; (21) will 
now be written 

— 2V, a= (k and a = 1, 2, 0). (24) 

Thus the moduli connect components of the symmetrical tensora and 
Pk- 

2 o 2 
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The relation between the difierent moduli or constants for a number of 
physical phenomena in crystals of different symmetry has been worked out 
mainly by Voigt,* but he does not go in detail beyond the case when»> the 
moduli connect two identical tensors of the second rank as in the case of elastic 
deformations in aelotropic media. Using the methods worked out by Voigt, 
we shall in the present section work out the relation for moduli of quadratic 
magnetostriction for different crystal symmetries since this is essential for the 
interpretation of our experimental results. As we shall use several results 
obtained by Voigt {loc. dt,) and given in his book, we shall refer to them by the 
number of the page in the 1928 edition of his book. 

In order to find the condition imposed by the symmetry of the crystal on 
the moduli nij^a we have to find how these moduli cliange with co-ordinate 
transformations. In expression (24) is a product of two components of 
the tensor of the second rank, which in general forms a component of a tensor 
of the fourth rank. For all co-ordinate transformations V^ must be invariant, 
and this will require that the corresponding moduli are also components 
of a tensor of the fourth rank, conjugated to the components As h 

and p are independent, then A^-pa as well as will be components of an 
asymmetrical tensor of the fourth rank. 

Let us introduce a new modulus into (24) 

=== ^ and | (mf,^ — m„^). (26) 

Then, evidently 

== = 0 

We may represimt V^ as a sum of Y\ and V'\ where 

--2V\==m'^(A*p« + A,p,), (26) 

— 2V"i = — Aapjfe), (27) 

the moduli in (26) are now components of a symmetrical, and in (27) the 
moduli of an antisymmetrical tensor of the fourth rank. With any 
transformation of co-ordinates the moduli w'^a will only transform into new 
symmetrical moduli, and the moduli only into antisymmetrical ones. 
Thus the Y\ and V''^ may be regarded as independent in any transformation. 

In order to work out the symmetry conditions for the antisymmetrical 
moduli m' following Voigt’s method, we make use of the properties of the 
stress tensor p (see p. 167) whose components transform like the components 
of the tensor formed out of the components of a single vector B in the follow- 
• ** Lehrbuoh dor Kmtallphysik,” Teiibnor, Leipzig (192S), 
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ing marmer, the sign being used to indicate similar transformation pro- 
perties. 


= ?2 = :P23-"Bv*; ;>a=l>s8^B,* ] 

;>4=?’2a "B^,; jP5=?i3 "B^.; ?>«=Pia-^B^„ J‘ 


Let us form from the vectors B and H as given by (22), a new vector Y, the 
components of which are 




(29) 


the other ones being obtained by circular changes in the indices. We can also 
form a new symmetrical tensor of the second rank 





By multiplying the components of the vector Y and of the tensor T we may 
obtain expressions wliich have the same transformation properties as the 
components of the untisymmetrical tensor {h^p^ KPk) given by (27) 
and which must also be conjugated with tlie corresponding moduli. After 
performing the calculation wo find 

{hiip22 ^^2a?^n) 2YaT|2 ^2 1 


(AuPia - ^isT^u) YJii - w"i6 


(^11 Pi 2 ^h2Pll) ^ ^8^11 ’ 


16 


(^2Pl3 ^13^12) ^1^11 ^ ^ 68 


(^ 23 Pn — KiP ^ b ) ^ 2^12 ^ ^ 3^13) 


(31) 


The remaining terms can be obtained by circular transformation. From (31) 
we see that the moduli m” are transformed as the components of the product 
of a vector with a tensor of the second rank* 

Voigt (p. 146) deduces a way in which the components of a product of a vector 
component with a tensor component of the second lank can be reduced to 
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oomxMmentB of a symmetrioal teoasor, H (rf the third rank, to a tensor P of the 
second rank and a tensor W of the first rank, namely 

j Pu-(Y,Ti,-Y,T„)... 

Hxa* - J ( 2 Y,T„ + Y.T.x) ... P„ = i - T„) 

= i (Y,T„ + Y,T« + Y,T„) + (Y,T„ - Y,T„)1 ... 

Wx = Yx (T,, 4- T 3 .) - {Y,Tx, + YaTx,) ... 

(32) 

Introducing this value by means of (31) in (27) we form the expression 

V" := Hxxxm''33 + ... +Hxx, - ^''x*) + ... + H33,(m"„ - m"^)+ ... 

" 1 " ^*^81 “f" ^'\i) + f [Pu (**"31 — ***^\a) "l~ ... 

•f P*. (m», + »»''3x + m"„) + ...] + HWx (m"33 - m''34) + ...]. (33) 

The remaining terms are obtained by oircnlar replacements of the indices ; 
each term in this expression consists of two conjugate tensor components, and 
V" is an invariant for all co-ordinate transformations. From these com- 
ponents we may then form representation surfaces which must have the 
symmetry of the crystal. For the tensor of the third rank the equation for the 
representation surface will be (Voigt, p. 142) 

+ »”"48y’ + mi'm** + {m"%i — »»"is)a^ + (»»"8« — »»"„)y*8 + 

+ (»»"i 4 — fn"n)zH + (to" 85 — m"*x)?*y -f (m"x, — -j- 

.f (m",4-m"x4)y*a; + 2(m",8-hm"3x+m"x,)*y*=± 1 (34) 

and for the tensor of the second rank (Voigt, p. 135) 

(m"8x — w»"i,)ic» -f (m"xj - w"„)y* + (m",, - fn",i)** -f 

+ (^'*"14 + 84 + ^"s 4 )y* +■ ^ + 

"I” (’”"ie ■(" w *"»6 + 8 «)®y =* i: 1 . (36) 

and finally, for the vector we get 

(m"„ - m",*)® + (»n"ss - m"i5)y + (w",*- w" Jr = ± 1. (86) 

The representation surface (34), (36) and (36) must have the symmetry of 
the crystal. For mstanoe, if the crystal has mi axis of symmetry of the third 
order, A,*** along the axis t, then in the rotation of the co-ordinate systnn 
round s by an ang^ Sn/S, the exiaession for the represmitation sntfaoes must 
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remain the same. This rotaticm is prodoced by insertion of a^, y' and s' instead 
of X, y and z, where 

aj==_j(a5'_yV3); y = -i(*''v/3 + y'); S = s'. (37) 

In Older to have the new expression in x\ y' and z* equal to the old one in 
oc, y, Zy a definite relation between the moduli nC* is found* In a bismuth 
crystal beside the A,**' axes there are also three binary axes The 

requirements of this symmetry can be found in a similar way by replacing 

\ y = — y' ; 2 = — s'. (38) 

For the moduli m” to satisfy this condition we find from (36) and (34) that 
cAoh of the total coefficients, besides aU variables, has to vanish. In the 
representation surface (35) we find that the coefficients of and y^ have to 
be equal and the coefficients 2 y, zx and yx, have to disappear. This will give 
the following relation : 

+ (39) 


and the remaining moduli have to disappear. 

Besides the requirements of axial symmetry there is another requirement 
which can be made — ^that the magnetostriction in the crystal is a oentri* 
symmetrical phenomenon (Voigt, p, 100). This requires that the moduli 
m" are represented by polar tensors (Voigt, p. 136). A change in expressions 
(34), (36) and (36) of x to — x, y to — y and z to — 2 ;, simultaneously must not 
change their sign ; this can only hold when all the odd terms of (34) and (36) 
are aero. This gives us the following relations between the moduli for an 
aelotropic body 


m"05 = w"48 = w"54 = 0 ; + ^""12 = 0 ; 

^ 14 “ ^ ^24 ^ 25 “^ 


(40) 


Thus, for central symmetrical magnetostriction we have the number of moduli 
reduced to 26 instead of the original 36. Replacing these values in (35) we 


* w"„) + (m"i2 - m"*,) 

+ 2 =* + 5 (<hyz + affcz + a,a!y) == ± 1. (41) 

13us ellipsoid has to satisfy the symmetry of the crystdl, and for the ease of a 
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central symmetrical magnetostriction we get the following xelations for m” 
for difierent cryetal symmetries : 


No symmetry 
A,® 

A ® A ® 

A <B) A 

Ajj I 

A.® 

4 ® > 

Ajp , Ay I 

A <«) A A f 

Afg f Ay , Ag J 


m"23 ^ ^ ^ 




The same 

0 

0 

The same 

The same 

0 

0 

0 

m"i3 == 0 

1 « 

0 

0 

^"23 + ^ 

ij 1 

1 

1 

1 


Wl 12 ^ ^ 3^ = Wt 33 = 0 1 

0 ; 

1 

! 0 

I 

0 


The condition of symnietry for the synmetrioal moduli m' in expression ( 26 ) 
has been worked out by Voigt (he calls them BitenBOien/’ p. 577 ), and it can 
be seen that the stress tensor p has the same transformation as the tensor h 
given by ( 22 ). The moduli will have the same relation to the sjrmmetry 
of the crystal as the elasticity moduli. 

For a crystal system like that of bismuth having a trigonal axis along z 
and one of the three binary axes along x the symmetrical part m' of the magneto- 
striction moduli will have a symmetry similar to the elastic moduli, and will 


be arranged according to tbe 

following scheme 

1 



h, 

Ci 

CO 

ht 

h 

K 'I 

Pi 

.... w'u 


m'ai 

m'41 

0 

0 

P» 

.... tn',1 

m'j, 

w'si 

-m'ti 

0 

0 

P» 

.... to',1 

m'n 


0 

0 

0 1 

Pi 

.... m'41 

-m\i 

0 

fn'44 

0 

0 

Pi 

.... 0 

0 

0 

0 

»»'44 

2m’fi 

Pi 

.... 0 

0 

0 

0 

2m'ti 

2(m'u — m'„)^ 


The moduli in a hexagonal system (graphite) will be similar, only = 0. 
Then, combining the data for m' ( 48 ) with the data ( 42 ) given for w", we get 
for the bismuth crystal : 


( 42 ) 
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*1 *9 *8 *4 *5 ^ 

Pi «hl "‘ai »»81 »»41 0 0 

Pa mjj myi nt^j "Wiw 0 0 

Pa wha '”18 »*33 0 0 0 >. (44) 

Pi —^41 0 m44 0 0 

Ps 0 0 0 0 2m4i 

0 0 0 0 2m4i 2 (%! — W 21 ) ^ 


Thus in biamuth we have seven quadratic moduli, on© more than the number 
of elasticity moduli. The difference between (43) and (44) is only that for the 
A.M.S. moduli mjs Waj. The hexagonal case is identical with (44) except 
that Wj4 = 0, thus reducing the number of moduli to six. In a cubic case the 
symmetry of the quadratic moduli is the same as for the elasticity moduli 
since the asymmetrical part completely disappears. The constants 
have slightly different symmetry properties. If again we put as in (23) 


we get 


Mu,. 



M2a,a 

— M2a *, 

M 38 ,. 

““ ^3. 5 

=3 M 4 . , 

2Mi3,a 

-Ms.; 

2 Mi 2 ,. 



10 

ii 

~ Mjij.AjjjC. 




(45) 

(46) 


The tensor components of the strain are transformed as a product of two 
vector components in a different way from the (28), (Voigt, p. 167), namely 

Cj =: Ea-Kj, , 62 = E.j,Ey , Cj = EjEj j n 

By choosing new constants 

^ M;,. for a =3 1, 2, 3 and 2M;,. for a 4, 6, 6 (48) 


and inserting these in (46) it can be seen that these constants will have 
the same symmetry relation as the moduli mjt,.. Thus for crystals like bismuth 
with A,*®* and we get 


Aj Aj A3 A4 Aj A3 

Mu Mu Mu Mu 0 0 

ea Mu Mu Mu 0 0 

«8 Mi8 Mi3 M33 0 0 ^ f 

^ 2M4X ™2Mu 0 2M44 0 0 

€3 0 0 0 0 2M44 4 Mu 

e* 0 0 0 0 4 M 41 4 (Mu-Mu) 
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Th6 moduli m and M are related to each other by the expressions (16) and (17) 
by the elasticity constants of the crystal. 

For the interpretation of our experimental results where we measure the 
change of length along the direction of the magnetic field we shall also need to 
know the moduli for different orientations of the crystal. Evidently the 
quadratic magnetostriction as observed in our experiments along the principal 
directions will be 

= = = ( 60 ) 

Let us rotate the cr3ratal relative to the magnetic field and proceed to observe 
the magnetostriction in the direction of the field. Then, if the crystal is 
rotated round the axis Z and the field is applied perpendicularly, the longi- 
tudinal magnetostriction will remain the same, but if the field is moved in the 
plane zx round the axis y then the magnetostriction will change from the 
to the Cj. Using the results obtained by Voigt (p. 593) for the elasticity 
moduli, we find that if the magnetic field makes an angle 6 with the direction 
of the axis Z the longitudinal magnetostriction will be 

^ I (^33 cos^ 6 + (^ai + Wi3 + W44) cos® 0 sin® 6 + sin* 6)H>*, (51) 

The Elementary Constants and Moduli for Magnetostriction in Paramagnetic 

Substances, 

The present theoretical conception attributes the phenomenon of para- 
and ferro-magnetism to the existence in the body of elementary magnets the 
moment of which we shall denote by p. In the unmagnetised condition the 
elementary magnets are oriented at random, and it is assumed that in all 
chaxLges of ma^etisation the magnitude of the elementary moment p is 
unaltered, and the magnetisation is only produced by a change in their direction. 
When a body is subjected to a stress p and a magnetic field H the contribution 
of each elementary magnet to the magnetisation of the body will be 

Apa = (6^ + . Pa)Hft. 


The other two components are obtained by circular replacement of the suffix 
a. We call and the elementary susceptibility and the elementary 
moduli of magnetostriction respectively* If the position of our elementary 
magnets in the crystal lattice is known, the ordinmry susceptibility and mcdinary 
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moduli with which we dealt ixi the previous section are obtained as the sum 
taken over all the elementary moduli for each in a unit volume of the body. 
From this summation the ordinary moduli will necessarily have the relation 
which is imposed by the crystal symmetry. 

It can be shown that the general requirements of the theory of para- and 
ferro-magnetism are sufficient to reduce the number of elementary moduli 
very considerably. Let the direction of the undisturbed magnetic moment 
(i be given by a unit vector r whose components are and rg. We will 
now assume that A{x is small relative to (i. The condition that (x changes in 
direction but not in magnitude will then be that the scalar product 

(f Afx) 0 (53) 

for all values of pa and Wo then find from (52) and (53) that the following 
summations have to be equal to zero 

Kb - 0 ; == 0 when 6 = 1, 2, 3 and a = 1, 2, 6. (54) 

Let us now choose the co-ordinate axis to be related to the elementary magnet 
in such a way that the direction fx of the undisturbed magnet coincides with the 
axis 3. This means that = fg = 0 and rg = 1. Then from (64) we find 
that the elementary constants related to such a co-ordinate axis will be 

6at, — 0 ; a = 0 when a or b = 3 

6a(, 5*^ 0 ; 9^ 0 when a or 6 ;*£ 3 J 


This reduces the number of constants from 6 to 3, and the number of 
constants from 36 to 18. Further, if the crystal has a central symmetry as 
in the case of bismuth, in general it will be necessary that the moduli in (65) 
should satisfy the condition of central symmetry (40). We then find that all 
the moduli are equal to zero with the exception of the following twelve : — 

du) dgj, djg, dgg, dgg, dgjL, dgg, (66) 


and between these moduli the following relaticms have to exist 

dit — dgi == djg — dg, = dgg 

*^88 “H <^18 “ *^18 + dfi 


} 


(67) 


Thus, from (66) and (67) the assumption of permanency of magnetic moment 
combined with the central symmetry reduces the number of independent 
elementary constants to 9 instead of the S6 which ate generally possible. In 
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particular cases a further reduction may be obtained by convenient choice 
of the axes a and 6 relative to the lattice of the crystal. 

It is evident that in elaborating a detailed physical picture of the phenomenon 
of magnetostriction, care has to be taken that the physical assumptions are not 
contradictory to requirements (6&) and (57). The probable physical meaning 
of the elementary constants and moduli of magnetostriction for paramagnetic 
bodies will be that the deformation of a lattice may change the molecular field 
which keeps the elementary magnet oriented in (lertain directions and hinders 
orientation under the influence of the applied magnetic field. In the general 
formula for paramagnetism, the interaction forces between the lattice and the 
elementary magnets is taken into account in the term 0 (Part. II, expression 
(50) ), and when the paramagnetism constants of a solid obey the law of 
magnetisation of an ideal paramagnetic gas and 6 ™ zero, no magnetostriction 
is possible, since it is evident that the only constant in formula (5) which can 
change with stress or strain is 0. 

The physical picture of diamagnetic magnetisation and magnetostriction 
will be considered in the discussion of the experimental data for bismuth at 
the end of Part V. 

In conclusion I would like to thank Dr. P. A. M. Dirac for his helpful criticism 
and for verification of the mathematics. 


Summary, 

Three different causes of magnetostriction are discussed : the classical 
magnetostriction (C.M.S.) due to the stress of magnetic lines of force, the atomic 
magnetostriction (A.M.S.) due to the disturbance in the magnetic properties 
of the substance produced by the magnetic field, and the thermal magneto- 
striction (T.M.S.) which only appears in adiabatic magnetisation due to the 
change of temperature. The thermodynamic relation between magneto- 
striction and change of magnetisation with stress and strain is discussed. 
Moduli, or constants of different orders for adiabatic and isothermal magneto- 
striction are defined, and symmetry relations for the moduli of quadratic 
magnetostriction are given. The relation between the elementary moduli 
for paramagnetic substances is found. 
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Errata in Part II. 


The following important errata should be noted in Part II of this paper 
(' Proc. Roy. Soc./ A, vol. 131 (1931) ) : — 
p. 250, expression (41) should read 


17 , vr^ XT 7t . 27r^ 

4p ax T T T 


p. 251, expression (43) should read 


L 

F 




7C 


ipxrd 



p. 254, expression (52) should read 


p. 250, expression (62) should read 





The Study of the Magnetic Properties of Matter in Strong Magnetic 
Fidds. Part TV.— The Method of Measuring Magnetostriction 
in Strong Magnetic Fields. 

By P. Kapitza, F.K.S., Messel Research Professor of the Royal Society. 

(Received December 15, 1931,) 

The Extemometer, 

The principle of magnification, as used in the special balance for studying 
magnetisation, and as described in Part I, Section (ii) of this paper,* may be 
very conveniently applied for measuring small changes in length. By attaching 
one end of the rod in which the magnetostriction is to be examined to the 
diaphragm of the balance (4), fig. 1, Part I, and fixing the other end rigidly, a 
change in length of the rod when magnetised will displace the diaphragm and this 
displacement will be recorded on the photographic plate with a large magni- 
fication. A balance similar in dimensions to that used for susceptibility 
measurements has a magnification of about 10^ times, and since we can easily 
distinguish deflections of 0-2 mm. on the photographic plate this will corre- 
spond to a possibility of measuring changes in length of 2 X 10“’ cm. in the rod 
examined. In actual practice some precautions have to be taken when using 
the balance as an extensometer of such high sensitivity. The main difficulty 
occurs in fixing the free end of the rod rigidly. Should it bf5 absolutely rigid, 
even a very small thermal expansion in the rod caused by accidental temperature 
variation will produce a considerable deformation of the diaphragm, and 
unknown and uncontrollable strains will develop in the rod as well as in other 
parts of the apparatus ; this will make the conditions of the experiment indeter- 
minate. The difficulty is easily avoided by taking advantage of the short 
time of experiment, Instead of fixing the end of the rod rigidly, we attach 
it to a massive piston moving with great friction in oil ; it is obvious that 
during 1/100 of a second, owing to the inertia of the piston and the large 
friction produced by the viscosity of the oil, the fixed end of the rod will be 
practically motionless, and the displacement of the diaphragm will be equal 
to the change of length of the rod. On the other hand, during the compara- 
tively long interval between the experiments, the accidental changes in length 
due to thermal expansion will be compensated by the displacement of the 

* ‘ Proc, Roy, 8oo„* A, voL 181, p* 224 (1931), 
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piston, and the load on the diaphragm and the strain on the rod will be constant 
and the same in each individual experiment. 

There is also an important modification made in the balance itself when it is 
used as an extensometer. The diaphragm (4), fig. 1, Part 1, is made of much 
thinner constantan sheet to reduce the restoring force of the balance to a 
minimum ; this is necessary in order 
to keep the stress in the rod constant 
while the magnetostriction is being 
produced. 

The detailed arrangement of the ex- 
tensometer as used in our experiments 
is shown on fig. 1. The balance (1) is 
placed on a thick slate slab (2) which is 
fitted with levelling screws and is placed 
on the stispended slate table above the 13 
coil. By means of two quartz con- 
nection rods (3) and (4), the diaphragm 
of the balance is attached to the top 
end of the examined rod (6) which is 
placed in the centre of the coil (6) 27,^ 

(shown schematically). The lower end 
of the rod (6) is fixed to the piston (9) 
by means of a thick-walled quartz tube 
(7) sealed in the cap (8) which is screwed 
into the piston. The piston (9) is made 
of aluminium and is in the form of a 
hollow cylinder which is fitted into 
cylinder (10) made of phosphor-bronze. 

The fitting is very accurate and the 
allowance is the minimum necessary 
to asBUxe a free motion of the piston 1* — extensometer. 

in the cylinder. Four strong bolts (11) provide that the cylinder (10) is rigidly 
fixed to the slate slab (12), and four strong brass bars (13) keep the bottom slab 
(12) rigidly suspended below the slab (2). An ebonite ring (14) is waxed to 
the plate (12) providing a receptacle for the viscous paraffin oil which surrounds 
the pkton and fills the cylinder (10). The piston (9) being in the form of a 
ring has the advantage of keeping all parts of the extensometer above the coil, 
thus considerably simplifying the manipulation in setting and assembling the 




558 P, Eapitza. 

apparatm. Tkis is done as follows : the examined rod has first to be attached 
to the quartz rods (4) and to the tube (7) ; the method adopted is shown on 
fig. 2. The rod (6) has on each of its ends a small ball (o) of diameter slightly 
larger than the diameter of the rod itself. These balls prevent the rod from 
sliding out of the caps (b) and (o), which are shellaced to the quartz rod (4) 
uid the tube (7). The small balls were easily made from solder ox shellac, 
but the latter substance was found to be less satisfactory since it did not 
provide a sufihoiently rigid bearing and could be easily 
deformed. The cap (c) is made of a short bit of glass tube 
which fits the quartz rod (4), and the bottom is con- 
stricted to leave a hole slightly larger than the diameter 
of the rod (6). The cup (b) is similar except that it is 
made from slightly larger bore glass tube, and is fitted to 
the inside of the quartz tube (7). This method of fasten- 
ing has the advantage of providing two universal joints 
between the ends of the rod and the quartz rod and tube, 
so that when the rod is fixed in the apparatus it is auto- 
matically aligned in the middle of the quartz tube (7) 
and is not subjected to a bending force. The dis- 
advantage of the system is the di£^oulty in obtaining 
^ accurate measurements of the length of the rod, necessary 
for comparing the relative changes in length in different 
Fio. 2. — ^Details of the experiments. 

fa^^ngof the exa- ^ diaphragm (16) fitted with a hole in the middle 
extensometer. (*) ensures that the latter is always m the centre 

of the tube (7) and prevents it from dropping down when 
the apparatus is assembled. In this way the holder (8) with the quartz 
tube (7) and the rod (4) form a separate tmit which can be comfortably handled 
without straining the examined rod. 

The assembly of the apparatus is carried out as follows ; After the h(dder 
(8) is screwed to the piston (9) and the rod adjusted in the centre of the coil 
(6), the balance is placed on the slab (2). The connection betwemi the dia- 
phragm of the balance mid the link (3) and between this link and the quartz 
rod is made by ball and slot universal joints made brass. In order to 
connect the link (S) with the rod (4), the height of the piston must be adjusted ; 
this is done by opening the tap (16) which provides bee communication between 
the oil inside cylinder (10) and that outside in the ring (14). The motion of 
the piston is so visoons that without this tap it is praptioali^ impniOTfhlfi to 
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move it appreciably. Wlieii the piatou is adjusted to the proper height the 
tap is shut and the ball is seated in the slot and the joint between (3) and (4) 
is made. The image from the mirror of the balance is adjusted on the plate 
and the Imlance is fastened to the slate plate (2) by means of three screws (17), 
When the tap (16) is again opened and the piston allowed to fall down more 
quickly it can be seen that the image on the plate suddenly begins to move 
rapidly down, and this means that the weight of the piston has loaded the rod 
and the diaphragm. After waiting some time the tap (16) is again shut and 
the apparatus is ready for use. 

A gas cryostat was used for the study of magnetostriction at low tempera- 
tures, This is shown on fig. 1 where the rod under test is surrounded by a 
vacuum flask (25) whiidi has its bottom end open and is fixed by means of an 
mdiarubber cork into the neck of a Dewar vessel (26). Liquid nitrogen can be 
evaporated from the Dewar flask by nnmns of an electrics li eater, causing a 
stream of cold gas to flow round the specimen, thus diminishing its temperature. 
Temperature measurtiments were effected by a thermofiouple (27) (figs. 1 and 
2) made of copper a!id constantan wire, the end of which was in contact with 
the bottom ball of the investigated specimen. Down to the temperature of 
liquid air this was found to be a sufficiently accurate metliod for temperature 
measurememt, which we required to be accurate within one or two degrees. 
By regulating the current in the electric heater the rate of evaporation of 
nitrogen could bc^ adjusted and the rod cooled down to the requinid tempera- 
ture. The lowest temperature obtainable is two or three degrees above that 
of liquid nitrogen. 

From the general arrangement of the extensoxneter it is evident that the 
specimen is always under the tension produced by the weight of the piston 
(9) and of the quartz tube (7). This weight is about 130 gm. in most of the 
experiments. When studying the dependence of the magnetostriction on the 
stress, however, an arrangement was provided by means of which the stress 
could be diminished by applying a lifting force to the piston. The piston is 
provided with a cross rod with two tags (28) which are attached to the lever 
(29) ; by attaching weights (30) to the lever the piston is pulled up and th<' 
stress can be diminished by the requirt^d amount. Increase in stress is simply 
attained by loading the piston with weights. 

The Calibratim of the Bxtemomet^. 

The problem of finding a method for calibrating the extensometer in order 
to find its magnification power carried with it considerable difficulties in our 

2 p 
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case, since in order to do this we required to produce a displacement of the 
diaphragm of the balance of the order of cm. in a very small fraction of a 
second, and at the same time to know the value of tliis displacement sufficiently 
accurately. The magnification power (jould then be readily obtained by 
measuring the resulting deflection of the extensometer. At first we attempted 
to use the Piezo crystal effect, but found that the constant in this case was not 
sufficiently well known. We then tried introducing a platinum wire instead 
of the rod (5), recording its thermal expansion when heated by a strong current, 
but here we met with difficulties in the necessity of accurate measurement of 
the time and complicated heat conductivity (conditions. However, from this 
experiment, preliminary figures were obtained which enabled us to estimate 



Fio. 3. — Apparatus for the oalibration of th<i extensometer. 


the magnification power within limits of 25 per cent. Later on, a simple 
method which proved to be quite accurate and reliable was arrived at, and 
this method was usc^d for obtaining the magnification power of all our balances 
and extonsometers. The principle of it is shown on fig, 3, A small steel rod 





Magnetic Proferties in Strong Magnetic Fields. 561 

(31) is placed in the two holes (32) made in the sides of a cylindrical cap (33) 
screwed to the piston (9). In place of our holder (8), fig. 1, the middle of this 
rod rests on a steel edge (34) which is attached by means of a quartz rod (35) 
to the diaphragm of the balance (1). The steel rod is slightly bent as it carries 
the weight of the piston (in the drawing this bend is very much exaggerated). 
To a thin thread (86) attached to the steel edge (34) a known weight (37) is 
suspended. A trigger device (38) enables the weight to be lifted at the required 
moment. As already stated, the rod (32) is bent by the weight of the piston ; 
the weight on the diaphragm of the balance consists of the weight of the 
piston (9), the rod (31), the connection rod (35), and finally the attached 
weight (37). It can be seen that when the weight is suddenly lifted the 
bending force on the rod (31) is in the first instance increased as the piston 
remains stationary owing to friction and inertia, and the diaphragm, being now 
submitted to a smaller load, rises. If the displacement of the diaphragm is 
z and the lifted weight (37) p, then the bending force on the rod (31) is changed 
by p — z/, where /, as before, is the restoring force of the diaphragm. As the 
displacement of the middle point of the rod (31) is equal to the displacement at 
the diaphragm and is proportional to the change in the bending force, we get 

z^C'ip- zf), (1) 

where C' is the coefficient of proportionality defined by the elasti(; properties 
of the tod (31). It is obvious that C' could be determined from the theory of 
elasticity, but it can be done more simply and accurately in the following 
way. 

A longer piece of the same rod was bent between two supports distant D 
apart, being about four times greater than the distance d between the supports 

(32) . Larger weights could then be applied and the bending easily measured 
with a standard cathetometer. If in this case the displacement of the middle 
of the rod per imit weight was foxmd to be C, then from the elementary theory 
of elasticity we get that 

C' = (2) 

If the magnification power of the balance is taken, as before., to be E, and the 
deflection of the spot on the photographic plate is Z, then (1) can be rewritten 

Z/E = C(d/D)Mp-/Z/E). (3) 

From a separate set of experiments of unloading the balance as described in 
Section (iii), Part I, we determine the sensitivity of the balance which we 
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call S, and whitdi represents the deflection observed on the plate when the 
diaphragm is loaded by 1 gm. Then 

S-E// (4) 


We may then obtain from (3) and (4) the formula from which the magnification 
of the balance is determined 


Z(D/d)^ 

(p--SZ)O 


(5) 


In an actual experiment, two commercial silver steel rods of diameters 1*99 
mm. and 2*3 mm, were used for determining D. Tlie mean results obtained 
for both rods were very close, but there were irregular variations for every 
rod, probably due to the fact that th(^y were not exactly circular. 

The average magnification power of the balance which we used as an exteuso- 
meter was found experimentally to be 0^80 X 10^ with a possible error of 
± 3-4 per cent. The magnification power (;ould probably be estimated with 
greater accuracy if more accurately circular rods were iis(*d. 

From the magnification power E and the sensitivity S of the balance, the 
restoring force/ of the diaphragm could be easily obtained from (4). This wavS 
done for the balance used for the magnetisation measurements described in 
Part II 


Properties of the ExieMsmneter mid Perforrmme of ths Experirnenis, 

The diaphragm, the connecting rods (3), (4) and (7), and the examined rod 
(5), fig. 1, form an elastic system in the extensomoter which can oscillate. 
Two kinds of oscillation are possible — ^longitudinal and transverse. We will 
first consider the longitudinal vibrations : it is obvious that in general they 
may be of a complicated character owing to the variable elasticity and inertia 
of the links. As in the case of the balance used for the study of the magnetisa- 
tion,* when performing measurements in a time of the order of a hundredth of 
a second, to obtain an accuracy of within 1 per cent, it is only necessary that 
the natural frequency of the oscillation should be over 1000 per second. In the 
case of the extensometer this means that of all the modes of vibration of 
the connecting links only those of the lowest frequency have to be considered. 
In practice the cross s(5ction of the connecting links is chosen to be such that 
the rod under test is the least rigid link, and thus the period T of this lowest 
frequency vibration will be 

T^'inA/MJ/Ys, (6) 


* jLoc. cii,. Part I, Section (iv), p. 230. 
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where M is the effective mass of the links (3) and (4) and of the oil in the balance 
(in our extensonieter about 8 gm.), Y is the Young’s modulus for the rod, I is 
its length, and s its cross section. 

It was found that it was always possible to have the rod of such a cross 
section that the lowest natural frequency was well below the required limit. 
The longitudinal oscillations are damped by the oil in the balance, as has been 
described before for magnetisation experiments. 

The transvers(* oscillations are of much lower frequency and are not damped 
at all by the oil, so that serious troubles might arise. Actually, if the rod is 
placed accurately in the centre of the coil and no sideways force acts on it, 
then these oscillations never start. In cases where the rod was a strongly 
magnetic substance (iron or nickel) and was not centrally adjusted, waves 
superimposed on the general picture could be observed on the oscillograms having 
a frequency about 100 p<*r second which were due to this transverse oscillation. 
Witli proper adjustment of the rod they practically disappeared. 

When the exuniineid rod changes its length in the magnetic held and the 
diaphragm of the balanct^ is displaced, the stress in the rod changes and this 
will make the deflection slightly smaller than it should be for the actual change 
in length of the rod. It can then be shown that to obtain the actual change in 
length Aly we shall liave to multiply the observed change in length AV by a 
constant factor 

Al=^ Al' (I + If IYs)y (7) 

where / is, as before, the restoring force of the diaphragm and the other 
quantities the same as in expression (0). This correction is only necessary 
when considering the absolute value of the phenomenon since it does not 
change the relative values of the deflections. To reduce this correction to a 
minimum the diaphragm in the balance is made as thin as possible, being just 
thick enough to withstand the load of the piston. In our balance, with a 
diaphragm 0*06 ram, thick, this correction never amounts to a larger value 
than 1 or 2 per cent. 

The experiments for measuring the magnetostriction were carried out in 
exactly the same way as for the measurements of susceptibilities described in 
Part I. Oscillograms were obtained on which the deflection of tlie extenso- 
meter and of the current oscillograph were recorded side by side on the same 
photographic plate, and were measured in the same way as before. The relative 
change of length of the examined specimen was obtained from the extensometer 
curve, namely 

^ = Z/Ei 

f 


( 8 ) 
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where Z is the measured deflection on the plate, i the length of the examined 
TO<i and E the magnifleation of the extensometer. A positive sign for Al/i 
represents an increase of length of the rod, and a negative sign a contraction. 
The magnetic field used was obtained from the current oscillogram ; the 
experimental data is represented by curves where Mjl is plotted against H. 

The Stray Effects and the Accuracy of the. Experirmnls. 

A number of factors which have to be taken into accomit when considering 
magnetostriction phenomena are similar to those which influenced the measure- 
ments of susceptibility. As we have discussed these factors in detail in Parts I 
and n of this paper they will only be mentioned briefly. 

The influence of the natural frequency of the system as obtained from (6) 
can be estimated in the same way as described in Section (iv), Part I ; in most 
cases the natural frequency of the extensometer was higlier than that of 
the balance as used in the magnetisation experiments, and its influence on the 
present experimental results corresj)ondingly smaller. The influence of the 
magnetic field on the current oscillograph has to be taken into account, but 
owing to the coil being in a different position in these experiments the effect 
was considerably smaller than in the earlier experiments and at its maximum 
amounted to only 1 or 2 per cent. 

Soxne different stray effects had to be considered, and we shall first of all 
discuss the effect due to the forces produced by the magnetic field on different 
parts of the extensometer. The force on the connecting quartz rods and tubes 
is very small and does not deform them sufficiently to have an appreciable 
effect. This was easily checked by coimeeting the rod (4) with the quartz 
tube (7) and replacing the specimen (5) by a glass or quartz rod, when no 
appreciable effect could be observed. Any possible motion of the piston due 
to the magnetic forces may also be taken to be negligible and can easily be 
checked by putting a load on the piston and suddenly unloading, when no 
deflection is observed, even if the load is several times larger than the possible 
force on the parts of the extensometer placed in the magnetic field. 

The magnetic force on the specimen itself was usually too small to produce 
any appreciable effect and only had to be carefully considered in the case of 
ferro-magnetic substances. When experimenting with ferro-magnetic sub- 
stances the examined rod had to be placed very accurately in the centre of 
the coil. This accuracy of position could be checked by suspending the rod 
(5) on the balance and disconnectmg it from rod (7) and the piston ; the height 
of the extensometer above the coil being then adjusted in such a way that no 
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appreciable deflection in obtained, which indicates that the rod is exactly in 
the middle of the coil. It is of great importance to avoid any sideways force 
because, as has been already stated, this will caiise transverse oscillation. Any 
transverse oscillation can easily be traced since it spoils the shape of the 
oscillogram. 

The eddy currents produced in the metal parts of the extensoracter due to 
the time variation of the magnetic field proved to be much more troublesome. 
These eddy currents interacting with the field produced sufficient force to 
deform the frame of the extensomcter, causing appreciable motion of the 
isero. This phenomenon was easily traced in the experiment where the rod (5) 
did not show any magnetostriction {i.c., a quartz rod) : a deflection occurred 
which had one sign when the current was rising, and an opposite sign whcui the 
current was dropping in the coil, giving a curve of very similar shap^ to that 
of curve Part I, fig. 3. By fastening the different parts of the apparatus 
very rigidly together and making the connecting parts as strong as possible, 
and at the same titne using the minimum number of metal parts, we were 
able to reduce this stray phenomenon to a negligibly small value. The 
remaining minute traces of the phenomenon were eliminated from the final 
experimental results by the same method as used for tin? susceptibility 
measurements — by averaging the values of the rising and falling parts of the 
oscillogram curves. 

When the rod under test is a metal of high conductivity, forces in the rod 
itself due to the interaction of the induced current and the magnetic field 
become of appreciable magnitude. Two kinds of stray phenomena may 
intervene. First, if the rod is placed centrally in the coil, but is of such a length 
tliat the field has an appreciable gradient from the middle to the ends, a 
longitudinal stress is produced due to the force actmg on the two ends in 
opposite directions. This force is calculated in expression (il), Part- II, and if 
the topography of the field inside the coil is known the longitudinal deformation 
of the rod can be obtained from the elastic properties of the rod. This stray 
effect can be evaded by making the field as uniform as possible. 

A second and much more serious stray effect is produced by induced currents 
wiiioh originate as follows : as the induced currents flow in a circuit lying in 
a plane perpendicular to the direction of the magnetic field, an electrodynamic 
force is produced which lies in the plane of the induced current. This will 
result in a radial force which will spread through the volume of the rod and 
will be equal to 

K IH, (0) 
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whcro H is the magnetic field and I is the density of the current as given by 
expression (39), Part II. Substituting this value for I, we get 

E = -Ih^. (10) 

2p 3/ 

As a I'osult of this, the cross section of the rod will either increase or dimmish, 
which will also produce a longitudinal strain. In calculating the magnitude 
of this effect we notice that the force K is somewhat similar to a centrifugal 
force, except tliat it increases from the axis of the rod as the first power of 
the radius instead of the square. A calculation similar to that used for 
calculating strains in infinite rotating cylinders* can be applied for finding the 
longitudinal strain in our case. Taking the magnetic field to be a sine function 
of time (expression (20), Part I) we find for the longitudinal strain 


A/ 

f 


27r(^, 

:iTpY 


H ^ 


cos — t sin 

T 



( 11 ) 


In this expression a is the radius of the rod, p its specific resistance, 8 
Poisson's ratio, Y, Young s modulus, and x the period of the magnetic field. 
The maximum value of expression (11) is when Jt, and the corresponding 
moduli of this stray effect, expressed in the same way as our A.M.S. moduli, 
will lie 


m, •= 


^ • 
3 TpY 


(12) 


For a rod having a high conductivity it will be seen that these moduli may be 
very large. For instance, for a copper rod of J mm. diameter at room tempera- 
ture, the value will be 1 • 6 X 10“^®; and for some metals, having a high conduc- 
tivity, which wc have studied the magnitude of this stray effect was so great 
as to prevent us from asserting the possibility of the presence of a small magneto- 
striction. In order to obtain better results for these metals of high conductivity, 
rods of smaller diameter would have to be used, and this would involve 
making an extensometer with smaller masses of the moving parts. This we 
hojie to be able to do in due course. Since this stray phenomenon will 
evidently have different signs on the rising and faUing parts of the current 
wave it can be easily noticed in experiments, and if the magnitude is not 
excessive it may be practically eliminated in the way already described. 

It is also evident that all the stray effects due to eddy currents are eliminated 


* See Prescott, “ Applied Elasticity," p. 335. 
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at deflections of the extensometer corresponding to the maximum value of 
the magnetic field. 

Finally, the induction (uirrents produce a heating of the examined rod which 
causes it to expand. The magnitude of this phenomenon can be obtained by 
using expression (44), Section (ii), Part II, combined with the coefficient of 
thermal expansion. On the oscillogram, this expansion will result in a sliift 
of the zero line. This stray effect was only found to be appreciable wlien using 
metals of high (X)ncluctivity. In our researches with bismuth at ordinary 
temperatures we found that after the experiment there was always a minute 
zero shift which indicated that there had been a slight expansion of the rod. 
By nieasuriug the deflection on the oscillogram from the line connecting the 
zero position before and after the experiment this stray effect could be prac^ti' 
cally eliminated. 

Taking all these stray effects into account wc <iould, with our prc'sent experi- 
mental arrangements, det(^ct relative clianges of length due to magnetostriction 
of the order of 10 We estimate the accuracy of our experimi^nts as follows : 
First, the dej)en(]ence of the magnetostriction on the magnetic fudd for one 
pixrticiilar rod was of relatively high accuracy, being within about 1 per cent. 
Secondly, the comparison of the magnetostriction in two diff(»rcnt rods was 
less accurate, as use of expression (8) involves the necessity of exact knowledge 
of the length of the rods, and owing to the nud^hod by which the rod was fixed 
in the extensometer as shown on fig. 2 the effective length could only be esti- 
mated to 0*5 or 0*25 of a millimetre. The accuracy in this case was thus 
only within 3 or 4 per (5ent. Finally, the estimation of the absolute value of 
magnetostriction involves, from (8), the necessity of exact laiowlcdge of the 
magnification power of the extensometer, and this was only known to within 
3 or 4 per cent. The absolute value of the magnetostriction could therefore 
only be estimated within 0 or 8 per cent. In the present stage of the study of 
the phenomenon this considered to be sufficient. 

Summary. 

An extensometer for measuring changes of length down to 10“^' cm. in a 
short interval of time is described. The properties of this (ixtensometer are 
discussed and the method of calibration is given. The procedure for the 
measurement of magnetostriction in strong magnetic fields by means of this 
extensometer is described. An analysis of the accuracy of tlie measurements 
and the possible stray effects is given. 
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The Study of the Magnetic Properties of Matter in Strong Magnetv: 
Fields. Part V . — Experiments on Magr^ef^striction in Dia- 
and Para-magnetic Substances. 

By P. Kapitka, F.R.S., Messel Rcsearcli ProfesBor of the Royal Society. 

(Received December 15, 1931.) 

[Plates 5 and 6.j 

Experinie^its on Magnetostrictum in Bismnlh. 

IrUroductimi . — The bismuth rods used for the experiments were of circular 
cross section, the diameter being about 1 mm. and the length varying from 1 
to 2 cm. The rods were prepared in the usual way by extrusion of the metal, 
and afterwards grown into crystals of the desired orientation by the method 
described by the author in a previous paper.* Except where 8iH*(iially stated, 
the bismuth used was obtained from Hilger and was 99*993 per cent, pure, 
and was the same as that used for the experiments on magnetisation described 
in Part II of this paper.f The rods of bismuth were fixed in the apparatus 
as shown in fig. 2. The two globes which held the rod were made of low 
melting point Newton alloy ; tlu^ length of the rod was measured by a travelling 
microscope. The rods when placed in the extensometer were submitted to 
a stress produced by the weight of the piston 9, fig. 1, and by different con- 
necting links. The force due to the weight of these parts amounted to 127 gm, 
w^hioh produced a stress of about 15 kg. per square centimetre on the 
specimen under examination. Later it will be seen that the phenomena 
observed are actually independent of the stress. 

The experimental results are represented by curves. The redative increase 
of length Al/l multiplied by 10« is taken for the ordinates, and the absciss® 
as before, represent the field in kilogauss. In weak magnetic fields, for all 
orientations of the crystal, we found that the increase in length followed the 
square law, and in this case the experimental results could be expressed by the 
moduli of magnetostriction as defined in Part III, expression (60). The 
magnetostriction effect was very large and the possible stray effects were small 
in comparison and could be regarded as negligible. 


* ‘ Proo. Roy, Soc./ A, vol. 119, p, 369 (1928). 
t * Proc. Boy, Soo.,* A, vol. 131, p, 267 (1931), 
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As the C.M.S. is proportional to the diamagnetic susceptibility it will have, 
at low temperatures, the largest moduli perpendicular to the trigonal axis. 
Thus, taking the values for the susceptibility from Part II, p. 271, and inserting 
in eqiiation (1), Part III, we find the corresponding moduli at the temperature 
of liquid nitrogen to be — 0* 1 x 10“^® or, as will be seen, a fraction of a per 
cent, of the actual moduli of the A.M.S. For other orientations tod tempera- 
tures the moduli of the C.M.S. are even smaller. The moduli of the T.M.S. 
are of the same order, and when calculated from equation (20) Part III, taking 
the values for the expansion coefficient of bismuth crystals given by Roberts,* 
we find the highest of the moduli at room temj)erature to be that perpendicular 
to the axis 0*08 X 10“^®. In this case the T.M.S. only reaches about 1 p^r 
cent, of the A.M.S. We see therefore that the C.M.S. and T.M.S. can be 
disregarded in comparison with the A.M.S. 

The Magnetostriction alotig the Crystal Aods. 

The magnetostriction along the principal trigonal axis was studied on a 
number of specimens and all gave the same results. The crystal used for the 
most accurate set of experiments was a rod 13 -5 mm. long and 1 mm. in 
diameter, and the crystal axis was parallel to the axis of the rod within one 
or two degrees. Oscillogram 1 illustrates the magn^jtostriction at room 
teraprature. The curve M is traced by the extensometer, the curve I by 
the current oscillograpli. The maximum field in this oscillogram was 250 
kilogauss at which the relative increase of length was 20*7 X 10“®. The 
change of length as a func^tion of the magnetic field is plotted on fig. 4. Curve 1 
is for room temprature (188*^ K.) ; curve 2 for the temprat\ire of liquid 
nitrogen (—87° K.), Each of those curves has been obtained from two sets of 
oscillograms, one for weaker fields up to 160 kilogauss marked by blackened 
circles, and the other up to the full strength of the field of 250 kilogauss marked 
by open circles. Curves were also obtained for intermediate temperatures, 
but since they had the same appearance and lay close to each other between 
curves 1 and 2 we did not plot them graphically, hi all these cases tlie magneto- 
striction takes a very simple form ; it has a posit ive sign (Le . , the rod expands), 
and within a range between 40 and 250 kilogauss, follows the square law. At 
room temperature this law liolds accurately within the limits of experimental 
error, but at the temperature of liquid nitrogen there is a small deprture 
when in the stronger fields the increase in length is slightly less than would be 


♦ ‘ Proo. Roy. Soc.,* A, voJ. 106, p. 309 (1924). 
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<^xpected from the initial square law. The departure can easily be seen on 
curve 2, fig. 4, at a field of 250 kilogauss—according to the square law the 
magnetostriction should be about 5 per cent, larger than that actually observed. 
This deviation is small, and for all practical purposes we can assume that the 



Fig. 4. — The longitudinal magnetoatnetion in a bismuth crystal. 

PumUd to the irigonal crystal axis » — Curve 1 at 288” K. ; curve 2 at 87® K. 
P^endicidar to the trigonal crystal axis , — Curve 3 at 286” K. ; curve 4 at 214® K. ; 
curve 6 at 160® K. ; curve 6 at 128® K, ; curve 7 at 87® K. 

phenomenon follows the square law, which makes it possible to express it by 
means of the moduli of magnetostriction as defined by expression (50), Part 
III, namely, 

^ = ( 12 ) 

The experimental data for m,g obtained at different temperatures are given in 
the following table. 
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Table I. 


Temperature K 

1 

288"' 210“ 1 

! 

172° ! 

1 

126'' 

87^ 

mg, X 10*« 

1 

1 

SC 7 0 j 

7-8 j 

8-2 

8-8 


Plotting m 33 as a function of T as in fig. 5, curve 1, it is seen that in the range 
considered, may be taken as a linear fimction of the temperature according 
to the expression 

mgg rHgg^ (1 j^gT) (13) 

in which we find fig ==^1*17 X 10"^ and = X 10 '^*. Comparing 
the change of moduli Wgg with the change of magnetic susceptibility along the 
same axis as obtained in a previous experiment (Part II, (69) ) we notice that 
the dependence of on the temperature is the same as for the corresponding 
Xg8, except that the temperature coefficient a has the smaller value of 0 ■ 76 X 
This suggests that the two quantities are simply related as we should expect 
from the gen(?ral theory (see Part III, expressions (9) and (10) ), The possible 
causes for the differencjc of 40 per (jent. between a and p will be distmssed later. 

TJie M<j^ri>etodriction Perpendicular to the Main Crystal Axis. 

The most accurate experiments were made for this direction on a crystal 
rod 16*3 mm. long in which the trigonal axis made an angle of 87'^ with the 
axis of the rod, and one of the three binary axes made an angle of S'" with the 
axis of the rod. In the complete range of temperatures studied, the magneto- 
striction was negative (i.c., the rod contracted), and the nature of the phenome- 
non was of a much more complicated character than the magnetostriction 
along the axis described in the previous paragraph. 

The experimental results at different temperatures are given in fig. 4 by 
curves 3- 7. Bach of these curves was obtained from two sets of oscillograms ; 
one for a maximum field strength of 250 kilogauas marked by open circles, 
and the other for a field strength up to 70 kilogauss marked by blackened 
circles. (For the sake of the cleaniess of the drawing we liave only plotted 
these points on curves 3 and 7.) Curve 3 is for room temperature, and the 
oscillograms from which it is obtained are reproduced in Plates 5 and 6, figs. 2 and 
6 ; the former being for strong fields and the latter for weak fields. It appears 
that for the weak fields the magnetostriction is proportional to the square of 
the magnetic field, but after 100 kilogauss there is a marked deviation from the 
square law, and at 250 kilogauss the deviation reaches a value of 30 per cent., 
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the magnetostriction being less than would be expected from the initial square 
law. As we go to lower temperature (curves 4, 5, 6 and 7) the magnetostriction 
in the weak fields increases in magnitude, and the deviation from the square 
law also increases. Finally, as can be seen on curve 7 (taken at the temperature 
of liquid nitrogen), the deviation takes on the character of a “ saturation ** 
phenomenon. This can also be seen from oscillograms 2, 3 and 4, which 
correspond to curves 3, 6 and 7 which relate to temperatures of 288® K., 128® K., 
and 87® K. respectively, the maximum magnetic field being 250 kilogauss in 
each case. On oscillogram 2 the curve M traced by the extensometer has a 
similar shape to that on oscillogram 1 for the effect along the axis, exci^pt that 
it Ims an opposite sign. At lower temperatures the general character of the 
curve changes, and on oscillogram 3 (128® K.) the flattening of the curve 
traced by the extensometer can be seen, and is still more marked on oscillo- 
gram 4, taken at the temperature of liquid nitrogen. 

In the weak magnetic fields where the square law is obeyed, change of 
temperature has amarked effect. From oscillograms 6, 6, 7, 8 and 9, correspond- 
ing to a maximum field of 70 kilogauss, are taken the initial parts of curves 3, 4, 
5, 6and7 onfig, 4. It cjan easily beseenthatat room temperature (oscillogram 5) 
the maximum amplitude of the extensometer at 70 kilogauss is small ; it 
increases as the temperature gets lower, and finally, in fig, 7, Plate 6, the 
magnitude is about 5 times greater. Were it not for the saturation effect, 
in a field of 250 kilogauss at the temperature of liquid nitrogen, the magneto- 
striction would be at least five times larger than at room temperature and 
would roach the extraordinary value of —1*2 X 10“^. Owing to the satura- 
tion effect, however, the magnetostriction perpendicular to the crystal axis at 
250 kilogauss is of the same order of magnitude as at room temperature. 

At the present stage of our investigations of this phenomenon, it is hardly 
worth while to look for an analytic expression for the shapes of the curves for 
the saturation effect as obtained at low temperatures and in strong fields, and 
in the first instance we shall limit ourselves to the weak fields where the square 
law seems to hold and where we can therefore express the phenomenon by the 
moduli of magnetostriction Even in this case we meet with certain 
diftictilties. At temperatures not much below room temperature we can 
easily obtain the moduli by measuring the oscillogram in the case parallel to 
the axis ; but at lower temperatures, approaching that of liquid nitrogen, we 
encounter a serious difficulty. If, for instance, we take oscillogram 7 and 
plot the magnetostriction against the square of the magnetic field, and draw 
a tangent from the origin we find %x ^ about —40 X 10 but later on 
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we find that the value of mu obtained in this way will not answer the require- 
ments of the symmetry relations of the crystal as deduced in the previous 
part for a crystal of the symmetry of bismuth. For instance, we found that 
the experiments on the magnetostriction of crystal rods with their trigona 
axis making an angle varying from to 90"' with the magnetic field, which 
should follow expression (51), Part III, according to the requirements of the 
symmetry relations, do not satisfy the expression. This led us to a very 
careful examination of the curve traced by the oscillograph. By means of a 
special photometric magnifier, the oscillograms obtained at low temperatures 
were again magnified and measured with great accuracy. It then appeared 
that the magnetostriction has a much more complicated character than 
originally assumed : in the very weakest fields up to 15 kilogauss at the 
temperature of liquid nitrogen it seems to follow the square law, and we find 
that ~ 20^8 X 10^ However, with stronger fields, before the 

saturation appears, the inonmse in length is much more rapid than would 
be given by the square law, and probably corresponds to at least the fourth 
power, and only then begins to diminish again and go to saturation. Thus 
the true values of Wjj can only be obtained in a region of very weak fields 
lying between 0 and 20 kilogauss, a range where our method is evidently not 
accurate since it is not meant to deal with weak fields. In this region our 
data will eventually have to be checked by using an ordinary electromagnet. 

The values obtained from our experiments for the initial parts are tabulated 
for different temperatures in Table II. 


Table 11. 


1 

Temperature K 

286" 

i 214° 

1 

leo- 1 

128" 

87° 

Wti X 

1 -80 

1 

-l«-4 j 

-188 1 

-30*8 


The dependence of on the temperature is given in fig. 6 by curve 2, and it 
can be seen that we have an approximately linear law which can be expressed 

by 

mil = 24-6 X 10-«(1 -2-4 X 10-»T). (14) 

Oomparmg with the magnetic susceptibiUty aa observed at difierent 
temperatures perpendicular to the axis (Part II, p. 271), we see that the 
temperature coefficient is 2^ times larger for mj, than for the susceptibility. 
Since the calculation of the moduli at low temperatuies is not very certam, as 
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stated above, and the error will always tend to increase the value of at 
low temperatures, the actual coefficient of may be smaller. 

In the plane perpendicular to the trigonal axis, according to the symmetry 
requirements, the quadratic magnetostriction must be the same in any direction 



Fio. 5. — The dependence of the moduli of the quadratic A.M.S. on the temperature. 
(hiTve 1 for moduli ; curve 2 for moduli m„. 

and Mil must be equal to I** strong magnetic fields, however, when the 
deviation from the square law is observed, the longitudinal magnetostriction 
may, a priori, vary in the plane perpendicular to the trigonal axis. To examiiie 
this question we compared the magnetostriction in crystal rods grown per- 
pendicular to the trigonal axis, but having the binary axis either perpendicular 
or parallel to the axis of the rod. The exact comparison is not easy, as the 
experimental errors arising from comparing the absolute values in two rods is 
rather large, as explained before ; also, as already mentioned in my previous 
paper, the growth of (good) crystals of this orientation is difficult and this 
introduced more error. However, the results of the experiments show that 
the general character and magnitude of the phenomenon is the same when 
the binary axis is parallel or perpendicular to the magnetic fiield. In both 
cases we observed saturation and the difference may be only in details. 


TAc Longilttdiml Magmtostridion at Different Angles to the Trigonal Asm, and 

Magneto-slipping. 

A number of crystals were grown with the trigonal axis inclined to the rod 
at an angle varying from 0*^ to 90^, the binary axis being in the plane passing 
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through the rod and tlie trigonal axis. Unfortunately, wlien we came to study 
the magnetostriction under these conditions we found that the phenomenon 
was interfered with by an unsuspected disturbamjo ; the rods began to elon- 
gate in the magnetic field in an irreversible way. The phenomenon is illustrated 
in Plate 0, 08 <iillogram fig. 10, taken for a crystal whose axis made an angle 
of 58*" with the field, the maximum field being 141 kilogauss and the tempera* 
ture that of liquid nitrogen. On this oscillogram it can be seen that imtil the 
point marked X the rod contracts in the usual way. but after X it begins to 
elongate until the point marked Y where the abnormal elongation stops, and 
the rod elongates as would l>e expected in fields of diminishing strength. Thus 
it seems that l>etween X and Y there is a plastic deformation of the rod result- 
ing in an increase of its length which can be seen on the oscillogram since the 
extensometer reading does not return to the initial zero. In a number of 
oases the magnitude of this irreversible increase in the length of the rod was so 
large that the spot of the extensometer left the plate altogether, and the 
remaining portion of the curve is not found on the plate at nil. Sometimes 
the increase of length of the rod occurs in two stages ; after a certain increase 
the rod begiiw to contract normally, and then again the irreversible phenomenon 
happens. In general the phenomenon has a very irregular cliaracter, but is 
much more pronounced at low temperatures and stronger fields ; after several 
exposures to the magnetic field its magnitude gradually diminishes ; in most 
cases it degenerates into small irregularly placed ripples on the curve. The most 
probable explanation of this phenomenon is as follows. 

It is known that in bismuth the basal plane perpendicular to the trigonal 
axis is a very good cleavage and sliding plane. When this plane is either 
parallel or perpendicular to the axis of the rod, plastic elongation is not 
easily produced since the other slipping planes are much less perfect ; we 
assume that the phenomenon observed is due to slipping at the main cleavage 
^lane, this explains why it is only observed when the angle between the crystal 
axis and the rod dififers from 0*" to 90^, for this reason we shall call it inagnet(h 
dipping. The mechanism which accounts for this phenomenon is probably 
very trivial, as it is quite inconceivable to think that the magnetic field afieots 
the iorces of cohesion when the crystal begins to slip, and in this case the 
phenomenon would no doubt have a much more regular character ; therefore 
it seems most likely that it is due to imperfections of the crystal. We may 
picture the phenomenon occurring in the following way : the imperfections of 
the eiystal introduced by impurities and stresses are probably not evenly 
distributed throughout its vohaUe~th^ are places where the crystal is 

WOL, 0XX;XV«~A. 2 Q 
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poTB and loas perfect. When the field is applied, the magnetostriction pro- 
duced in the impure parts is different in magnitude from that produced in the 
purer parts. This produces internal stresses which, combined with the 
longitudinal pull applied to the specimen while it is under examination, reach 
in plactes such high values as to make the crystal slip along the cleavage planes. 
Since the internal stresses due to the magnetostriction are probably distributed 
at random, while the applied stress has a definite direction, the sum of both has 
a preferential direction resulting in an elongation of the rod. This picture 
is confirmed by some exptjrimental results given in the next paragraph where 
it will be shown that the impurities have a marked effect on the magneto- 
striction, this effect being especially noticeable at low temperatures where 
magneto-slipping is much greater. 

The gradual diminution of the magneto-slipping with increased time of 
application of the field may probably be accounted for by the development 
of cracks along the basal plane, the existence of which have already been 
described by the author in a previous paper.^ After exposure to the field, 
cracks develop in the places where there is the largest internal stress, and in 
these places, by a subsequent application of the field, the internal strain does 
not rise beyond a definite yield point. In order to check the accuracy of 
this view, experiments were made with crystal rods made of bismuth, which 
we received towards the end of our researches, which was twice as pure as that 
used previously. We va(juum distilled this bismuth in a quartz vessel and 
grew the crystals in vacm ; this was done in order to exclude as far as possible 
the presence of any occluded gast's, the presence of which no doubt plays an 
important role as an impurity of the metal. A crystal made of this pure 
bismuth which had the same orientation, 58®, as that for which oscillogram 
10 was obtained, actually showed on experimental examination much less 
slipping, and after five exposures with a maximum field of 248 kilogauss at 
the temperature of liquid nitrogen it was possible to observe the magneto- 
striction. The curves obtained on the oscillograms still showed small ripples 
which are due to magneto-slipping, but the phenomenon was undisputably 
smaller than in the bismuth previously examined, and this tends to confirm 
our view. It will l>e seen later that the magneto-slipping phenonumon also 
occurs in graphite crystals where it probably has a similar origin. 

The magneto-slip|ung phenomenon prevented us from making an accuiate 
study of the magnetostriction for all intermediate orientations of the crystal 
with the rod between 0® and 90®. These investigations can only be carried 
♦ ‘ Free. Roy. 8oc.,’ A, wil. lia^ p. 365 
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out with some degree of accuracy in weak fields where the phenomenon i« very 
small. In these fields the magnetostriction follows the s(;[uare law, and, as has 
been shown in expression (51), Part III, the moduli of the longitudinal 
magnetostriction when the angle formed by the trigonal axis with the magnetic 
field is 0 , will be connected with the moduli, mjg, and in the 

following way. 


k 


™ i [wt33 COS'* 0 f {m^x + %a + ® ® 


4* sin* 0 1 H* H*. (15) 


The study of the niagi\eto 8 trictiou along these directions gives the possibility 
of determining the sum of the moduli + inj 3 + 1 ^ 44 . The experimental 
data for at room temj)erature are 
plotted on curve 1 , tig, 6 , by open circles ; 
the curve shown by a continuous line 
is calculated from (15) by taking 
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It will be seen that within the experi- 
mental error the points lie well on the 
theoretical At the temperature of 

liquid nitrogen, as has already been stated, 
the determination of the moduli from the 
square law part of the experimental curve 
when the angle 0 is clotk^ to 90® is not very 
accurate, but still, taking the sum of the 
moduli m^i + f — 23 -5 x 10 ” 
we get curve 2 , fig. f>, where the experi- 
mental iMiints are marked by open circles ; 
fair agreement is again obtained with 
experiment. 

We have already mentioned that unless the moduli arc deduced with 
special care the experimental points would lie absolutely out of the ctirve ; 
the close agi'eement is thus a check on the accuracy of the moduli for low 
temperatures, 

Uugndostrictmi in MtUlicTystaUim Bods. 

Bxperiments were also made with extruded rods of bismuth. 


Fig. d.-^Th« moduli m^for the qoadratio 
A.M.S. Curve 1 at room temperu- 
turo ; curve 2 at the temperature of 
liquid nitrogen. 


the magnetostriction is much smaller than for mono-crystals. 


this case 
This is due to 
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the fact that the orientation of the micro-cryatals is at random, and since 
iiiong the axis the magnetostriction is positive, and perpendicular to the axis 
it is negative and both phenomena are of the sam(^ magnitude, they nearly 
tianoel each other. As a rule, at room temperature, the balance between 
contraction and elongation is always in favour of contraction, and all the 
rods which we examined showed a diminution in length which followed the 
square law. This is what we should exj)ect, since at room temperature both 
elongation and contraction separately follow the square law. 

We also found that the magnitude of the magnetostriction varied considesr- 
ably in different specimens, this probably being due to some preferential 
orientation of the micro-crystals produced during extrusion which varied from 
specimen to specimen. In most coses we observed that the magnetostriction 
for a multicrystalline rod was at legist four or five times smaller than the 
inagnetostrictiou perpendicular to the axis. The magnetostriction, at room 
temperature, of an extruded rod nearly twice as long as that used in the 
experiments with mono-crjrstals is shown in Plate 6, oscillogram 11. It will 
be seen that the maximum deflection of the extensometcir is much less than in 
the corresponding oscillogram 2 for a crystalline rod. The magnetostriction 
at the temperature of liquid nitrogen for a multicrystallinc rod is shown in 
Plate 0, fig. 12 ; the oscillogram in this case has a peculiar shape — the rod first 
contracts very rapidly, but after teaching a certain value it begins to expand 
again. This sliape of the oscillogram is easily explained from the results of the 
study of mono-crystals. The contraction of the micro-crystals which happen 
to liave their axes perpendicular to the field at low tempi^ratures initially, is 
much larger than the expansion of the crystals witli their axes parallel to the 
field and this aocwints for the steeper rise of the curve for multicrystalline 
bismuth as seen in oscillogram 12. When the intensity of field is reached 
where the saturation begins to manifest itself, the contra<;tioii of the micro- 
crystals having their axes perpendicular to the magnetic field becomes very 
small, while the micro-crystals wliich have their axes parallel to the axis of 
lihe rod still continue to elongate — ^this phenomenon becomes dominant and 
the rod begins to elongak*. It is interesting to note that in multicrystalline 
bismuth we never ol:>8erve a magneto-slipping effect, and this supports our 
view that the phenomenon is a slipping on the cleavage planes, since it is 
evident that in multicrystalline bismuth a large internal strain must also Occur, 
hut it cannot result in any residual deformation in the absence of well-defined 
slipping planes which are present in the mono-crystals. 
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The Influence of Impurities. 

The previous studies of the different magnetic properties of bismuth revealed 
the great influence of the presence of even small amounts of impurities. In 
view of this, and also to obtain a check of our proposed explanation of the 
magneto-slipping phenomenon, we made some experiments on bismuth which 
was less pure than that used for the experiments described. This bismuth 
was supplied by Kahibaum and was similar to that used for some experiments 
in the study of change of resistance in strong magnetic fields.f A spectroscopic 
examination showed that it contained lead and silver in at least ten times the 
proportion present in the bismuth obtained from Hilger. The experimental 
results for mono-crystals are given in fig. 7. Curves and 2^" are obtained 



Fio. 7. — ^Magnetostriction in impure bismuth crystals. 

Crystal axis pasraM to Ouive 1 x at^room temperature ; curve 8^ at the 

temperature of Uqydd nitrogen. 

Crystal axis psrpendioiilar to the Curve at room temperature ; curve at 
the temperature of liquid nitrogen. 

fThe ooiMponding curves for pure bismuth taken from fig. 4 are plotted by dotted 
lines.) 

t * Proo. Boy. Soo./ A, toL 110, p. 408 (1928). 
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with the axis parallel to the field and represent the magaetostriction at room 
temperature and at the temperaturti of liquid nitrogen respectively. The 
corresponding curves for mono-crystals of pure bismuth &s given on fig* 4 
are shown for comparison on fig. 7 by broken lines. It is seen that the 
magnetostriction for impure bismuth follows in general the same law, but its 
magnitude is smaller, being about 12 pcjr cent, less at room temperature and 
about 22 per cent, less at the temperature of liquid nitrogen. As has already 
been stated, the comparison of the absolute values of the magnetostriction 
for various rods is liable to a considerable error, but even this error could 
not account for a difference of 12 per cent. The comparison of the tem- 
perature coefficients is free from the error inherent in the absolute measurement 
of the length of the rod, and the temperature coefficient pg as given in 
expression (13) for the impum bismuth is found to be twice as small as that for 
pure bismuth. Thus the magnitude of the magnetostriction in impure bismuth 
increased less rapidly with decreasing temperature than in pure bismuth. 

For the magnetostriction perpendicular to the trigonal axis the influence 
of the impurities is still more marked. The expisrimeutal results for pure and 
impure bismuth are plotted on the same diagram (fig, 7), where curves 3** and 
7** are for impure, and curves 3 and 7 taken from fig. 4, and marked by a 
dotted line, are for pure bismuth. Curves 3* and 3 are for room temperature, 
and curves 7 ** and 7 for the temperature of liquid nitrogen. At room tempera- 
ture the magnetostriction in impure bismuth follows the square law, but is 
about 7 per cent, smaller than in the pure metal. At the temperature of 
liquid nitrogen tlie difference is still more marked ; at the beginning it appears 
that the magnetostriction of impure bismuth is slightly larger, but the 
** saturation value at 250 kilogauss is only 0*6 of the value for pure bismuth. 
Thus we see that there is complete evidence for assuming that the plienomenon 
of magnetostriction is affected by impurities, and the difference in magnitude 
of this effect is larger, the stronger the field and the lower the temperature* 
We shall see later on from the discussion of the results that the influence of 
impurities on the magnetostriction is in some aspects similar to that observed 
in the galvano-magnetio phenomena. 


The Influence of 8tres» m the 

It has been already stated that daring the experiments the rod in the 
extensometer was submitted to a stress of about 15 kg. per square centimetre* 
It was conceivable that this stress might have a certain influence on the 
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character of the magnetoetr iction ; in particular, the saturation effect observed 
with the field perpendicular to the crystal axis at low temperatures might be 
accounted for by the failure of Hook’s law for such large deformations. To 
examine this point a set of experiments were made in which the magneto-- 
striction was observed in the same rod for different stresses. For these experi- 
raents the piston (9), fig. 1, was either loaded by placing weights directly on 
its top, or unloaded by attaching weights, (30), to the lever (29). The specimen 
of bismuth used was a crystal rod with its axis perpendicular to its length, and 
was the rod for which curves 3 to 7 on fig. 4 were obtained- The magneto- 
striction was observed under stresses varying from 10 to 27 kg. per square 
cmtimotre ; this gave a range of stresses of 17 kg. which would correspond to 
a strain in the specimen of 6 X about one and a half times larger than 
the maximum magnetostriction observed. In spite of this large strain, the 
curve for the magnetostriction was the same as when the piston was unloaded, 
both at the temperature of liquid nitrogen and at room temperature. The 
only effect observed was that with the maximum strain of 27 kg. per square 
centimetre the magnetostriction was reduced by about 5 per cent, in com- 
parison with the strain of 10 kg., and this reduction was the same for all field 
strengths* This small effect, if it is genuine, must be regarded as negligible for 
all practical purposes ; but it is more probable that this observed difference 
can be accounted for by a reduced magnification power of the extensometer 
which is conceivable when the thin diaphragm of the balance is very strongly 
loaded. 

The St%tdy of Magnetostriction in other Weakly Magnelie S^ibstances. 

Besides an extended study of the magnetostriction of bismuth, we made a 
number of experiments with various other non-ferromagnetic substances, 
mainly with a view to finding out the magnitude of the possible phenomenon 
and what experimental conditions would be necessary for studying them in 
more detail at a later date. We have chosen the most characteristic metals 
from all places in the periodic system. In some of these we were able to find 
an A.M.S., but on a considerably smaller scale than in bismuth. In these 
experiments we tried as far as possible to use crystals, and in many cases an 
X-ray examination of the crystals was required. For all these X-ray examina- 
tions I am indebted to the kindness of Mr. J. D. Bernal, who was good enough 
to make them for us. 

Antimony . — Antimony is above bismuth in the periodic system, and has the 
same crystal lattice ; it also shows on a reduced scale all the special magnetic 
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and galvauo-magaetic properties of bismuth. There was very little doubt 
that antimony would also show the phenomenon of magnetostriction, and to 
verify this we took a multiorystalline extruded rod made of the same antimony 
as used in the previous experiments* which was obtained from Kahlbaum. 
The rod was 1 • 16 mm. in diameter and 21 • 6 mm. in length. At room tempera- 
tore a quite distinct negative magnetostriction was observed and the experi- 
mmital data obtained are plotted on curve 1, fig. 8. It will be seen that the 
phenomenon appears to follow the square law. At the temperature of liquid 



Fio. 8. — ^Longitudinal magnetoBtriotion for multiorystalliiie antimony rod. Curve 1 at 
room temperature ; curve 2 at the temperature of liquid nitrogen. The magneto- 
striotion perpendicular to the hexagonal axis in Ceylon graphite. Curve 3 at 280^* K. ; 
curve 4 at 166® K. ; curve 5 at 90® K. 

nitrogen the magnetostriction changes sign and becomes positive as shown on 
curve 2, fig. 8. Here it will be seen tliat there is a marked departure from the 
square law, in general similar to that observed for multicrystalline bismuth 
rods under the same conditions. This experiment shows that the behaviour 
of antimony is analogous to that of bismuth, but the phenomenon is on a 
smaller scale. More careful experiments will have to be undertaken with 
properly grown crystals. 

QtajikUe , — Graphite crystals are known to be very strongly diamagnetic, 
and to show large changes of resistance in magnetic fields. We also found that 
it has a considerable magnetostriction— the next largest after bismuth. We 
could not obtain a mono-crystal of graphite of sufficient size from which a rod 

* ‘ Froc. Boy, Soo./ A, voL 12S, p. 827 (1929). 
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could be cut for the study of the magnetostriction. We therefore took a bunch 
of natural crystals obtained from Ceylon which had their cleavage planes more 
or leas in the same direction, and cut out a rod of square section, 1 mm. X 1 mm. 
and 20 mm. long parallel to the cleavage plane. The rod was fastened in the 
holder, fig. 2, by making tlie spheres a of shellac. The magnetostriction 
was found to be positive and four or five times smaller than that of bismuth. 
The experimental results at room temperature arc given in Plate 6, oscillo- 
graph 14, where the maximum field was 250 kilogauss. At low temperatures, 
the magnetostriction increases in magnitude, but the magneto-slipping 
phenomenon interferes as in bismuth and has the same appearance and 
character, gradually diminishing its magnitude after a number of exposures, 
after which it was possible to obtain reasonable oscillograms. The magneto- 
striction was positive for all temperatures and followed the square law ; it 
increased strongly with decreased temperature and no saturation phenomenon 
was observed. The experimental results are plotted on fig. 8. Curve 3 is for 
room temperature (288" K.), curve 4 for 165° K., and curve 5 for 90" K. 
Graphit<? is hexagonal and has six moduli to describe its quadratic magneto- 
striction. The symmetry of these moduli is very similar to that of bismuth, 
except that in Table 44, Part III, we have to put nim — 0. The numerical 
values for the moduli mj| measured in our experiments are given in the following 
table ; — 

Table HI. 


Tamperaturo : 


288 ® K. 


105® K. i 

I 


90® K. 


mil X lO^* 

X X 10* 


1*2 

-3-6 


1'5 

-. 4-6 


2-26 

— 7 (approx.) 


It 18 seen that the magnetostriction increases with diminishing temperature 
more rapidly than would be given by a linear law. The magnetisation in 
CSeylon graphite as found by Owen* also increases rapidly as the temperature 
cIk^. In his paper, Owen only gives a small scale curve for the diamagnetic 
suscejptibility in his experimental results for powdered graphite, and the 
lowest temperature at which his measurements were made is 100® K. By 
measuring his curve and extrapolating it to 90® K. we obtained the value for 
the susceptibility given in the last row of Table III. It can easily be seen that 
the ratio between the susceptibility and the moduli remains about the 

« * Aim. Physik./ voL 37, p. 692 (1912). 
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same at all temperatures, that is, 3 X 10"^®. This showg that close relation 
between the diamagnetic constant and the moduli of magnetostriction which 
will be discussed later. 

The stray effects due to induced currents are very small in graphite. The 
C.M.S., os will be shown, may be yery considerable, but since it has a negative 
sign it can only decrease the actual observed A.M.S. ; the T.M.S. also has a 
negative sign. Thus the observed phenomenon is due to the A.M.S. In order 
to find the exact value of tlie C.M.S. we must know the elastic properties 
and susceptibility of graphite crystals peipendicular to the hexagonal axis. At 
present the measurements of the susceptibility in graphitt^ crystals are 
not very reliable. Along the crystal axis Owen finds the value —15 X 10** 
for a particular specimen. If graphite is also diamagnetic, perpendicular 
to the axis, the susceptibility of a powder, as can be shown from purely 
geometrical considerations, cannot be larger than —5 x 10~®. Actually, 
Owen's measurements give —3*6 X 10'"®, Honda and Sone* also determined 
the susceptibility of graphite crystals. Along the main axis of a particular 
specimen they obtained a maximum value of —21*6 X 10""®; porpendioular 
to the axis the susceptibility varied according as the binary axis was paralle] 
or perpendicular to the field. For instance, in the specimen mentioned which 
showed the largest diamagnetism, the values obtained were —4*72 X lO""* 
and — 0‘23 X 10“® respectively. This result is in direct contradiction with 
the requirements of symmetry of hexagonal crystals, according to which the 
values should be the same (see Voigt, he, oif., p. 312). Since it seems probable 
that the presence of iron as an impurity would not be sufficient to explain the 
anisotropy observed, we must conclude that it must probably be attributed to 
imperfections of the crystal lattice of the examined crystal. 

The elastic properties of pure graphite have been measured by Pirani and 
Fehse,! who found that for graphite fibres where the preferential orientation 
was for the individual crystal to have the axis perpendicular to the length of 
the fibre, the value of Young's modulus was 82 X 10""® dynes/cm.*. Poisson-s 
ratio has not been measured, but since it varies little in different substances 
and is never known to be less than 0*25, wc will not underestitaate the C.M.S. 
in taking this value. Taking the density of graphite to be 2 * 1, we get for the 
volume susceptibility perpendicular to the axis, possible values ranging ftoxn 
“-9-9 to — 0'48 X 10“«, which according to expression (1), Part HI, will ^ve 


* * Science Report* TChoku Dniv.,* vol. 2, p. 26 (1913). 

t ‘ Z, Ebotroohem.,’ voi. 29, p. 171 (1923). 
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valtiesof the moduli of G.M.S. ranging botweim mu == — 0*6and —0*03x10“*^ 
Comparing these moduli with those observed, we see that it is possible on the 
strength of the present experimental evidence that the C.M.S. diminishes the 
actual A.M.S. by a value of from 50 to 2*5 per cent. Thus the values given in 
Table 111 may coiuMnvably be increased by this amount* 

GaUium. — From gallium obtained from Hilger and which was about 99*6 
per cent, pure, a rod of 0*5 mm. cross section and 18 mm, length was cast, the 
metal being similar to that used for previous experiments {lac. cit., p. 315). 
The end balls (a), fig. 2, of the rod were made by melting the end of the rcnl and 
allowing it to collect in a drop. Owing to its high resistivity and the small 
value of the induction effect it was possible to measure a small negative magneto- 
striction in gallium which obeyed the square law. In the first experiments at 
room temperature we found that m — 0*8 x 10 and at the tempf^rature 
of liquid nitrogen m — 0*48 X 10”^*. When we repeated the expt^riment 
at room temperature the next day we found that the value obtained for m 
was —0*4 X 10*“*. which was half the previous value. This variation of wiis 
probably dm? to the fact that at room temperature gallium is very close to its 
melting point, which is about SO'" 0., and, as in most metals at tempera- 
tures near their melting points, recrystallisation under strain takes place. I 
am indebted to Mr. J. D. Bernal for making this suggestion. The crystallo- 
graphic changes which occurred overnight accounted for the variation in the 
moduli. 

Qallium is known to have a tetragonal lattice whicli is of low symmetry. 
An X-ray exammation of the gallium rod showed it to be a good crystal with 
its tetragonal axis inclined at 29° to the axis of the rod. It is interesting to 
note that gallium is diamagnetic, and shows a considerable increase of resistance 
in magnetic fields. The C.M.S. in gallium is small compared with the observed 
magnetostriction . 

Tm.— The tin used was the same as for previous experiments (loc. oiL, p. 
821). The rod was 6 mm. long and 1 mm. in diameter, and was grown in a 
OTatal by the same method as used for bismuth. The crystal was very soft 
«ad fixing it in the extensometer considerably disturbed it. Also when placed 
in the extensometer it began to slip, due to the stress. Thus the X-ray examina- 
tion showed a strongly disturbed crystal with its axis normal to the 001 plane, 
making an angle of 18° with the axis of the specimen. Large stray effects 
intervened due to induction, and the results were not very certain since the 
observed magnetostriction was very small and appeared to have the same 
magnitude at the temperature of liquid air as at room temperature. At 
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present, from the results of these experiments we can only give the range of 
the possible values of the moduli, namely, 

0 X 

We may note that tin is hexagonal and diamagnetic. 

Beryllium , — ^The same berjdlium was used as in previous experiments (ioc. 
<$U,^ p. 309) and was kindly given by Dr. Rosenhain, The rod was only 7 mm. 
long and was cut from a crystal with its axis making an angle of 60'* with the 
axis of the rod. The influence of stray efiects was very large, and it was only 
possible to establish the fact that if a magnetostriction existed it would have 
moduli lying in a range given by 

0 <m<o-35 X . 

Magnesium , — ^The same metal was used as for previous experiments {loe. 
cU.y p. 310), and a rod 22 mm, in length and of cross section 1 mm. X 1 mm. 
was cut from a casting. An X-ray examination showed it to be polycrystalline. 
The stray efiects were considerable and no large magnetostriction was observed. 
The limits of the possible magnetostriction are 

0 <w<0-l X 

Tungsten , — From the few existing paramagnetic metals we have chosen 
tungsten as an example. A rod 10 mm. in length and of 1 mm. X 1 mm. 
cross section was cut out from a single crystal kindly given to me by Dr. van 
Arkel. The axis was normal to the 100 plane and made an angle of 82° with 
the axis of the rod. An X-ray examination showed only a slight disturbance 
in the crystal. No large effect was observed, but a small positive magneto- 
striction is probable. At present we can only give the following possible limits 
for the moduli of magnetostriction 

0 <m<0*2 X 10“^ 

Rook SaU, — We also tried to find a magnetostriction in rock salt with, a 
practically negative result. A rod 20 mm. long and of 1 mm. X 1 mm. cross 
section was cut out of natural rock salt crystal in such a way that the 100 
plane was parallel to the axis of the rod. No magnetostriction was ol»erved, 
but it was difficult to fix the rod rigidly in the extensometer since it broke 
very easily. As far as we can say, the possible limits for the moduli of 
magnetostriction are 


0 <w<0-16 X 10“W 
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Conchidon. 

With the means which we now have at our disposal it was possible to estab- 
lish the presence of the phenomenon of magnetostriction in bismuth, antimony, 
graphite, gallium and probably tin and tungsten. For the other substance^i 
which we examined — beryllium, magnesium and rock salt— we cm only 
f5stablish with certainty at present the limits of the possible magnetostriction, 
since the observed phenomena could conceivably be attributed to stray effects. 
It seems probable that the A.M.S. is a general phenomenon and that it occm*s 
in these substances as well as in many others, but owing to the reduced scale 
of the phenomenon in these cases the sensitivity of the method would liave to 
Ue raised at least ten times for useful results to be obtained. 

The main difficulties in the study of small magnetostrictions in metals are 
primarily due to the stray induction effects. As has already been stated, part 
of this stray effect could be avoided with a coil having a longer bore giving a 
more uniform field that the present one. The other part of the induction 
effect as given by (11) is inevitable and can only be avoided by using a current 
wave with a fiat top as described in a previous paper.* We may also notice 
that the stray effect diminishes with decreasing diameter of the rod examined ; 
unfortunately, the use of specimens havinga small diam(it<*r introduces a numbej’ 
of new difficulties in our present extensometer since the load on the specimens 
will be too high and the natural frequency will be too low to make experiments 
in short periods of time. 

A still greater hindrance in these experimtuits lies in the softness of a number 
of crystals such as tin and cadmium, which only get hard when considerably 
deformed. In order to make the extensometer operate, a certain hardness of 
the substance is necessary. This necessary hardness can probably be reduced, 
but, even so, the softness of some crystals is so great that (experiments anj 
impossible without considerable didormation. 

From the present evidence we see that in general the most marked A.M.S. 
oocurs in diamagnetic substances having a crystal lattice of low symmetry, 
md which are also known to change their resistance considerably in magnetic 
fields. 

The Qenerai Moduli of the A.M*S. 

As has been shown in Part III, the number of moduli of quadratic magneto- 
itriotion in an aelotxopic body is 36. The requirements of central symmetrj' 

* ‘ Proc. Boy, Soc.^ A, vol. 116, p. 660 (1027). 
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reduce this number to 26, and a further reduction for crystals having a trigonal 
symmetry like bismuth brings the number down to 7 (Table 44, Part III). 
Thus, in order to descrilK* completely the quadratic magnetostriction in bis- 
muth, seven independent observations of the magnetostriction are required. 
The present experiments have been made on the longitudinal magnetostriction 
and only enable us to detennine the moduli Wag and the sum Wjg -f- -f 
In order to obtain the other four remaining moduli, observations on 
transverse magnet ost riot ion or on change of volume are required. For h 
hexagonal crystal such as graphite the number of indepernlent moduli is 6, 
and up to the present we have only determined one ; the determination of 
the remaining moduli involves extensive investigations of a more complicated 
character which at present would be scarcely justified before a general theoreti- 
cal outline of the origin of the phenomenon is worked out to direct the research. 
We shall see that the present results are aln^ady sufficient to impose quite 
definite requirements on a theory of A.M.S. 

Should the A.M.S. follow th(* square law, m it does in grapliitt^ for all ranges 
of magnetic field, it would be possible eventually to det<?rmine the remaining 
moduli of quadratic magnetostriction. Actually, however, we have seen that 
in bismuth crystals in the plane perpendicular to the trigonal axis the longi- 
tudinal magnetostriction follows the square law in weak magnetic fields only, 
while in stronger fields tlie phenomenon which we called the “saturation 
phenomenon occurred. If we attempt to describe it by means of moduli of 
higher order which apjHiur in the expression for the thermodynamic potential 
( (6), Part III), it will easily be seen that we have to go to very high orders for 
these moduli. This leads to great technical difficulties ; for instance, if we 
consider the next order moduli of the type « we shall find that for a 
completely aelotropic substance the number of independent terms will be 90. 
The w^quirements of symm^itry will considerably reduce this number, and a 
further reduction will follow from the observations which show that saturation 
occurs only in the plane perpendicular to the crystal axis. Even so, the 
number of moduli will still he large and further terms in high powers of H would 
be required ; this makes it impracticable to use a series such as (6), Part EH, 
for the representation of the phenomenon. The following method seems to us 
to be more convenient. From our experimental results we found that the 
magnetostrietlot) in bismuth is unaltered by an independent stress and t^his 
means that in (6), Part III, wc only have to consider the moduli of the fimt 

* It has to bo remembered that the moduli used all the time differ in some oases by a 
faotor of 2 from the original one, as given by expression (23), Part IIL 
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aider relative to p*. This gives us the possibility of writing the thermo* 
dynamic potential in the following integral form 

Uj 0 4 S I dli^ — j (16) 

In this expression and may be any function of the three compouents 
of H and of the tenij)erature. Differentiating Uj by we get for the mag- 
netisation 

1 r, («ab + a P«) (17) 


From which we see that is equivalent to the magnetic susceptibility in an 
imstressed body, and when th<i magnetisation is proportional to the magnetic 
field, is equal to the ordinary susceptibility ( (1^)^ P^rt III). In a 
similar way in the case of quadratic magnetostriction is identically 
equal to the moduli We may call and na^^a the general sus- 

ceptibility and the general moduli respectively, as they may be any function 
of the magnetic field and the temp<arature. The magnetostriction will 
then be from (16) 

(18) 


Thus, the observed magnotostriotion is related to the moduli n^ ,, 
f(dlowmg way 

1 dc. 


■ nil. 


" H, • 3H„ 


in the 
(19) 


which enables us to deduce at any field strength the general moduli of magneto- 
striction from the experimental data. This has been done for the modub 
flu, , of bismuth by difierentiating the curves 4, 5, 6 and 7 on fig. 4. These 
results are plotted on fig. 9 as functions of H,. 

We foimd that the difEeientiation involved in the experimental curve 
necessitated more accurate measurements of the osoillogtama than were made 
paceviously ; for this purpose a special planimetric enlarger was oonstruried 
in collaboration with Mr. E. Laurmann. The main principle on which this 
enkiget works is that the middle of the line on the oscillogram plate is found 
photomatrioally by using a photo-cell, and this permits a oonsidetaUe inoiease 
in the accuracy of the measuxements. By this means the curves obtained covid 
xeadily be difieientiated, and the actual point# obtained lay smoothly on the 
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ourves shown on fig. 1. Curve 4 eorresponds to curve 4 on fig. 4, taicBa 
at 214® K. ; similarly, curves 5, 6 and 7 on fig. 9 correspond to the sanw 
curves on fig. 4. From these curves it will be seen that the general moduli 
of the A.M.S., are a complicated function of the magnetic field Hi- In. 


/ijjjxlo'*' Hj Field in kilog-auss 

6 100 300 300 



Hta. 9. — ^The dependence of the general modoli of longitudinal ou^otoitriction and.i^, » 
on the magnetic field. Curve 4 at 214” K. ; curve 5 at 100° K. ; curve 6 at 128° K. 
curve 7 at 87° K. 

the range of weak fields in which n^, i has a constant value and the magqeto* 
stiiction is a quadratic one, the range of magnetic field within which tiu, i is 
constant diminishes as the temperature is reduced. Thus at the temperature 
of liquid nitrogen the value of ^ is markedly increased at 20 kUogauss, and 
at 60 kilogauss it reaches a well-defined maximum ; it then drops very rap^y 
and at 260 kilogauss is very small. At a first glance it appears that aft 
high fields tends to zero which will correspond to a saturation effect, but to 
establish this with greater certainty, experiments at lower temperatureci wiU 
have to be carried out, since from the present experimental data the posaibUity 
that beyond 300 kilogauss the value of ftu may cross the zero line and taloi a 
positive value cannot be completely excluded. In this case it is evident 
the name of saturation effect wiU scarcely be justifiable. 
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Tht InJUmioe of Stress on Magnetisation. 

The experimental value lor j, as will be seen from (17), permits us to 
deduce the influence of an independent stress on the magnetisation. If we 
denote the magnetisation along the X axis in the unstressed state by for 
a biflmutli crystal we get from (17) that a stress perpendicular to the trigonal 
axis will produce a relative change in magnetisation equal to 


h 




PlV 


m) 


If we calculate the change in magnetisation at the temperature of liquid 
nitrogen and for weak fields, taking to be equal to the volume susceptibility 
deduced from the results in Part II, p. 271 (—2*04 X lO*^® X density 9*8) 
and from Table II ^ 20*8 X 10“^®, we find that with unit applied stress 

th(i magnetisation will change by 1’04 x of its original value. Since 
the maximum stress it is permissible to apply to bismuth crystals without pro- 
ducing a plastic deformation is about 3 x 10’ dynes/cm.^, we see that we can 
only produce a change of magnetisation equal to 0*3 per cent., and it will be 
noticed that the orientation of the (jrystal which we have chosen gives us the 
maximum effect possible. Making the experiments at 50 kilogauss where 
n^i, I roaches its maximum value, we double the change of magnetisation 
obtained in weak fields, and raise the value to 0*6 per cent. This illustrates 
the difficulty involved in experiments on the change of magnetisation with 
stress. The dirtJCt experiments on magnetostriction will probably givt^ the best 
method of studying the general moduli a- 


The Relation bidween Susceptibility and A.M.S. 

Let be the volume susceptibility of a substance, and let it be any function 
of the temperature and the magnetic field, and also a linear function of the 
strain p. Then, as in expression (10), Part UI, we may write 





(21) 


We see that the meaning of the general moduli of magnetostriction is that 
they represent the change of susceptibility when a stress is set up in the crystal 
lattice. The most general and natural physical picture which we can form in 
order to explain the influence of a stress on the susceptibility is as follows. 
We know that the susceptibility of a substance is accounted for by the way in 
which the electrons move within the body. This motion of the electrons is 


2 K 


YOU OXXXV.— A. 
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first of all defined by the electronic structure of the individual atom, and 
secondly by the symmetry of the crystal lattice. The application of a stress 
will produce a small change in the relative positions of the atoms in the lattice : 
this will cause the motion of the electrons to be perturbed, and this will account 
for the change in the susceptibility. This perturbation being very small, we 
would expect the general character of the motion of the electrons not to be 
altered, which leads us to the simplest and most natural assumption : that a 
distortion of tht^ latth^e due to a stress p produces a change in the susceptibility 
proportional to the susceptibility itself. On this assumption the relation 
between the susceptibility and the stress will be 

f and (22) 

where is the volume susceptibility as measured in the unstressed substance, 
and ka is a constant independent of tlie temperature and the field. From our 
experiments on magnetostriction in graphite we have seen that within the 
limits of experimental terror k^ is actually a constant, since in this case the 
magnetostriction is proportional to the susceptibility within the range of 
temperatures studied. However, when we consider tlie magnetostriction 
along the trigonal axis in bismuth, the moduli W33 are not proportional to the 
susceptibility at all temperatures, since the temperature coefficient for these 
moduli is higher than for the corresponding susceptibility Xsa from com- 
parison of our present experiments with the experiments on magnetisation 
described in Part II, p. 271 ; also, within the range of temperature studied, 
m33 and Xsa both linear functions of the temperature. The most natural 
explanation of this difference would be that the diamagnetism in bismuth is 
produced by two factors ; the first factor accounts for a susceptibility K'33 
which is independent of the temperature and does not alter with applied 
stress— for instance, we may imagine that this part of the susceptibility is due 
to the electrons moving close to the atom core and not being shared by the 
other atoms, in which case their motion would be unaltered by a deformation 
of the lattice. The second factor accoimts for a susceptibility which 
depends on the stress and the temperature. On this assumption we may write 
the dependence of the volume susceptibility on the stress and temperature in 
the following form 

IC33 = + *^88 (I — ^8*^) (^) 

where ^3 ”1-17 x 10"* os given by the experiments on the change of moduli 
with temperature in expression (13) ; the other experimental data wUl 
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give the following vahies ; w'gg = — 0*475 X 10 '*, = — 0*886 X lO""*, 

and ig — — i*ll X 10"^'*. We see therefore that, according to this view, 
about one-third of the diamagnetic sueceptibility takes no part in the A.M.S. 
phenomenon. 

In the case of the A.M.S. perpendicular to the trigonal axis for bismuth, we 
may apply the same consideration only in the region of wimk magnetic fields 
where the quadratic magnetostriction moduli are independent of the 
magnetic field. In this case, also, the moduli have a larger temperature 
coefiicient than the corresponding susceptibility both being linear. We may 
therefore at first instance divide into two parts according to the expression 

Ki, = /c'u + (1 ^ PiT) (1 + hpi) + (1 + (24) 

and from the experimental data obtained for magnetostriction and magnetisa- 
tion we obtain the following values: P| — 2*4 X 10""* (expression (14)), 
Kii ~ Ml X 10^*, kV - Ml X lO--* aiid =- -f 2*2 X 10”“ In 
stronger fields, however, where we express our experimental results by the 
general moduli jl, we see that these moduli alter very considerably with the 
magnetic field as shown on fig. 9, and according to our general picture we 
must expect a similar change in the susceptibility. But, contrary to our 
expectation, we found from our experiments on the magnetisation of bismuth 
crystals as described in Part II, p. 268, that within the limits of experi- 
mental error of 2 or 3 per cent., is independent of the magnetic field both at 
room temperature and at the temperature of liquid nitrogen. The only way 
to bring this experimental fact into agreement with the expressed view would 
be to assume that as the temperature decreases a new source of diamagnetic 
susceptibility comes into iorce which we shall call This new suscepti- 

bility must be very small compared with the sum of the susceptibilities '‘'U+K®U 
which are independent of the magnetic held. The maxiiniim value that we 
can assign to order that it may be smaller than the possible error in 

OUT experiments on magnetic susceptibility and thus escape our observation, 
cannot be larger than 0*03 of the total susceptibility, which will give us the 
value 

1k«>u!< 6 X lO-'. 

We shall assume that depends on the magnetic held as the moduli fiu, ^ 
in hg. 9, and insert it as an extra term in expression (24), assuming that in a 
held of 60 kilogauss at the temperature of liquid nitrogen, the order of 
ia approximately equal to 6 X 10"’ and the value of k'l is then approximately 
8 X 10-». 


2 R 2 
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It iB interesting to note that recently a dependence of the magnetic sus- 
ceptibility on the field for bismuth crystals at very low temperatures has 
actually been discovered by de Haas and Van Alphen.* In direct measure- 
ments of magnetisation at a temperature of 14'^ to 20° K. they fomd that 
perpendicular to the trigonal axis the specific susceptibility in good bismuth 
crystals is not a constant, but in the range of magnetic fields from 5 to 20 kilo- 
gauss varies between —2 X 10“'® and —1*3 X 10“®, and in this region has 
a number of maxima and minima. It is conceivable that at these low tempera- 
tures the hypothetical term introduced in expression (24), which we 
assumed from our experiments to have a value not larger than 3 per cent, of 
the total susceptibility at 87° K., would reach such a large value at temperatures 
of the order of 20° K. that its variation with the field might account for the 
phenomena observed. 

The Interpretation of the AM,S. ConstarUs on the Present Theory of 

Diamagnetism. 

In this section we shall discuss the difficulty of applying the modem views 
of the origin of diamagnetism to account for the A.M.S., and indicate some 
important changes which are required in our conception of diamagnetism. 
The present picture for explaining the diamagnetic properties of metals is 
only an elaboration of the old Weber’s hypothesis that diamagnetism is due to 
induced currents in the elementary circuits which possess no resistance. This 
view was successfully applied to the electronic conception of matter by Lange- 
vinf in 1905, and his theoretical results have now been proved correct by wave 
mechanics. As is well known, the picture adopted by Langevin is that during 
the establishment of the magnetic field the motion of the electrons in their 
orbits alters in such a way as to produce a diamagnetic effect. This theory in 
its original form is only strictly applicable to the hydrogen atom ; it has now 
been extended to the helium atom ; and eventually, from the experimental 
results on the study of the magnetic properties of inert gases and ions in 
solutions of corresponding structure, it appeared that the Langevin theory can 
also, in general, be extended to these cases also. Ehrenfest:!: has suggested 
that a further extension of the theory can be made embracing soUds like bis- 
muth and antimony and other strongly diamagnetic substances. In this case, 

* * Natore/ vol. 127, p. 335 (1931), and * Proo. Acad. Soi. Amst./ vol. 33, pp. 680 and 
1106 (1930). 

t ‘ Ann. Chim (Fhys.), S, vol, 6, p. 246 (1906). 

t * Z. Physik.,* vol. 68, p. 719 (1929), and ‘ Physica,’ voL 6, p. 388 (1926). 
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however, it has to be assumed that the orbits of electronic motion are of 
abnormally large size, and include in their motions a number of atoma in the 
lattice. 

From the Lange viu theory, the change in the magnetic moment Afjt. produced 
by the magnetic field in an electron moving in an orbit is 

- UA)- (25) 


In this formula / is a vector which represents the distance of the moving 
electron from the centre of gravity of the orbit. X is a constant which in the 
case of the hydrogen atom is given by 

X — — e®/4w, (26) 

e and m being respectively the charge and mass of an electron. The line at the 
top means that if we consider only one electron, average time values are taken. 
If we consider an aggregate of atoms, instead of taking the average time value 
it is also jHjrmisaible to take the average of the momentary values for the 
different orbits. 

With such a conception of diamagnetic phenomena it seems that the natural 
way to account for magnetostriction in solids is by assuming that Z, the distance 
of the electron from the centre of gravity, may change with stress or strain in 
the lattice. The physical picture which can be made, is that the electrons 
move in large orbits round a number of atoms, and a displacement of these 
atoms in the lattice will perturb the motions of the electrons in their orbits, 
which will result in an increase or decrease in the susceptibility. From our 
experimental data for bismuth it is possible to compare numerically the amount 
of perturbation produced in the orbital motion of the electrons with strain in 
the lattice. Taking the distance between two atoms in the lattice when in an 
undisturbed state to be if we apply a stress p to the crystal this distance 
will change by M, and we shall have 

(27) 

where the are the ordinary elastic constants of the crystal The same 
stress will produce a change in the distance of the electron from its centre of 
motion equal to AZ, and if the undisturbed distance is Z®, then 


^abt a ?«• 


( 28 ) 
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From (27) and (28) we see that for a given strain the ratio of the perturbation 
of the electronic motion to the perturbation of the lattice will be c/s. For a 
bismuth crystal the elastic moduli s have been ejqperimentally obtained by 
Bridgman,* while some of the constants c can l)e estimated from our present 
experiments on the grounds of the Langevin-Bhrenfest hypothesis* lA^t us 
consider a longitudinal magnetisation along the axis a. If we take the number 
of electrons to be N per unit volume, then from (25) the magnetic suscepti- 
bility will be 

K,, - XN (1\+1^) - (29) 

The sum of the squares and can be replaced by l\ where represents the 
distance of an electron from the axis parallel to the magnetic field and passing 
through the centre of gravity of its orbit. We then get from (29), to a first 
order of approximation 

+ (30) 

Comparing (30) with (29) and (28) we can write the expression as follows : — 

'<aa==^®aa(l + 2c,,.p.), (31) 

where is a kind of average and lies between different values of as 
given by (28). Let us take the case where the magnetic field is along the 
trigonal axis of a bismutli crystal, when a and a ar(^ equal to 3. Comparing 
expressions (31) and (23) we get 

Crr.n -= 0-55 X 

Thus when a unit stress is applied along the trigonal axis of a bismuth crystal 
the radii of the orbits lying in the plane perpendicular to the axis will alter 
to --5 ‘5 X 10“^^ The same stress in the same plane will produce a strain 
equal to the elastic constant wliich from Bridgman^s measurements is 
equal to —6 *2 X 10““^, We see, therefore, that the perturbation of the radii 
of the electronic orbit in the XY plane is 90 times larger than that of the centres 
round which they move. The relative displacements of the atoms perpendicu- 
larly to this plane in the direction of the trigonal axis will be equal to the 
oJastio constants 533 = 28*7 X 10"*^ or 20 times less than the the 

disturbance of the orbits. 

For the change in susceptibility perpendicular to the crystal axis we get 
even more striking numerical results. By taking in (31) a and a = 1, and 

* ‘ Ptoo. Amer. Acad. Arts. Sci.,’ vol 60, p. 357 (1925). 
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(lomparing with (24), wc get Iron) the two possible values for and 
A'l, i -Ol'l X 10““^^ and 300 X 10*^^, In the eorresponding plane 
perpendicular to the field the displacement of the lattice along the Z axis 
will be, according to Bridgman, = — 6-2 X and along the Y axis, 

— 14-0 X 10"^^, that is to say, the perturbation of the orbits will be 
80 to 5000 times greater than the perturbation of the atoms in the corresponding 
plane. Along the X axis, % = 26-9 x 10*'^, wlucli gives us a ratio of 40 and 
1000. We cannot carry out the corresponding calculation for graphite since 
the elastic constants of its crystals are not known. 

The numerical value for bismuth demonstrates the difiiculties arising in 
explaining the A.M.S. as being merely due to a perturbation of th<^ motion of 
electrons which only altera the size of the orbits slightly without changing the 
general character of the motion. It will probably be very difficult, if not 
impossible, to describe the motion of electrons in the lattice in such a way that 
a displacement of the centres round whicjh the electron moves will produce a 
20 to 5000 times grt^ater perturbation in the radii of tlie orbits. The most 
natural way out of this difficulty will be to make a hypothesis that a strain in 
the lattice produces a more radical change in the motion of the electrons than 
merely perturbing their motion. The following view seems to offer us a useful 
working hypotlicsis. We assume that the electrons may njovc round the 
atoms of a bismuth lattice in orbits of varying sizes, small and large. The 
number of small and large orbits is fixed at a given temperatiu-e, and each of 
them contributes to the diamagnetic susceptibility a part according to their 
sisse and orientation, the contribution of the larger orbits being greater than 
that of the smaller orbits. We suggest that the effect of a strain in the lattice 
is to convert some of the larger orbits into smaller ones, or 'vice versa, according 
to the sign of the strain ; and this accounts for the dependence of the sus- 
ceptibility on the strain, and consequently for the occurrence of the A.M.8. 

Tins working hypothesis seems to help us to form a possible picture of the 
peculiar phenomena observed in bismuth. The lattice of a bismuth crystal 
has a symmetry near to a cubic one, and can be obtained from a cube in which 
one of the long diagonals, which coincides with the trigonal axis, is stretched. 
It appears from our experiments that under the influence of a magnetic field 
the magnetostriction produces a further elongation of this diagonal wliile the 
crystal contracts perpendicular to the axis. Thus, owing to this deformation 
in magnetic fields, the crystal vrill depart still further from a cubic symmetry 
and, as has been seen before from the general theory, such a deformation must 
be accompanied by a decrease in the diamagnetic susceptibility. According to 
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owe hypothesk this will lead os to the conclusion, that the number of small 
orbits increases with departure from cubic symmetry. Applying this view to 
other cases we <jan deduce an tixplaimtion of the fact that on cooling, the 
diamagnetism of bismuth meteases. It may be noticed that it is difficult to 
account for this phenomenon by the direct influence of the temperature on 
the motion of the electrons, since their quantum motion is degenerated* On 
the suggested hypothesis, however, it seems possible to regard this change 
of susceptibility as u result of strains in the lattice produced by thermal 
(jxpansion, Ex]ieriment.s show* that the coefficient of thermal expansion 
along the crystal axis is larger tlian that perpendicular to the axis, and thus 
on cooling the bismuth approaches more nearly to a cubic syimnetry, and, ns 
already stated, this will result in an increase of the number of large orbits 
which will increase the diamagnetic susceptibility. The exact calculation of 
this phenomenon is impossible before we have obtained all the seven moduli 
of magnetostriction, but approximate calculation shows that the order of 
magnitude would b(? about rigid if we accept this explanation of the 
phenomenon. 

The electrons whi(jb account for the large diamagnetism of bismuth are no 
doubt the outside electrons of the atom, and wo should expect the number of 
these electrons to be the same in arsenic and antimony, the two elements 
above bismuth in the same column of the Periodic System. It is known that 
they have the same crystallographic structure as bismuth, and most of the 
peculiar phenomena occurring in bismuth are present in these two substances 
only on a considerably reduced scale. On our hypothesis, this reduction in 
scale could be accounted for by the fact that the crystal of antimony departs 
much more from a cubic symmetry than the crystal of bismuth, while the 
symmetry of arsimic crystals is still further removed from the cubic system, 
Tliis will mean that the number of large orbits is less in antimony than in 
bismuth, and still less in arsenic, which will explain the fact that antimony 
and arsenic havf* smaller diamagnetic properties than bismuth. Again, from 
an approximate calculation, the magnitude of the effect seems to be in agree- 
ment with the experimental data. 

A more detailed elaboration of this hypothesis seems to us premature liefore 
a theoretical yustification of the dependence of the size of the orbits on strains 
in the lattice can be given. The general treatment of the case will probably 
be the same as in one of the previous paragraphs : the diamagnetic sus- 
ceptibility will be divided into several parts as was proposed in (23) and (M). 

Boberts, * Proo. Boy. Soo*,’ A, voL 106, p* S99 (1024). 
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In these fcwnaulse each individual susceptibility will correspond to the con- 
tribution of orbits of definite sizes. The numlw^r of such sizes may be large 
and must be found theoretically. The dependence of the magnetic sus- 
ceptibility and the moduli of magnetostriction on the magnetic field could be 
accounted for by assuming that at very low temperatures exceptionally large 
orbits are possible which contribute to the susceptibility denoted in (24) by 
conceivable that in the presence of magnetic fields these orbits 
are more easily destroyed by strains, especially wlien this magnetic field is 
applied asymmetrically to the orbit, as will be the case when the field is 
pt^rpendicular to the trigonal axis. Since the electrons in the orbits move in 
different directions round the direction of the applied field we might expect 
that the orbits of tliose moving in one direction arc destroyed more readily than 
those moving in the opposite direction, which might account for the appearance 
of a spurious paramagnetic effect, the existence of which was suggested by 
de Haas {loc. (it,) in bismuth crystals at low temperatures. 

The close relation between the diamagnetic phenomena and the galvano- 
magnetic phenomeim in bismuth was pointed out by de Haas, and is strongl}' 
supported by the experimental results of Schubuikow and de Haas.*'' In 
these experiments, at low temperatures, periodic changes of resistance with the 
field were observed which were similar to those observed by de Haas and Van 
Alphen. 

The establishment of a relation between t)je change in resistance and 
magnetostriction is more difficult on the data obtained from our present 
experiments, but the experiments on the influence of impurities on both 
phenomena seem to indicate a close relationship. We have seen from the 
oiurve in fig. 7 that the influence of impurities on magnetostriction in bismuth 
is greatest in strong fields and at low temperatures ; and in the previous 
experiments on th(^ change of resistance of bismuth crystals, as described 
previously ,t the presence of impurities bad a similar character. Further, it 
seems most significant, that the elements which show abnormally large increase 
of resistance also show the most marked magnetostriction. This suggests 
that all the magnetic anomalies in bismuth have a common source which is 
probably the peculiar crystal structure. We liope that further investigations 
carried out at lower temperatures will give us still wider and more complete 
information which will enable us to proceed further with the elucidation of the 
magnetic properties of diamagnetic substances. 

♦ * Proo. Acad. Soi. vol. 33, pp. 827, 360, 400 (1930). 

t * Proc. Roy. 8oc.,’ A, vol 119, p. 406 (1928). 
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Summary. 

A detailed account of the measurement of the magnetostriction found in 
bismuth crystals is given. It appears tliat in weak fields at aU temperatures 
the magnetostriction is quadratic, having a positive sign along the trigonal 
axis and a negative sign perpendicularly. In strong fields at low temperatures 
a marked deviation from the quadratic magnetostriction ocjcurs which has the 
appearance of a saturation efiect. The numerical values of the moduli of 
magnetostriction are obtained and the influence of crystal orientation, impuri- 
ties, and stress is described. An A.M.S. is also found in antimony, graphite, 
gallium and probably in tungsten and tin ; and the limits of a possible magneto- 
striction are established for beryllium, magnesium and rock salt. A discussion 
of the results obtained is given in relation to the modern theory of diamagnetism. 
Certain tentativis suggestions for explaining the phenomena am put forward. 


BESCRIFITON OF PLATKS. 

The time scale on all the oscillograms runs from right to left. Curve I is the ouireut 

thrcnigh the coil which produces the magnetic field ; curve M is traMsed by the ertensometer 

and represents the change of length of the examined rod magnified 80,000 times. A down- 

waard defiection represents an expansion of the rod, an upward deflection a contraction. 

Plate 5. 

OaomLOORAM 1. — Bismuth crystal having its axis parallel to the field. Room temperature, 
maximum magnetic field 250 kilogauss. 

OS0XLU>ORiiic 2. — Bismuth crystal having its axis perpendicular to the field. Room 
temperature, maximum field 260 kilogauss. 

OsonxoaKAM 3. — The same crystal as for osoiibgram 2. Temperature 128" K., maximum 
field 267 kilogauss. 

OsoxLiiOaaAM 4. — The same crystal as for oscillogram 2. Temperature 87" K., maximum 
field 277 kilogauss. 

Plate 6. 

OsoiU>>aiUMS 6, 0, 7, 8, 9. — The same crystal as for oscillogram 2. Temperatures 288" K., 
214® K,, 100" K., 128" EL, and 87" K. respectively. Maximum field 70 kilogauss. 

OsGii.LoaBAM 10. — Crystal with axis making an angle of 68" with the magnetic field. 
Temperature of liquid nitrogen, maximum field 141 kilogauss. 

CsotLLOaKAH 11. — Multicrystalline rod. Room temperature, maximum field 266 kilo- 
gauss. 

OsoxLLoaHAM 12. — The same. Temperature of liquid nitrogen, maximum field 248 kilor 
gauss. 

OBCXLxx)aEAM 13. — Ceylon graphite perpendicular to the hexagonal axis. Boom tempm- 
ture, maximum field 260 kilogauss. 
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On the Analysis of Experimental Observations in Problems of 
Elastic StabilUy. 

By R. V. Southwell, F.R.S. 

(Received December 16, 1931.) 
hit rof! notion and Summary. 

1* In the conchiding section of a paper published in 1913* 1 endeavoured to 
assess the practical value of a theory of elastic instability. Two factors operate 
to impair agreement with experimental results : (1) the finite strength of 
actual materials, and (2) unavoidable imperfections of workmanship, which 
prohibit the realisation of its concept of a “ critical load.” I showed how in 
one problem (the centrally loaded strut) theory can be extended to take account 
of plastic distortion ; and by reference to a mechanical example I indicated 
what kind of result is to be expected when inaccuracies in the specimen or in 
the experimental apparatus introduce displacements which increase con- 
tinuously with the load. 

Thus (to take the simplest example as an illustration) the well-known theory 
of Euler indicates that an initially straight and centrally loaded strut will 
remain straight while the end thrust is increased from zero up to a certain 
value but that when this “ critical load ” is attained the strut may bend 
into the form of a single bow, since this form can be maintained by end thrmt 
acting ahne. There is an “ exchange of stabilities whereby for end thrusts 
exceeding the critical value the equilibrium of the straight form becomes 
unstable and that of the bent form stable. If on the other hand the strut is 
initially bowed, so that the central deflection has a small but finit(j value when 
the end thrust P is zero, this central deflection will increase with P, and experi- 
ment may be expected to yield some curve of the type shown by full lines in 
fig, 1, where I denotes the length and El the (uniform) ‘‘ flexural rigidity ” of 
the strut. The smaller the initial deflection, the more closely will the experi- 
mental curve approach the limiting form OAB, which is the curve given by 
Suier^s analysis. 

But Euler’s theory does not take account of the finite strength of actual 
materials, whereby Hooke’s law ceases to be satisfied when the stress exceeds 

♦ ‘ Phil. Trans.,’ A, vol. 213, pp. 187-244 (1913). 
t H, Poincar^, * Aota Mathematioa,* vol. 7, p. 269 (1886). 



602 


R, V, Southwell. 


a certain liinit. I showed in my paper* that the experimental curves must be 
expected, on this account, to fall away from the full-line curves of fig. 1, some- 
what as indicated by dotted lines. Thus, while the theoretical (full line) 
curves rise continuously, the experimental (dotted) curves will exhibit maximum 
values of the end thrust P, and it is these maxima which will be recorded in 
experimenta) work as collapsing or crippling loads 
2. On this view, agreement between the critical load, as given l)y Euler’s 
analysis, and the crippling load, as determined by experiment, is to bo regarded 




as a somewhat fortuitous occurrence, to be expected only in the case of long 
stnUa. If the material obeyed Hooke’s law for stresses of all conceivable 
magnitudes, there would be no collapse at all (the full-Une curves rise con- 
tinuously) : if on the other hand the limit of proportional elasticity is attained 
under an end thrust considerably less than Euler’s critical load, the experimental 
curves will have forms more like those of fig, 2, and their maxima will have no 
close correspondence with Euler’s value.f Long struts made and loaded with 
reasonable accuracy will give results in apparent accord with Euler’s analysis ; 
first, because (since the critical load is small) the deflection must be considerable 
by the time that the limit of proportional elasticity is reached ; and secondly 
because, on this account, the maximum for P will occur somewhere on the flat 
part of the curve, and therefore close to the horLssontal line AC of fig. 1. 

Experiments made by A, Robertson, and described in a recent papet^ 

♦ C/, also ‘ Aero. Ree. Reports and Memoranda,’ No. 918 (1924). 

t In fig. 2, GAB is the limiting form assumed by the o\irve for a straight and oeutndly 
loaded strut, OA being the oritioal load as modified by the ooounenoe of elastic failme 
in the material. 

% The Strength of Struts,” Selected Paper No. 28 (1925) of the Institution of OWl 
Engineers. 
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l«ad considerable support to the views here stated. Fig. 3 (which reproduces 
hid %. 17) shows load-deflection curves obtained from five solid struts of mild 
steel, 1 inch in diameter, which were loaded with known eccentricities. Abscissae 
in this diagram are deflections measured from tlie unstressed configuration 
as zero, so that {for example) the curve for strut No. 1 would start from zero 
load and a deflection of 495 thousandths of an inch, if plotted in accordance 
with the convention of fig. 2 ; on this understanding it will be seen that the 
main features of the theoretical (Jurves are represented. Fig. 4 (reproducing 
his fig. 18) shows the elastic portions of the load-deflection curves plotted to 
a larger scale, and separated for greater distinctness. 

3. Curves of this nature may be determined by experiment in almost all 
cases of elastic stability* ; in the papers cited I have termed them “ curves 
of distortion.” They have the common feature that initial ‘‘deflections*’, 
due to inaccuracies either of manufacture or of loading, are intensified by the 
action of the applied forces ; but when the initial deflection is small they 
approach closely, dvring the early stages of the test^ to a limiting form OAB 
(figs. 1 and 2) which consists of two branches — (1) the axis of zero deflection, 
and (2) a curve AB cutting this axis horizontally at a height (OA) which 
represents the “ least critical load ” Pj. 

So far as I am aware, the stmt is the only problem of elastic stability in 
which theory can be extended to predict a critical load in the circumstances 
indicated by fig. 2— i.e,, when this load imposes a stress on the material in 
excess of its limit of elastic proportionality. In all other problems perfect 
elasticity must be presumed, and hence the only prediction which can be made 
by theory is the quantity com^sponding with Euler’s critical load. The ques- 
tion is then presented, — ^when the experimental observations fall on curves of 
the type of fig. 2, and the critical load of theory is never attained, can any 
comparison be made between theory and experiment ? 

The present paper is an attempt to deal with this question. Again fixing 
attention on the strut as the simplest example which can be taken, I shall show 
that in all cases, and whether the circumstances are those typified by fig. 1 or 
by fig, 2, the theoretical curves of distortion approximate, within the region of 
small deflections, to rectangular h3Tperbola8 having as asymptotes the axis of 
i»ro defliection and the horiuBcmtal line P = Pi. Now by a suitable change 
of co-ordinates any such hyperbola may be transformed into a straight line, of 

* An exception is found in the type of instability dieoussed by L. Brazier in his paper 
On the flexure of Thin Clyliiidrical ^ella, etc.,” ‘Proo. Roy. Soo,,’ A, voL lid, pp. 
104-114 0927). 
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which the slope is a measure of Pj ; so the experimental observations, if plotted 
on a similar basis, should afford an estimate of the critical loading predicted 
by theory, even in cases where this load was not in fact attained, on accoxuit 
of elastic failure of the material 

4. The limitations of the method are discussed in § 10. The observed deflec- 
tions must be neither largo nor very small, and hence only trial can reveal in 
any particular instance whether sufficient observations are available, within 
its range of application, to afford a reliable estimate. Mr, J, H. Lavery, a 
research student working in the Engineering Laboratory at Oxford, has applied 
it at my request to results obtained by T, von KirmAn in a series of very 
accurate experiments on straight struts (see § 11). Wlien the circumstances 
are those of fig, 1 (le., for the more slender of KArmAn’s struts) it has given 
very satisfactory results ; but in the tests of shorter struts too few observa- 
tions were recorded, within the range of deflections which tlu^ material could 
sustain elastically, for any eonchision to be drawn. 

In order that the method might be tested further, Professor Robertson has 
kindly supplied me with details of the numerical observations upon which 
his curves of distortion (figs. 3 and 4) were based. Since the method presumes 
that the load is applied quite centrally at the ends of the strut, struts Nos. 1-4 
hardly provide a fair test ; but it would seem unlikely that the very small 
eccentricity (0*006 inch) with which his strut No. 5 was loaded can have 
involved any serious discrepancy, and the results for this strut provide a case 
in which (as will be seen from fig, 3) the critical load of theory was not attained. 

The analysis of this case is discussed in § 12. As a test of the method it is not 
entirely conclusive, but it has yielded interesting results. Plotted on the new 
basis the observations yield not one straight line, but two : the first line 
indicates a critical load some 10 per cent, in excess of the theoretical value ; 
but the second (on which the plotted points fall after the central deflection has 
attained a magnitude of about 0*02 inch) indicates a value for the critical 
load which is almost exactly correct. These results suggest that a slight 
constraint (probably due to friction) acted on the ends of the strut during the 
early stages of the test, but was overcome subsequently, when the bending 
had become appreciable ; whether this explanation is correct or not,* it will be 
conceded that the new basis of plotting has revealed a feature of the test, calling 
for explanation, which was not apparent before. 

6. The method is applicable without modification to all ordinary problems 

* Prdessor Bobertson, from his memory of the ezpedment, is to aooept this 

explanation. 
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of elastic stability, *** and it lias in fact been applied with some success to un- 
published results obtained at the National Physical Laboratory in experiments 
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Fig. 3. 

on the stability under shearing forces of a flat elastic strip.f But excepting 
KArmdn’s and Robertson’s papers I have found no published accoimt of experi- 
ments in which the necessary observations have been included. Accordingly 
the method (which is based on very simple considerations) is described here in 
the hope that future experimenters may be induced to make observations which 
(in my view) will add considerably to the theoretical interest of their results. 

My thanks are due to Professor A. Robertson and Mr. I, J. Gerard, for the 
loan of note-books containing details of the observations exhibited in figs. 3 
and i ; and to Mr. J. H. Lavery, who has carried out for me the whole of the 
numerical analysis. 

Section L — Theory, 

6, Euler’s analysis contemplates an initially straight strut, held by end 
thrusts of intensity P in a form which is defined by the deflection of the 

* Excepting probleme of the type discussed by Brazier. Cf, footnote to § 3. 

t An account of these experiments, by H. J. Gough and H. L. Oox, Vrill be published 
shortly. 
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Fxa. 5 . 

oeutral line from the line of thrust. If x (fig. 5 ) is measured along the line of 
tiirust, and if y is everywhere small, the condition for equilibrium of the bent 
configuration is 

Ely" + Py = 0, (1) 

where El is the “ fiexural rigidity “ of the strut (here assumed to be uniform), 
and dashes denote difierentiations with respect to x. 


If we write 


a P 
a* = — . 

EI’ 

(2) 

the general solution of (1) is 


y = Ysin«(* — *5), 

(8) 


where Y and are arbitrary ; and the condition that y must vanish at both 
ends of the strut (namely when x 0 and when x = l) will be realized if 

sin ol = 0. (4) 

This equation is satisfied when « is zero ; but then y vanishes for all values of 
X, so that the strut remains straight. The further solutions 

a=s7t, 2 n, 3 k, ...etc. (6) 
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conespond with bent forma characterized by 2, 3, ... baya, each capable 
of being sustained by an end thrust of appropriate magnitude ; for on 
substitution from (2) in (5) we have 

^ = 1, 4, 9, ... etc. (6) 

No restriction is imposed upon the magnitude of Y, which (within the range 
to which (1) is applicable) is entirely arbitrary. Actually (1) is an approad* 
mation valid only when y is small, and hence the true meaning of our result is 
that the deflection can increase without increase of P, provided that it is 
everywhere small and that P has one of the critical values (6). 

7. Suppose now that the strut is not quite straight initially ; and let 
denote the initial deflection of the central line from the line of thrust. Then 
equation (1) is replaced by 

+ (7) 

which may be written in the equivalent form 

= ( 8 ) 


The form of y will now depend upon the fonn of y ^ — both quantities being 
regarded as functions of x. Provided that y^ vanishes at either end of the 
strut, a general solution of (8) may be obtained by expressing y and in 
Fourier series. Thus if 


y 


yo 


ro r 

S sin 

/I - 1 


mcT, 

I 


we find on substitution that 


« •• 1 


sm 


nizx I 


I J’ 


m 


w„ - 


w, 


JB. 




( 10 ) 


If P„ is the nth critical load as given by (6), we may write (10) in the form 

1 _Z.‘ (11) 

P„ 

This equation gives the ratio in which the component of the 

series (9) representing the initial deflection is magnified by the end thrust P. 
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As P approaches the first critical value P^, we see that ^ will be very largely 
magnified, Wj approximately in the ratio 4 : 3, W3 approximately in the ratio 
9 : 8, and so on. This result explains why as the load is increased every strut 
(whatever be its initial form, provided only that this was reasonably flat) 
appears to bend into a sine wave of one bay : other harmonics are present, but 
they are very little magnified by the load, whereas the first harmonic; soon 
becomes large. 

8. The deflection of the strut at its centre may be written, according to (9), 
in the form 

+ ... ( 12 ) 


(the even harmonics making no contribution) ; and it follows from what has 
been said that to a close approximation, if P is a fairly considerable fraction of 
Pj, we may write 


S 4“ Wi — 



(13) 


Thus, provided that equation (7) is applicable (which will be true if the curva- 
ture is slight and if the limit of proportional elasticity is not exceeded), the 
theoretical form for the “ curve of distortion — i.e. for the curve which relates 
8 with P — approximates to a rectangular hyperbola having the axis of P^ and 
the horizontal line (P = Pj) as asymptotes. 

If these predictions are confirmed by experiment, related observations of 
P and 8 will give points on a rectangular hyperbola, provided that 8 on the 
one hand is of such magnitude that dominates the series on the right of 
(12), and on the other hand is not so large that the central bending moment PS 
is sufficient to impair the elasticity of the strut.* 


9. Now if OAB (fig. 6) is a rectangular hyperbola passing through the origin 
of co-ordinates, and having as asymptotes the lines wliose equations referred 
to Ox, Oy are 


a; 4. a = 0 \ 

(14) 

y - p = 0,J 


the equation to this hyperbola will be 


ajy — pa: + ay = 0. 

(16) 

Dividing by y, and writing 


» as ® 

(16) 


• Or BO large that equation (7) oeases to be applicable ; but in practical oases elastic 
failure will occur first* 
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we obtain the equation 

X - pi; + oc 0, (17) 

which shows that values of v, if plotted against x, will fall on a straight line. 
This line cuts the x-axis at a point (—a, 0) on the vertical asymptote of the 
original hyperbola (fig. 6), and its inverse slope (dx/dv) is a measure of the 
height (p) of the horizontal asymptote. 

Applying this result to the experimental observations contemplated at 
the end of § 8, we see that if the plotted 
values of load and measured deflection 
fall closely on a rectangular hyperbola 
passing through the origin of co-ordinates, 
then when v, the ratio (measured deflec- 
tion) -r (end load), is plotted against the 
measured deflection x, the points will fall 
closely on a straight line, representing 
a relation of the form (17) ; and the in- 
verse 8lop<^ of tliis line (=: dx/dv) will afford an estimate of the least critical 
load Pj. 

Again, the plottiid line will cut the horizontal axis {v — 0) at a point on the 
vertical asymptote of the hyperbola which relates x with P ; and it follows 
that a is a measure of the initial deflection which this h 3 rperbola presumes. 
This, of course, is a quantity of less practical interest than Pj ; but it has some 
importance, because our analysis may be expe(!ted to apply best to cases in 
which the initial deflection was small. 

Section //. — AppUcation to Experinumlal Results, 

10. The limitations of the foregoing theory must be clearly recognized. 
As stated in § 8, the relation between measured load and deflection will not 
be hyperbolic if thtJ deflections are so large that the elasticity of the material 
is impaired ; moreover, when the deflections are large the expression for the 
ciuvature which has been used to derive equation (7) will not be a legitimate 
approximation.* At the other end of the range, we have the ciroumatanoe 
that when both load and deflection are small their ratio (o) will not be deter- 
minable with any great accuracy, so that a spreading of the observational 
points must be expected ; moreover, in this range Wi does not necessarily 
dominate the expression (12) for 8. 

* These ooiudderations wiU, however, neutralize one another to some extent, sinoe the 
correct analysis gives an elastic curve which rises with increasing deflection. Cy. § 2. 
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Again, the possibility of determining from experimental observations 
rests on the linearity of equation (17), and thus requires that (16) shall contain 
no constant term, — that the relevant part of the curve of distortion shall be 
a rectangular hyperbola passing through the oiigm of co-ordinates* Now 
although it has been shown (§ 8) that a hyperbolic relation will obtain so 
soon as dominates the series on the right of (12), wo should not be justified 
in presuming that this last condition will be satisfied.* 

One last restriction must be noticed. We have assumed in our theory that 
the initial deflection of the central line from the line of thrust, vanishes at 
either end of the strut. If this condition is not satisfied, equation (8) will have 
a supplementary solution wliich is not conveniently expressed in series form. 

We cannot, of course, ensure that the loading will be applied quite centrally 
at each end, and all that can be said in relation to eccentric loading is that 
we have no grounds for expecting our analysis to apply to cases in which the 
eccentricity is considerable. The nature of the. difficulty will be evident from 
fig. 7. The load required to maintain the central line of the strut in a curve 
AB, of which the ends A and B do not lie on the line of thrust, will be the 
critical load appropriate to the form CD for a strut of some greater length ; 
it will be 7 c*EI/L^, where L is the length CD. Now it is evident that as the 
load (and hence the deflection) increases, L in this expression will continually 
decrease ; hence there is no definite critical load which we may expect to be 
indicated by the experimental results. 



Fig. 7. 


11, Siuntnarizing, we may say that the argument of § 9 suggests a possible 
method of analysis, but that trial alone can reveal whether the method will 
be successful in any particular instance. The data required for a satisfactory 
test are related,values of load and central deflection for struts which have been 
loaded as centrally as possible ; and the only recorded observations of this 
nature which I have been able to discover are those given by T. von EArmdn 
in an inaugural dissertation published in 1909.t 

* Thu difficulty can be met to some extent by trying whether a better straight Up * 
results when some other point is taken as the origin of co-ordinates. 

t T. von Kirm4n, ** Untersuohungen abet Kniokfestig^t (also printed in Hitteihingen 
fiber Forschungsarbeiten,** published by the Ver. deuts. Ing., Berlin, 1909), 
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KArmAn took special precautions to ensure exact centering of his applied 
loads, f and for each strut tabulated his observations of load and deflection 
during the progress of the test. In his paper the experimental struts are 
classified in three groups, described respectively as slender, medium and 
thick : slender struts are those having an Ijk ratioj greater than 90 ; for 
medium struts Ijk ranges between 45 and 90 ; and thick struts are those for 
which Ijk is less than 46. 

In the slender group KAmiAn tested eight struts, numbered 1, 2, 3a, 36, 4o, 46, 
6 and 6. These have been analysed in Table I, and fig. 8 exhibits the relation 
of z to V. In some instances the initial observations have been rejected in 
estimating the “ best fitting straight lines”, on grounds which are stated at 


Table L — T. von KArmAn’s Btruts. 

Nos. 1, 2, 3a, 36, 4a, 46, 5 and 6. 
(Mild steel : E ~ 2,170,000 kg./crn.^.) 


P — End Load in 

X *= Moasured Deftoction 

V = x/V X lO*. 

kilogramH. 

in millimetres. 

Strut No, 1 — 



2260 

0 01 

4-43 

302U 

0 026 

8*28 

3170 

0*04 

12-62 

3320 

0*06 

18 07 

3470 

0 09 

25-94 

3620 

0-26 

69-06 

Strut No. 2 — 



4620 

0 02 

4-43 

4830 

0 06 

10-35 

oiao 

Oil 

21-44 

6280 

0*24 i 

46-46 

6430 

0-86 

1 168-38 

Strut No. 3a — 


1 

6030 

001 

1 1-66 

7540 

0 03 

1 3-98 

8200 

Oil 

13-27 

8620 

0-62 

61-03 

Strut No. 35 — 

i 


*7840 

0*02 i 

2-66 

8140 

0 06 i 

6-14 

8290 

0 07 1 

8-44 

8446 

Oil i 

13 03 

8600 ! 

0-21 

24-42 


f Loc. oit, pp. 9-11. The point of application of the load oonld be adjusted during 
the progress of the test» Trithout removing the load. 

I is the length of the strut, and k the minimum radius of gyration of its cross-esotion. 
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Table I. — (continued). 


P liilnd Load in i 

kilograms. 

X ^ Measured Beflootion 
in milUmetree. 

V ar/P X 10*. 

tStrut No, An- - ' 



*1M)50 1 

0 02 

2*21 

*9660 

0 026 

see 

10260 

0 03 

2*92 

10660 i 

0 07 

6*63 

10710 1 

010 

9*34 

10660 I 

013 

11*97 

11010 1 

0-26 

22*71 

11160 i 

0-73 

65*41 

iHrtU No, 46 — 



*3020 

0 03 

9*93 

*4630 

0 05 

11*04 

*6030 

0 07 

11*61 

•**7640 

0-09 

11*94 

*8300 

012 

14 46 

9060 ! 

0 16 

16*68 

9805 i 

0-23 

23*46 

9960 

0-26 

26*10 

10110 ' 

0*29 

28*68 

10260 i 

0*33 

32*16 

10410 1 

0*41 

39*39 

10560 ; 

0*62 

49*24 

10710 

0-71 

66*29 

10860 ! 

1*46 

134*44 


Mtrut No, 6 — i 

*9050 
*10560 

10860 

11160 

11470 

11770 

12070 

12370 

12620 

0*01 

0*03 

0*06 

1 0*07 

010 

()16 

0*22 

0*30 

0*46 

M06 

2*84 

4*67 

6*27 

8*72 

12*74 

18*23 

24*26 

36*94 

Strut No. 6 — 



*10660 

0*01 

0*96 

*12070 

0*04 

3*31 

12370 

0*06 

4*86 

12670 

0*10 

7*89 

12970 

0*16 

11*67 

13270 

i 0*25 

18*84 

13430 

0*34 

26*32 

13680 

0*74 

64*49 


the beginning of § 10 ; such observations are distinguished in the table by 
asterisks. The remaining observations have been analysed by the “ method 
of least squares”, in order that the best fitting lines might be determined with- 
out introduction of the personal equation.! These lines are shown in fig. 8, 

t It is leoognized that this procedure is open to theoretioal objection ; but siiioe the 
oritioal loads of theory were known it seemed highly important to eUminate any bias in this 
dieeotion. 
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and the xcsulting estimates of critical load are compared in Table II with 
theoretical values obtained from Euler’s formula by giving to E the actual 
value measured by K&rmdn,— namely, 2,170,000 kg. per square centimetre. 

Table II. — T. von KArm^n’s Struts. 


(1) ' 

Wtrut 

No. 

(2) 1 
! 1 

a deduced from 
beet-fitting 
line in 
fig. 8. 

(3) 

1*1 estimated from 
slope of 
best-fitting 
line in fig. 8. 

(4) 

P, as given by 
theoretical 
formula. 

(C) 

Kfltimated value 
(col. 3). 

Theoretical value 
(col. 4), 


mm. 

kff. 

kg. 


1 

0*006 ! 

3712 

3790 

0-980 

2 

0 006 

6463 

6476 

0-996 

3a 

0*006 1 

8690 

8646 

0-994 

36 

0*006 

8758 

8610 

1-017 

4a 

0*003 

11220 

10980 

1-022 

46 

0*030 

11090 

10920 

1*016 

5 

0 010 

12815 

12780 

1*003 

6 

0*010 

13760 

13980 

0-984 


Table II also gives the values of a (c/*, 1 9) as determined from the best fitting 
lines in fig. 8 ; these are in all cases small, as was to be expected from the care 
with which the experiments were conducted. This circumstance, and the 
accuracy with which the observations fall on the appropriate straight imes, 
indicate that the analysis should be satisfactory ; and Table II shows that the 
agreement with theory in regard to the critical load is in fact very close. 
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12. Afl applied to the struts in Kdmidn’s “ medium ’* and ** thick ** groups, 
the method failed for the reason that practically every observation related 
to deflections which can be shown to have involved elastic failure of the material. 
It thus appears that the method has given good results in every case where 
these could be expected, but that only trial can show whether in any instance 
sujG&cient observations can be taken of deflections which on the one hand are 
large enough to give reasonable certainty of v, and on the other hand are not 
so large that the material has ceased to be elastic. 

One of the struts tested by Professor Robertson (Strut No. 5 of fig. 3) was 
loaded with such small eccentricity as to provide a fair test of the method, 


Table III. — Robertson *8 Strut No. 5. 


Mild Steel: Effective length = 22*25 inches. Diameter 0*999 inches. 


Ijk = 89-1. 

Eccentricity of loading = 0*005 inches. 

p £nd Load in 
tonB. 

X = Measured Deflection 
in thousandths of an 
inch. 

V ^ t/P. 

•1*62 

1 

0*617 

•1-79 

1*6 

0*838 

•2*14 

1-7 

0*794 

•2*48 

2*2 

0*887 

•2*82 

2*4 

0*861 

•2*99 

26 

0-869 

•3*16 

2*8 

0*886 

•3-84 

3*0 

0*898 

*3-60 

3*27 

0*934 

•3-68 

3*64 

0*989 

•3-86 

4*0 

1*037 

•4 02 

4*24 

1*060 

•4*19 

4-46 

1*063 

•4*36 

4*68 

1*078 

•4*63 

4 81 

1*063 

•4*70 

4*94 

1*061 

•4*90 

6 07 

1*028 

•5 13 

5*66 

1*106 

•6*56 

6*32 

1*140 

6*99 

6*97 

1*163 

6*42 

7*80 

1*218 

6*84 

8-96 

1*310 

7-27 

9*84 

1*368 

7*70 

11*18 

1*460 

8*12 

12*76 

1 672 

8*65 

14 08 

1*647 

8*98 

16*88 

1*768 

9*40 

18*34 

1*961 

9*83 

21*91 

2 222 

10*26 

26*27 

2*663 

10*68 

32*47 

3*040 

11*11 

41 17 

3*706 

♦11-54 

61*01 

6*270 
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and in tluH instance the method can be applied to observations in which the 
critical load of the theory was not attained, on account of failure of the material. 
Table III presents the analysis of this case, and related values of the measured 
deflection and of the ratio v are plotted in fig. 9. It will be seen that the 
plotted points fall on two distinct straight lines : the first, covering values of 



the measured deflection ranging from 7 to 18 thousandths of an inch, indicates 
an initial deflection of about 0*01 inch and a critical load of 14 -5 tons, which is 
some 10 per cent, in excess of the value (12 *96 tons) obtained from Euler^s 
theoretical expression when E is given the value (13,300 tons per square inch) 
which was measured by Robertson ; the second, representing values of the 
measured deflection in excess of 18 thousandths of an inch, indicates an initial 
deflection of about 0-0068 inch (of which 0*0064 inch is the amplitude of the 
first harmonic in the Fourier series for the specified eccentricity of 0-005 inch), 
and a critical load of about 12*9 tons, which is less than \ per cent, in error as 
compared with the theoretical figure.* 

It tlms appears that the modified basis of plotting has revealed a feature of 
the test which could not have been detected from fig. 4. The definiteness of 
the change from one straight line to the other suggests that some slight frictional 
constraint must have operated to increase the resistance to flexure in the early 
stages of the test, and been overcome later as the deflections increased. 


* The method of least squares has been applied to each range of the measured defieotions. 
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13. The main interest of the method lies in its generality. In all ordinary 
examples of elastic instability, an equation of the same form as (7) governs the 
deflection as controlled by its initial value, provided that both are small. 
Corresponding with Euler^s solution for the initially straight stmt we have a 
series of “ critical loadings,” each associated with a particular (“ normal ”) 
type of displacement ; and by expressing both the initial and the final displace- 
ment in a series of normal components, we can show that the relation (11) will 
hold between the original and final amplitudes of the wth normal component. 
It follows that the quantity which is naturally measured as deflection ” will 
be related with the applied load by an approximate equation of the hyperbolic 
form (13) ; and hence, that the method of analysis described in § 9 will be 
applicable. The method has been used with some success to clear up an 
apparent discrepancy between theory and experiment in tests, made at the 
National Physical Laboratory, of the stability of flat sheet metal subjected 
to shearing forces in its plane.* 

Experimenters have not, in the past, been accustomed to publish complete 
tables of related values for load and deflection, as was done by Professor von 
Kirm&n for his strut tests. It is suggested that data of this kind, when 
analysed by the method of this paper, are likely to yield results which will 
fully repay the additional labour spent in acquiring them. 


♦ Cf. footnote to § 5. 
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Fluorescent Excitation of Mercury by the Resonance Frequency 
and by Lower Frequencies. III.* 

By Lord Rayleigh, For. 8er. R.S, 

(Received December 19, 1931.) 

(Plate 7.) 

§ 1. Introduciion. 

In pursuing this subject further, the method has been, as before, to 
investigate closely such points as presented themselves in experiment. Theory 
does not afford as yet more than a limited guidance, and indeed some of the 
observed facts seem difficult to reconcile with received views. 

It has been found that some of the distinctions drawn in II between the 
results of wing and voni excitation must be qualified. Core excitation is 
defined as that produced by the atomic resonance line, as from a coole^d mercury 
lamp. Wing excitation is due to molecular absorption in the absorption 
region outside the resonancei line, on the side of long waves. For this the iron 
arc has usually been used as a source. The con^ effect is most definitely 
distinguished from the wing effect by the fact that the former is extinguished 
by a trace of hydrogen, while the latter is unaffected by adding even a large 
amount of hydrogen. Hydrogen destroys the 2^?^ excited atoms, which, 
in the core effect, the first stage towards excited molecules. 

In the region 28(X)-30(X)two series of bands have been found, called the core 
and the wing series, according to the mode of excitation under which they were 
observed. It is proposed to retain these names, at all events for the present. 
But the wing series is not confined to wing excitation. I suspected before 
(II, p. 061) that it must really be always present, even though obscured by the 
core series. I now find that under certain circumstances it can be dominant 
even in core excitation. 

The core series has so far never been observed, except in core excitation. 

It is convenient, experimentally, that the fluorescence should penetrate 
several millimetres into the vessel, so as to get away from any false light due 
to the wall ; and the fluorescent light should, of course, be as bright as possible. 
Thus very different conditions were used for the core and the wing effect. 
The former is readily lost in the vapour, so that a low pressure (6 mm.) was 

* I, * Proc. Roy. Soo.,’ A, vol. 126, p. I (1929) ; U. ‘ Proc. Roy. 8oc.,^ A, vol. 182, p. 
660 (1931). 
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ft convenient compromise to get the luminosity well out from the walls of the 
vessel, and yet to have it reasonably bright. 

The wing effect, on the other hand, which freely penetrates into the vapour, 
would be inconveniently faint at so low a pressure, and pressures from 76 cm. 
down to 4 cm. were usually employed. Over this considerable range the type 
of spectrum remained unaltered in the region X 2800-3000, and it was tacitly 
assumed that the spectrum in this region was defined by the type of excitation 
and did not depend at all upon the pressure. 

It would be difficult to follow the wing effect to pressures as low as 6 mm., 
since, partly on account of the low absorbing power of the vapour, the luminosity 
becomes very faint. The core eff(5( t, however, can be followed to pressures 
several times liigher than was done in the former work. It then becomes 
concentrated in a very thin stratum near the edge of the vessel, but by careful 
adjustment the edge of this stratum can be focussed on the spectrograph slit. 

The influence of vapour pressure on the fluorescence caimot well be studied 
apart from the influence of temperature, which profoimdly affects the relative 
intensity of the various features of the fluorescent spectrum. A new method of 
working has been used, which lias important advantages, 

§ 2. Metiml of Experimenting* 

This depends on using an electrically heated wire inside the fluorescence 
vessel instead of heating the walls as in previous work. It is a gain to avoid 
heating the silica walls, which are soon deteriorated by the process, but what 
is more important, we can compare in a single exposure the light from the hot 
region near the wire, and the colder region away from it. 

As a simple illustration of the method, the photographs I and II may be 
compared. These are taken through selective filters without spectrum analysis. 
In each case we have the convergent cone of rays fi*om an iron arc, exciting the 
vapour of mercury at 10 cm. pressure to fluorescence. A tube of chlorine 40 cm . 
long, combined with a tube of bromine vapour 5 cm. long, filters out from the 
source those longer wave-lengths which are not of much use in the excitation, 
but which would mask the fluorescence. A platinum wire kept red hot by an 
electric current is situated in the convergent hmm. I, Plate 7, is taken through 
an sesculene filter, Wratten No. 2, which transmits the continuous visual 
maximum 4860, excluding ultra-violet. In this case the hot region round the 
wire is dark compared with the undisturbed region outside. 11, on the other 
hand, is taken through a filter of bromine vapour combined with Jena blue 
uviol glass, which transmits the continuous ultra-violet maximum 3300, 
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and excludes the visual. It will be seen how strikingly the intensity is increased 
round the hot wire. 

In taking photographs through the same filter as II at lower pressures it 
was found that the contrast gradually faded out, the hot wire apparently no 
longer producing an increase of intensity. This observation led to a more 
elaborat(^ development of the method with spectroscopic analysis of tlie light. 



The arrangement is shown in fig. L A is a vessel of square section, built 
up from sheets of fused silica, ground and polished. It is prolonged above 
into a wide silica tube B serving as a condenser. B is cooled by a coil of 
compo pipe of small diameter woimd on it. Mercury boils in A over a burner, 
condenses in B, and returns by the annular gutter C and the side tube D, 
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The boiling takes place under an atmosphere of nitrogen of any desired pressure, 
admitted to B. No nitrogen penetrates into A which is full of mercury vapour. 
The issuing vapour keeps the nitrogen away from A, as in a condensation 
pump. E is a horizontal platuium wire at 1 mm. away from the inside wall of 
the vessel. Heating current is led to it by iron rods coming through an ebonite 
stopper above. The shape of this wire, and its position in the vessel is shown 
independently in horizontal section (lower inset, on right of picture), 

The exciting beam enters on the left, and in the case of core excitation, does 
not extend far into the vessel. The upper inset on the right (fig. 1) is on a 
doubled scale (§ actual scale). The dotted line between the hot wire E and 
the wall of the vessel gives the position of the slit, or rather the conjugate 
focus of the slit, and shows from where the fluorescent light is taken. 

The image was formed by a quartz-fluorite achromat, and was diminished 
3*8 times. During adjustment the platinum wire E was raised to a bright red 
heat. It was then easy to make sure by looking through the spectrograph 
with an eyepiece that no light emitted or scattered from this source could 
enter it. The exact adjustment of position was made so as to get the mercury 
band spectrum as bright as possible, the image of the heating wire being just 
off the slit. The hottest region occupied the middle strip of the spectnun 
and could be compared with the cooler regions above and below. The breadth 
of spectrum (III and IV) represents an actual distance of 26 nun. 

When using core excitation, the long chlorine and bromine filters used in 
the former work were for the most part dispensed with. This made it possible 
to place the source (a mercury lamp cooled by a jet of air blown along the 
back) close up, giving much more intense illumination than is practicable when 
an image is formed with lenses. Without the filters it is impossible to avoid 
a good deal of false light, consisting of line spectrum from the lamp. Aestheti- 
cally this is a disadvantage, but when band spectra, not emitted by the lamp, 
are under investigation, it is often unimportant in other respects. The stronger 
mercury lines are widely separated, and the interspaces are left free from false 
light.* 

§ 3. Core Effect as Affected by Temperature and Pressure. 

Core excitation was used over the range of pressures from 20 mm. (Plate 7, 
No. Ill) to 2 mm. (Plate, No. IV). These photographs give a good deal of 
information, and deserve to be carefully discussed. 

♦ Even if the mercury lines other than 2537 are filtered out from the source they re- 
appear in the fluorescence. See ‘ Nature,’ voL 12B, p. 905 (1981). This will be discussed 
in detail in a later paper. 
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The middle of each spectrum shows the emission from the high temperature 
region, near the hot wire, and the top and bottom the lower temperature 
region, away from the wire. 

In III we see the usual f3xtinction of the visual maximum 4850 by heat. 
Passing to shorter wave-lengths, the maximum 3300 is enormously intensified 
by the heat, and on the short wave side of 3300, the region of the wing series 
of bands, from 2800 to 2900, continuous with 3300, is intensified in quite the 
same way by the heat. This general intensification should be visible enough 
in the reproduction. The wing series bands themselves would require a larger 
scale and special photographic technique to bring them out in reproduction,'** 
but they can be seen with certainty on the negative, in spite of the superposed 
mercury lines, which for this particular observation are rather distracting to 
the eye. 

Passing to shorter waves, we next see the continuous emission region which 
begins to be conspicuous on the photograph at about 2600 and increases in 
intensity till we come to the resonance line, where it abruptly stops.f It is 
very apparent that this feature is not affected by the high temperature in the 
same way as the maximum 3300 and the wing series. The criterion which 
shows that 3300 and the wing series are part of the same system, shows with 
equal clearness that the continuous region stretching away from the resonance 
line towards the region of the wing series is not part of this system. 

This conclusion is remarkable, and contrary to what I had anticipated 
when designing the experiment. In absorption the feature now under dis- 
cussion is very conspicuous, as has been known since the early observations of 
R. W. Wood. 

The wing series was also originally observed in absorptionj and presented 
itself as a kind of tailing off of this absorption region, with fluctuations of 
intensity. So that, in absorption, the wing series appeared to be related to 
this absorption region somewhat in the same way that, in emission, it is 
undoubtedly related to the maximum 3300. (As is well known, 3300 does not 
appear in absorption.) It now appears that the temperature relations con- 
tradict the connection of the wing series with the continuous region which begins 
at the resonance line as clearly as they affirm its relation with the continuous 
region culminating at 3300. 

Finally, the first band of Wood’s series at 2346 may be seen in III. It is 

* A« in ‘ Proo. Roy. Soo./ A, vol 132, p. 666 (1931). 
t ‘ Proc. Roy. Soc.,’ A, vol. 111, p. 461 (1926), 

X * Proc. Roy. 8oo./ A, vol. 116, pi, 21, p. 717 (1927). 
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not enhanced near the hot wire, and is clearly not to be oiasBified with 3300 
and the wing series ; nor, on the other hand, does it undergo the extinction 
which is seen in 4850. 

Passing next to No. IV, Plate 7, which is taken at 2 mrn. pressure, the visual 
maximum is extinguished near the hot wire, as always.* When we come 
to the maximum 3300, there is a remarkable contrast to the previous 
photograph. Instead of being enormously enhanced at the central strip 
of the spectrum (hot region) it is now slightly but definitely weakened. 
The central strip is also weakened in the region of the wing series and the core 
series (X 2650- X 3000). It is not possible to trace tlxe individual bands of 
the series in this photograph, on account of lack of intensity, and disturbing 
efiect of the mercury lines ; but from the experimental conditions (low pressure 
and core excitation) and from the indications of an intensity maximum at 
2650 there can be no doubt that it is the core series which is mainly present 
and which is weakened in the hot region. The wing series gives place to the 
core series under these low pressure conditions, and judging by the compara- 
tively low intensity of 3300, we should not expect to observe the wing series 
under these conditions. Though there is no direct evidence I am of opinion 
that the wing series probably maintains its usual intensity relative to 3300 in 
this case also, and that like 3300 its intensity is lowered by heat at the low 
pressure. 

In this photograph, the great intensity of the resonance line, due mainly to 
accumulated false light in the long exposure, prevents the fluorescence 
spectrum being made out in its neighbourhood. 

Finally, comiag to the bands of Wood’s series, 2345, 2338, etc., it is perceptible 
that they are weakened in the central hot region. 

The result shown in IV complicates considerably the interpretation of the 
temperature effect. So long as we have only to consider the high pressure 
conditions as in III, it seems natural to regard the increased intensity of 3300 
as resulting from the extinction of 4850. I have for some time been inclined 
to this opinion, which has been put forward in more specialised forms by 
Mrozowskit and by Kuhn.J But, imder low pressure conditions as in IV, 
both maxima are diminished, and it seems impossible to rest content with so 

♦ A feature which might be takeu for a narrow band or ditEuso line orossos this region 
at about X 4680, and somewhat complicates the intcrpretatiou. It is due to halation from 
one of the strong bine lines, during the long exposure, and is of no significanGe. 

t ‘ Z. Physik.,* vol. 66, p. 346 (1029). 

X * Z. Physik.,* voL 72, p. 470 (1931). 
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simple a point of view. It wae a suspicion of this that has prevented my 
advocating it in previous papers.* 

§ 4, Wood's Bands. 

Reference has been made above to the occurrence of these bands in photo- 
graphs in and IV, Plate 7. They will now be considered more closely. 

The series of bands 2345, 2338, 2334, 2330, were originally discovered by 
R. W. Wood in absorption.f GrotrianJ obtained them in the emission spec- 
trum of an electric discharge. 

In the present work on the core effect, it has been noticed that these bands 
often come up very conspicuously. The first member 2345 at least can be 
seen on III and IV, Plate 7. To bring them out well, it is desirable to over- 
expose the rest of the spectnim, and to enlarge it further than in the other 
cases (see No. V). 

Since the rest of the band spectrum as excited by the resonance lino begins 
BO conspicuously at the line itself, (extending to longer waves, the existenC/C of 
tins outlier of higher frequency is very remarkable. To make quite sure that 
no higher excitation than 2537 is involved, the exciting radiation was filtered 
with thiophene. A dilute alcoholic solution was used at first, but the solution 
requires to be frequently renewed owing to decomposition by strong ultra- 
violet light, and it is simpler and more economical to use a saturated aqueous 
solution, made by shaking up distilled water with a few drops of thiophene, 
and pouring off. The solubility in water is very small, but, even so, a layer 
1'5 mm. thick of the saturated solution is enough, and cuts the spectrum 
of a continuous source abruptly at X 2440. A thicker layer causes undue 
loss of the exciting light. Considerable loss caimot be avoided in any 
case. 

Mercury vapour has no line or band absorption in the region between 2637 
and 2346. The thiophene filter cuts in the naiddle of this region, and therefore 
excludes excitation by short.or wave-lengths than the resonance line. Never- 
theless, Wood’s bands were still excited, the first three members being observed 
as in V, though with an intensity considerably reduced by loss of light in the 

* For inetance, tho increase, of 3300 ou heating is not apparent in the first experiments 
in which I found that 8300 and 48S0 behaved differently (* Proc. Roy. Soc.,* A, vol, 114, 
p. 642 (1027) ). This was doubtless due to tho low pressure used in these early experi- 
ments, in which the excitation was by electric discharge. 

t ‘ Phil. Mag..» vol. 18, p. 240 (1900). 

% ‘ Z. Physik.,* vol. 6, p. 148 (1921). 
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filter. No vestige of any m^cury line beyond the bands could be aeen on the 
spectrogram.* 

Wood’s bands seem to come out best in core excitation under fairly low 
pressures, the same as bring out the cor© scries. About 6 mm, is suitable. 

It is difficult to understand on received views how the excitation of these 
bands can take place. The exception to Stokes’ law is probably more striking 
than any other that could be named- Smce they can occur in absorption by 
the unexcited vapour, the excitation potential is to be measured by the actual 
frequency 42631 cm."^ or 5*25 volts, thus 0-40 volts in excess of the 
source. 

One possibility is that the energy required to make up this deficit is supplied 
by the absorption of a quantum of infra-red radiation, which would require 
to be of wave-length about 3-1 (jl. To test this a water cell 3-5 cm. thick was 
intrcrposed between the lamp and the fluorescence vessel. This should cut 
out all infra-red radiation of more than about 1 *5 p, but Wood’s bands were 
photographed as before. 

It was thought worth while to try other selective filters, though in these 
cases the guiding idea was less definite. The same result was obtained when 
the filter was 16 cm. of chlorine, or 6 cm. of bromine vapour, or the Corning blue- 
purple corex glass. These were tried in separate experiments — not in combina- 
tion, which would have taken too great a toll of the 2637 exciting radiation, 
Consideriiig them as a whole, they exclude the possibility that any special 
radiation of the visual or n(iar xdtra-violet can be necessary to the excitation of 
Wood s bands. 

Another experiment suggests more generally that no process of further 
absorption by 2 excited atoms can afford the explanation. If the process 
was of this nature, the intensity of the bands should vary as the square of the 
exciting intensity. This was tested by the method originally used by Woodf 
in connection with another problem. A screen of perforated zinc with apertures 
constituting about ouensixth of the total area was used, first between the lamp 
and the fluorescence vessel, next over the quartz-fluorite aohromat which 
focussed the fluorescent light on the slit. In a number of experiments there 
was no marked difference of intensity in the 2346 series of bands, as between 
the two exposures. If anything the intensity seemed a little Im when the 
perforated zinc was over the spectrograph. In the case of an (intensity)* law 
it should have been six times more. This experiment shows that the intensity 

♦ ‘ Nature/ vol 128, p, 724 (1981). 
t * Nature/ vd. 120. p. 725 (1927), 



Fluorescent Excitation of Mercury, 625 

of the bauds is proportional or nearly so, to the intensity of the exciting light, 
as would be expected in the case of excitation in a single stage of absorption. 

Again, we might contemplate the possibility that the required 0-40 volt of 
excitation was made good from the energy of collisions. If this were the case 
it may be supposed that an increase of temperature would mcrease the intensity. 
But the hot wire experiments show (see above) that the effect of increased 
temperature, though not very conspicuous, is to diminish the intensity of 
Wood’s bands. 

Since these bands form part of the core effect, due to atomic absorption, 
we may conclude with some confidence that the formation of the excited 
molecules in this case starts with 2 atoms.* What the next step may be it 
is more difficult to say. It may be the formation of 2 atoms. It is at any 
rate certain that such atoms am present in the vapour, for in the first place it 
is found that the atomic line 4040 is emitted even when this line is effectually 
filtered out from the sourcci, and this line has 2 ®Pg for its final level. 

But the most striking evidence of the presence of 2 *^toms is found in 
the fact that it has been possible to photograph the “ forbidden ” line 2270, 

1 'So — 2 ^Pj. For this observation, the spectrograph was supported so as to 
bring its slit horizontal, and parallel to the exciting beam. The square vessel 
aliown in the figure was used without the heating wire. It was thus possible 
to examine the spectrum right up to the wall where the excitmg beam entered, 
and the effect was strongest. Three hours exposure at 5 mm. pressure brought 
up the Ime 2270 as definitely as could be desired. A second exposure of about 
7 hours at 10 mm, pressure gave an equally definite result. It was verified, in 
accordance with all previous work, that tliis line is not present in the mercury 
arc used, and is therefore not due to false light. 

It is believed that the presence of X 2270 in fluorescence is here shown for the 
first time, but the association of this line with Wood’s bands tmder other con- 
ditions has been recorded before.f Since the transition from 2 ®Pg to the 
grotmd state is of low probability the presence of a large accumulation of 

2 “P, is indicated. 

The apparently anomalous excitation of Wood’s bands by the resonance 
line should evidently be considered in connection with the still more anomalous 

* That is not to say that the same kind of exoited molecules may not, in other modes of 
excitation than the core effect, be formed in a different way. 

t Takamine, * Z. Physik,,’ vol 37, p. 76 (1926) ; Rayleigh, * Proc. Roy. Soo.,’ A, voL 
114, p. 636 (1927), 1 am no longer of opinion that the continuous region on the short 
wave side of Wood’s bands ends at 2270, having now traced it beyond this point. 
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excitation of the higher atomic states,* and further diaoussion must be deferred 
until this has been more com|^teljr studied. 

An attempt was made to detect Wood's bands, using wing excitation (iron 
arc) and 76 cm, pressure. The thiophene filter was used to cut off waves 
shorter than X 2240, so that the spectrum was clear in the region where the 
bands were to be looked for ; 6 hours* exposure was given. These conditions 
are favourable, and could not readily be improved upon. The result was an 
indication of the strongest band, but not intense enough to give complete 
satisfaction. 

The bands are strongly excited by an unfiltered aluminium or cadmium 
spark. In these cases they are due to short waves which are absorbed by 
7 mm. thickness of calc spar. 

Kuhnf has taken the view that Wood's bands, as obtained in absorption, 
are really a fluctuation of intensity, superposed on the band series of about 
18 spacing which I obtained in this region. J I was myself originally 
inclined to this point of view, but rejected it when I found that no trace of the 
finer structure could be photographed in emission under the same high resolving 
power.§ And I am still of opinion that the two series are merely superposed 
in absorption, rather than that they are two aspects of the same series. Kuhn 
refers the whole to the 2 state of the molecule, but this view depends on the 
supposed coimection with the finer structure. Since Wood's bands are here 
obtained by excitation by the resonance line 1 ^So — 2*Pi, it seems more 
natural to connect them with the 2 ®P than with the 2 ^P state of the molecule. 
If Kuhn's assignment of the core series to the 2 ^P© molecule and of the wing 
series to 2 ®Pi is adopted, it would be natural to assign Wood's bands to 2 ®P#, 
and the presence of numerous 2 ®Pj atoms as evidenced by the forbidden " 
line 2270 points in the same direction. But 1 think it is premature to press 
any views of this kind strongly at present. 

§ 6. Simmary of Chief PdiUs. 

A method is described of observing the band spectrum of mercury, as 
produced by absorption of the atomic resonance line (core excitation) over 
a range of temperature at one photographic exposure, 

♦ * Kature/ vol, 128, p, 1^05 (J931). 

t ‘ Z, Physik,,' vol. 63, p. 473 (1930), 

X Rayleigh, * Proc-. Roy. Soc.,’ A, voL 116, p, 711 (1927). 

§ ‘ Proc. Roy. kSoc.,' A, vol. 119, PI. 4, D, p. 357 (1928). Kuhn makes no reference to 
this. 
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It is found that the modifications by heatmg are quite different at high and 
low pressure respectively. At high pressure (20 mm.) the maximum 3300 is 
enormously enhanced, and the wing series of bands, which has not before 
been observed under core excitation, comes into view, At low pressure 
(2 mm.) the maximum 3300 is actually diminished in intensity by heating. 

Judged by their very peculiar temperature behaviour, the maximum 3300 
and the wing series constitute one system apart from all other features of the 
complete baud specjtrum. Thus the continuous emission which is strongest 
near the resonance line and tails off towards the wing series, and which appears 
to be the reversal of the well-known absorption, behaves differently, and would 
seem therefore not to be part of the same system with 3300 and the wing seriea. 

Core excitation is able to excite Wood’s series of bands 2345, 2338, etc., in 
spite of their considerably higher frequency. Their intex^sity is as the first 
power of the exciting intensity, and this and other observations seem to 
exclude a process of absorption in successive stages to explain the liigh excita- 
tion. 

The “ forbidden ” line 2270 is recorded in fluorescence for the first time, and 
proves the presence of large numbers of excited atoms in the higher metastable 
state 2 ®Pj. The association of 2270 and Wood’s bands is probably significant. 

DESCRIPTION OF PLATE. 

I, — Mercury fluorescenoo, 100 mm. pressure, iron arc excitation. Direct photograph by 
visual light. 1*3 times actual scale. Note dark region round the hot wire, 
n. — ^The same by ultra-violet light of about 3300 wave-lengtn. Note brifjfht region round 
hot wire. 

III. — Spectrum of mercury fluorescence. Coro excitation, by atomic resonance line 

from cooled mercury lamp. Middle region of spectrum taken from space near hot 
wire. 20 mm. pressure. Vertical distances 0*75 actual scale. Note that in the hot 
region, the visual maximum 4850 is weakened. The maximum 3300 and the region 
2800”3000 containing the wing aeries ore greatly strengthened. (Details of wing 
aeries not viaible in reproduction.) Continuous region to long wave side of 2637 
unaffected, as also Wood’s bands 2346, etc. 

IV. — Core excitation 2 mm. pressure. All features of band spectrum somewhat weakened 

in hot region. 

V. ^Wood’s group of bands 2346, etc., excited by resonance line 2537, in spite of its lower 

frequency. Striking violation of Stokes’ law. 
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A Permanent Magnet for p-JKay SpeUroscopy. 

By J. D. CocKCROiT, Ph.D., C. D. Eixis, F.R.8., and H. Kebshaw, A.Met. 

(Received December 28, 1931.) 

[Plat® 8.] 

1. In a great many e 3 q)eriments it is necessary to use magnetic fields for 
deflecting particles, and while sometimes no great demand is made on the 
constancy of the field, in the majority of cases it is essential that the field 
stays constant to at least one part in a thousand. It is clear that the idea) 
method of attaining this constancy is by the use of a permanent magnet in 
place of the usual electromagnet. Moreover, smee many types of experi- 
ments last for periods of from half-an-hour upwards, a great saving of labour 
would also be effected. The investigation of p-ray spectra will serve as an 
illustration of these points. The different homogeneous groups of electrons 
emitted by the radioactive bodies are separated out into a corpuscular spectrum 
by means of a magnetic field. These groups are usually detected photo- 
graphically and with the tjrpe of source available it is frequently necosBory to 
give exposures of from half-an-hour up to several hours, during which time it 
is essential that the magnetic field should remain constant. When using an 
electromagnet, the method adopted is to control the field current by means 
of a potentiometer. Even after taking precautions about accumulators and 
the construction of the electrical circuit, it is generally found necessary to 
check up the constancy of the field at least once every minute and to make 
some small adjustment in a series resistance. Even with this continual atten- 
tion it is clear that the current is not strictly constant but fluctuates about a 
mean value and the magnetic field goes through a small hysteresis cycle. This 
latter is a fxmdamental objection which could be removedi by the use of a 
permanent magnet, while the freedom from attention to a field current would 
make possible a great number of experiments which at the moment would be 
too laboriouB to carry out. With the co-operation of Messrs. Edgar Allen Jb 
Co., of Sheffield, we have therefore made experiments to determine whether 
the construction of a permanent magnet of the requisite size was possible with 
steels now available. These experiments have been successful and a large 
magnet for use in P-ray spectroscopy has been built. 

2. The Oeneral Primdples of Design . — Although the general principles of 
design of permanent magnets are well known,* it will facilitate the discussion 

•** Evorshed, * J. Inst. Elect. Eng.,’ vol. 58, p. 780 (1920), and ‘Dictionary of Applied 
Phyeios,’ vol. 2, p. 578. 
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to give a short account of them here. If H, be the field strength in the steel 
and the field strength in the air-gap, then since there is no magnetising 
force due to currents 

|HA + = (1) 

so that if as a first approximation we take H, and constant we find im- 
mediately that the length of the steed will be given by 

At the same time the cross section of the ste^l is fixed by the condition of 
constancy of flux, or if B, is the flux density in the steel and and A^ the 
cross section of the steel and air-gap resp(jctively, then 

( 2 ) 

where q is a leakage factor. 

We find then that the volume of magnet steel required is 
A, J,.5r/H,.B, 

Given A^,, au<l q, the volume of steel required depends simply on the 

value of the product . B^. It will be seen therefore that the greatest economy 



in use of the magnet steel will be effected by so designing the magnet that the 
product . B, is a maximum. The relevant part of the hysteresis curve of 
the magnet steel used is shown on fig. 1. It represents the value of the induO' 



630 J. D. Cockcroft, 0* D, Ellis and H. Kershaw. 

tion, B, as H is reduced from a maximum value of 1400 to a negative value of 
263. 

Since the flux is continuous throughout the magnetic circuit, and in the gap 
the magnetic intensity is in the same direction as the flux, it follows from 
equation (1) that in the steel the magnetic intensity is in the opposite direction 
to the flux. We are therefore dealing with the segment X'OY of the hysteresis 
curve, and for this portion it is found that the maximum value of H,B, corre 
spends to a region of the curve between P and P^ and has a value of about 
900,000 for well-hardened 35 per cent, cobalt steel. For a tungsten magnet 
steel it is only 260,000, so that it is clear that the use of the 35 per cent, cobalt 
steel, whilst involving additional expense for a given energy,* yet has the 
great advantage of reducing the size of the magnet to a minimum. This is an 
important consideration, since the weight of steel required, even with the 
cobalt alloy, was 500 lbs. in the magnet to be described. It will bo seen from 
fig. 1 that when working at the point P on the curve the flux in the magnet 
steel is of the order of 6000 gauss, so that if a magnetic field different from 6000 
is desired in the gap, it is necessary to aflSx soft iron pole-pieces to the end of the 
cobalt steel in order to contract or expand the magnetic flux. For example, 
in the present magnet, where a field of about 2000 gauss was required, the 
pole-pieces were about 2| times the cross-sectional area of the magnetic steel. 
This fact somewhat limits the general application of permanent magnets, 
since if the area of the pole face is very much smaller than the area of the 
steel, as would be necessary to obtain very high intensities, the extra leakage 
loss involved in the tapering pole-piece would involve a great deal of additional 
expense. 

The next question to be discussed is that of the general shape of the magnet ; 
here certain features of the cobalt steel used must be taken into consideration. 
These magnet steels require very careful hardening and must therefore be used 
in the form of laminations. Experience has shown that it is not practicable 
to harden uniformly laminations of a thicloiess greater than 1 cm. so that in 
the present magnet many such laminations had to be bolted together. The 
greatest economy in space would be reached if the entire magnetic circuit, 
with the exception of the pole-pieces, were to consist of the magnet steel A 
design such as is indicated in %. 2 (a) was tried, but it was found difficult to 
obtain uniform hardening of the steel at the comers. We therefore decided 
to use the cobalt steel m the form of rectangular slabs, and the three possibilities 
are indicated in fig. 2 (6, c, d). We finally decided upon method (d), partly 
♦ Watson, * J. Inst. Elect. Eng.,’ p. 63 (1926), 
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on the ground of stability and partly from considerations of leakage losses, 
Methods (6) and (c) were not adopted since it appeared di£5.oult to ensure the 
necessary stability. It is difficult to fix the cobalt steel to the soft iron yoke 
in any way other than clamping, and in this method the pull of the pole-pieces 
must be taken by cross-struts. The great advantage of method (d) which 
was finally adopted, is that the U-shaped soft iron yoke A forms a rigid basis 
on which the whole magnet can be built and in addition the leakage losses can 
be calculated with a fair approximation, since the main leakage is from one 



cobalt steel arm to the other. Forty-six laminations, each 42 -4 cm. X 14*6 
cm. X 1 cm. were rolled from solid bar and then ground to the exact thickness 
and size specified. Half of these laminations were clamped together to form 
each of the magnet arms B and C, which were thus 42*4 cm. long, 23 cm. 
broad and 14*6 cm. deep. These magnet arms are supported by the bronze 
platform D at the centre and by bronze supports screwed to the yoke^ 
Over the magnet arms are slipped the exciting coils F ; to the ends of the magnet 
arms are secured high permeability steel pole-pieces 6, whose faces have 
dimensions of 17 cm. X 29 cm. in order to produce the desired field of 2000 cm. 
in the gap, which was 5*5 cm. wide. Photographs of the magnet with and 
without magnetising coils are shown on Plate 8. 

The Detailed Design . — ^The magnet is required to produce a value of Hp 
(field strength x radius of curvature of p particles) of at least 20,000 in order 
to be able to deal with the highest energy particles known. The air-gap 
was fixed at 6 • 6 cm. for convenience, and the size of the pole-pieces at 17 cm. x 
29 cm. With such pole-pieces we may take it that the field will be sufficiently 
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constant over an area of 12 cm. x 24 cm. so that a field strength of 2000 gauss 
would allow a value of Hp of 24,000 to be obtained. Since we have decided 
to design the magnet so that in the magnet steel there is a magnetic intensity 
of about 160 and a flux of about 5000, it is clear from equations (1) and (2) 
that the total length of the steel must be approximately 2000 X 5*5/150 = 73 
cm., and the total area of the order 2000 X 17 X 29/5000 — 197 cm.®. While 
the general principles of the design can be discussed by means of an ideal 
magnet, the dominating factor in the design of an actual magnet is the leakage, 
precisely that factor which has been neglected. The pole-pieces of soft iron 
can be taken as equipotential surfaces, and there will thendore be a leakage 
from the entire surface, in addition to the useful flux passing between the 
opposing pole faces. With the dimensions chosen, 50 per cent, more flux must 
issue from the ends of the cobalt steel than is required to cross the actual 
gap. Further, there will be a leakage down the whole length of the cobalt 
steel which will have two effects. In the first place, tlie actual loss of flux 
means that the cross-sectional area of the cobalt steel must be increased and 
in the second place, since the value of the flux changes from one end of the 
lamination to the other, it is not possible to have the steel at all points at its 
optimum condition. This latter effect makes only a small addition to the 
length of the magnet, while on the other band the actual loss of flux involves 
having a cross-sectional area of 336 cm.® instead of the ideal value of 197 cm.®. 
The greater portion of this extra area is to supply the pole-piece leakage. 
The leakage coefiicient for the pole-pieces, or the ratio of the flux leaving the 
cobalt steel at Y (see fig. 2 (d) ) to the useful flux crossing the gap at Z, may be. 
estimated approximately by idealising the prablem into a two-dimensional one 
and applying the well-known method of the Schwartz Chxistoffel transforma- 
tion. This approximation gave a figure 1*6 for the leakage flux and for 
safety a figure of 1*6 was used in the design. Calculations based on the 
method given by Evershed and the ‘ Dictionary of Applied Physics ’ {loc. dt,) 
give a figure of 1*65 for this leakage factor and appear to overestimate the 
loss. 

The remainder of the calculation consists in determining the leakage flux 
at all points on the permanent magnet arms. Assuming that there is a field 
of 2000 gauss in the gap, then the value of B at the beginning of the magnet 
steel must be 1 *6 X 2000 A^/A,, where is the area fixed for the pole faces 
and A, is the at present arbitrary cross-section of the magnet steel. We 
assumed at first a value for A, which made the induction 5000, and then starting 
from this value of the inductiem and the oorrespondmg value of the magnetie 
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intensity whicli is known from the hysteresis curve, the value of both these 
quantities at all points of the magnet steel can be calculated by the woll-known 
step-by-step method,* making use of the leakage coefficient at each point of 
the magnet arms. A sufficient length of magnet steel has then to be taken to 
give the necessary difference of magnetic potential in the air-gap. Several 
such calculations were carried out with slightly different cross-sections of 
the steel, and therefore, mitial values of the induction, in order to see which 
choice gives the greatest economy in the amotmt of steel. The main difficulty 
lies in the estimation of the leakage coefficient for each point of the arms, in 
view of the distribution of the leakage field which occurs. A photograph of 
an iron filing plot of the leakage field from one arm of the magnet is shown in 
fig. 5, Plate 8, This was obtained by placing a liorizontal sheet of cardboard 
dose to the left arm of the magnet (see fig. 4, Plate 8) with iron filings strewed 
on it and photographing from a point vertically above. The central plane of 
the air-gap is marked on fig. 5, Plate 8, and a portion of the field coils can be 
seen at the lower edge of the photograph. It is immediately obvious, while 
near the pole-pieces the leakage field is round the gap to the other arm, that 
for two-thirds of the arm the leakage is back to the yoke. The usual methods 
of calculation assume the leakage to be entirely from on<i arm to the other, 
as it is iii fact near the pole-pieces, and this gives too low an estimate of the 
actual leakage. Fortunately a considerable error may be made in the estimation 
of this leakage without affecting the design appnxjiably. 

Tests on the completed magnet showed that the leakage coefficient between 
Y and Z (fig. 2) is 1 -48, and the ratio of the flux at X to the flux at Y is 1*34. 
This latter figure was higher tlian the estimate, but since the leakage from Y 
to Z had for safety been overestimated, the result was a fairly exact prediction 
of the performance of the magnet. 

The design of the magnet coil presents no special difficulties. Experiments 
on single laminations showed tliat a field of 800 gauss was sufficient to magnetise 
the steel to within 2 per cent, of the magnetisation given by a field of 1200 
gauss and that saturation was practically attained at this field. For safety 
the coil was designed to give a field of 1200 gauss but the test results show that 
a figure of 800 gauss would have been ample. Since the laminations are only 
1 cm. thick, only a few seconds are required for the magnetisation to attain 
uniformity when the magnetic field is applied, so that copper is saved by 
designing the coil on a rating of only 30 seconds. Six coils were used having 


* * Diet, App. Physics ’ (loc. cit). 
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1800 ttmiB per coil of No. 15 S.W.Gl. wire. The nModmam onixent used is of 
the order of 15 amps, per coil. 

The U-shaped yoke was made from a high permeability steel so that the 
loss of magnetic potential there which had to be allowed for in the design was 
smaU. The section has to be chosen sufELoiently great (15 cm. X 24 cm.) to 
carry all the flux required when the exciting current is passing. The overall 
dimensions of the magnet are given in fig. 2 (d). The weights are as follows : — 


Yoke 1600 lbs. 

Permanent magnet steel 500 „ 

Coils 400 ,, 


The Behamour of the Magnet . — ^This may best be described by means of the two 
curves shown in fig. 3. The upper one gives the field in the air-gap for different 



applied magnetising fields whilst the magnetiamg current is flowing. The 
lower curve shows the field obtained in the air-gap when the magnetising force 
is removed by breaking the field current. It is evident that there is little 
point in using a magnetising field of more than 800 gauss, and in future designs 
an economy can be effected in this respect. The single laminations which 
were tested showed a similar behaviour and it is perhaps hardly necessary to 
point out that the extra copper was used in the present magnet merely as a 
precautionary measure to be sure of getting over the sharp bend in the curve. 
The process of obtaining a new field has proved unexpectedly easy, since the 
magnet can be practically demagnetised by the same reverse field whatever 
the initial magnetisation, and any new field can then be obtained by magne* 
tismg for 5 or 10 seconds by a current whose value can be read ftmn a calihta* 
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ticm curve. It does not take more than a few minutes to set a field to within 
2 or 8 per cent, of a desired value, and in this respect this magnet is as convenient 
to work with as the ordinary electromagnet type. 

The most important point to check is the constancy of the field. There are^ 
of course, a variety of causes which might lead to the field weakening with time, 
but we shall not disotiss them, because fortunately they do not appear to produce 
an effect detectable by the means at our disposal. We have checked the 
constancy by taking photographs of p-ray lines at various intervals of time. 
In one case in a field of 333 gauss two p-ray lines of thorium C" were photo- 
graphed with an exposure of 37 minutes ; then 17 hours later, without mAking 
any change in the apparatus, a second photographic plate was exposed for 
5J hours, the longer exposure being necessary because the radioactive source 
of thorium B + C + C" had decayed. The position of the p-ray lines was 
the same in the two photographs to within 0*007 cm., the error of the measure- 
ment, which showed that the field had remained constant to 1 in 2000. In 
another experiment the field was 82 gauss and it was found to remain constant 
to the same accuracy over a period of 4J days. The constancy of higher 
fields has not yet been investigated, since the magnet lias been in constant 
use for investigating the lower energy portions of p-ray spectra, and it would 
have been inconvenient to do special experiments for this purpose. 

The cost of a permanent magnet of this type is considerably greater than 
that of an electromagnet giving similar magnetic fields, but this is certainly 
justified by the many advantages of the former type, whilst the extra initial 
expenditure is offset by considerable savings in power. Merely from the point 
of view of convenience, the permanent magnet represents a considerable 
technical advance, since it obviates one of the more laborious parts of p-ray 
experiments, that of watching continuously the constancy of the magnetising 
current of the electromagnet. In addition it renders possible eai5)eriments 
involviog longer exposures and leads to great speeding up of the work, since 
photographs can be taken during the night. There is also an advantage which 
is rather peculiar to work with radioactive bodies. The radioactive body, 
thoriton B, falls to half value in 10*6 hours, which period is just too long to 
suable full use of a source to be made in a normal day, but yet is not long 
enough for a source to be used for two days in succession . With the new magnet 
however, it is easy to run an experiment for 24 hours continuously and to 
utilise the greater portion of the radioactive material It is our opinion that 
there should be a considerable application for this type of magnet in many 
different types of experiment for mass spectrograph work where very great 
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constancy of field ia neoesBary or in the determination of magnetic Busoepti* 
bilitiesby the method of Kapitza and Webster,* We should like to take 
the opportunity of acknowledging that Professor Kapitza first called attention 
to the importance of building large permanent magnets of this type, and 
suggested that the cobalt steel now available made their construction a 
feasible project. We feel that, except for the question of cost, permanent 
magnets could with advantage replace electromagnets in every case where 
moderate field strengths are required. Even in experiments when the magnetic 
field has to be changed between each reading, we think that the advantage 
would still lie with the permanent t 3 rpe, since new fields can be established 
with equal ease and speed as with the electromagnet type, and there is the 
enormous advantage of being completely free from attending to the constancy 
of the field. 

Our thanks are due to the Directors of Messrs. Edgar Allen & Co. and in 
particular to Mr, Fumival for his very great assistance in the construction 
of the magnet. 

The cost of the magnet has been met by a grant to one of us (C.D.E.) from 
the Government Grant Committee of the Royal Society, and also from the 
Caird Fund of the Royal Society, and we should like to take this opportunity 
of expressii^ our thanks for these grants. 

Summary, 

The construction and use of a large permanent magnet is described. With 
an air-gap of 5*5 cm. and pole faces of 600 sq. cm. area, a maximum field of 
2300 gauss is obtainable. The magnetic field can easily be changed and set 
to a new value by passing suitable currents through the field coils. 

* * Proc. Roy. Soc.,’ A, vol, 132, p. 442 (1931). 
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By C. E. Eddy, D.Sc, F.Iust.R, and T. H, Laby, M.A,, Sc.D., F,R.8., 
Uaiversity of Melbourne. 

(Kocei ved December 29, 1931.) 

Ifdrodtwlion, 

lu a previous paper* it was shown that 0-0007 per cent, of 29 Cu and 
0*0003 per cent, of 26 Fe could be detected in 30 Zn by atomic analyais by 
X-ray spectroscopy. This sensitivity is greater than that which was claimed 
by Noddaok, Tacke, and Berg,t who set the limit at about 0*1 per cent, for 
non-metals, and by Hevcsy,^ who stated it to be about 0*01 per cent, for an 
element present in an alloy. It was later suggested by Hevesy§ that the high 
value of the sensitivity which we found might result from the fact that some 
of the alloys we had used w(3re composed of elements of almost equal atomic 
number, and that the sensitivity would be smaller for a constituent of low 
atomic number mixed with a major constituent of high atomic number. To 
elucidate these disagreements we have made further observations of the 
sensitivity with elements of different atomic number and have investigated 
the conditions which can influence the sensitivity. 

The Factors Determining Sensitimty, 

The detection of one element in a mixture of elements depends upon the 
identification of its K or L lines in the general spectrum emitted by the mixture 
under examination. The intensity with which these lines are excited in the 
target (“ excited intensity ”) is proportional to the number of atoms of the 
constituent element excited, i.e., to its concentration and to the volume of 
the target in which the cathode ray energy is absorbed. The depth of pene- 
tration of the cathode rays is determined by the density of the target material 
and by their velocity (i.e., by the voltage applied to tlie X-ray tube). Schon- 
landll has shown that the range of homogeneous cathode rays in different 

• Eddy, Laby and Turner, * Proc, Boy. Soc.,* A, voJ. 124, p. 250 (1929) (afterwards 
referred to os 1). 

t ‘ Preuss. Akad. Wias. Berlin,’ vol. 19, p. 399 (1925). 

Nature,’ vol 124, p. 841 (1929), 

$ * Nature,* voL 125, p. 777 (1980). 

11 ‘ Proo. Roy. Soo.,’ A, vol 108, p. 205 (1925). 
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elements, ecq>reasod as a mass per unit area, is approximately constant and is 
independent of the atomic number of the absorbing element. When their 
velocity is increased, the cathode rays will penetrate to a greater depth, and 
therefore a greater number of atoms of all constituents will be ionised. This 
will increase the “ excited intensity of the lines due to the particular con- 
stituent sought equally with those lines of the other elements present. The 
intensity of a line further depends upon the difference between the voltage 
applied to the X-ray tube and tliat necessary to excite the series.* For these 
reasons, a high applied voltage is required for a high sensitivity. 

With a constant applied voltage, although the depth of penetration of 
cathode rays for a target composed of an element of high atomic number is 
less than that for one of low atomic number, the same mass per unit area of 
the two targets will be excited. If a given constituent is present to p per cent, 
by weight in the two targets the same number of atoms of the constituent will 
be excited in each target, and so the “ excited intensity of the line duo to the 
constituent should be the same for both targets. 

The intensity incident on the photographic plate is less than the excited 
intensity on account of (1) absorption of the excited radiation as it emerges 
from the target material ; (2) absorption in the tube window, in the air in the 
spectrograph, and in the light-tight wrapping of the photographic film. This 
decrease in intensity will depend upon the well-known law of absorption 
(absorption where X is the wave-length and N the atomic number of 

the absorber), and the intensity of the long wave-lengths will be reduced very 
(jonsiderably. In addition, there may be marked selective absorption of the 
spectral lines by some element, particularly in the target material, an effect 
which will be discussed later. 

With regard to other factors mentioned by Hevesy which may affect the 
sensitivity it would appear that, although the energy I supplied to the tube, 
and the time of exposure t do, of course, affect the intensity of the line, it is 
always necessary to make the product I x t sufficient to ensure the registration 
on the film of a line of the minimum visible density. Now the total density of 
the lino on the film is the sum of the densities due to (1) the line itseK ; (2) 
the continuous radiation ; (8) the scattered radiation ; (4) the chemical fog 
produced during development. The best condition for detecting the presmee 
of a line is when the backgroimd blackening due to the last three factors is 

* The relation is given by I x (V — Vfc)n, where I is the intensity of the line, V the 
applied, and the excitation voltage, and n is approxitnatedy 2 ; see Eddy and Laby, 
‘ Proo. Roy. Soc.,’ A, vol 127, p. 22 (1230), afterwards referred to as XL 
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jurtt visible, if dy, are the densities due to (1), (2), etc., then by the 

Weber- Fl(‘ckner law 

{di f dg + da + (l 4 )iifh + f d^) - constant 

when the line is just observaVdt' against the background, then the line must 
have a grtuiter density if it is to be observed against a denser backgroiuid. It 
is thus necessary to keep (2), (3) and (4) as small as possibh^. The chemical 
fog can be kepi negligible by a suitable choice of developed*, and of tlie time and 
teiupcTature t>f development. The amount of continuous nidiation apf>eariug 
on th<‘ film (iannot l)e readily reduced. The cur ves showing the variation of 
continuous X-ray energy witli voltage obtained, for example, by Ulrey* 
indicate that small values for this can only be obtained with low voltages. In 
order to ex(dte the characteristie. radial ioii <‘tficiently, applied voltages of 
two or three times the excitation voltage are required, and the use of high 
voltages increases tlie total intensity of the (iontinuous radiation. Since the 
(characteristic radiation is always superposed on Mu* continuous radiation, an 
tipper limit of useful exposiut*. is reached when tlie continuous radiation just 
liecomes visible. The effect of the continuous radiation will vary with tlu^ 
atomic number of the major constituent in a target for. as observations of 
Kaye show,! the inttniaity of the continuous radiation is proportional to the 
atomic number of the target ; for this reason tlie upp(*r limit of the time of 
exposun* for a just visible continuous railiation with a target of higli atomic 
number would be less than with one of low atomic number. Since the density 
of the characteristic radiation is proportional to the time of exposure, it would 
appear to be more difficult to detect the hues from an impurity in an clement 
of high atomic number tJian those from the same impurity in the same con* 
centration in an elemcmt of low atomic number. 

The presence of sc^ittered radiation can set (|uit(* a low limit to the sensitivity, 
particularly when the characteristic, radiations of the major constituent are 
of much shorter wave-length than that of the impurity lines, because (1) 
scattering is greater for shorter wave-lengths ; (2) the absorption of the 
scattered radiation in the air and film wrapping is then much less than that of 
the radiation due to the impurity J ; and (3) the elimination of short wave- 
length radiation by absorbing screens is then much more difficult. 

♦ *Fby». Rev,/ voL U, p. 401 (1918). 

t ‘ Proc. Camb. Phil So(%/ vol. 14. p. 230 (1907), 

X In the case of copper in lead, with an applied voJUge of 26 K.V., the thickness of air 
necessary to reduce the copper radiation t.o half its intensity is 68 cm., whiJcj for the shortest 
continuous radiation excited it is 980 cm. 
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The exclusion from the film of the radiation scattered from the slit jaws, the 
crystal moxmting, and other parts of the spectrometer system is thus an 
important problem. This is usually done in this laboratory by providing 
some tjTpe of lead screen extf'udiTig from the film holder to within a centimeto^ 
or so of the crystal, with an apf^rture to admit the beam reflected from the 
crystal. If this aperture is naiTOw, th<^ s(^attered radiatioTi is diminished, but 
the range of the s}K'ctruni which can be photographed simultaneously is also 
limited. A deep screen capable of moving in step with the crystal, and always 
in a position to n^ctsive th<‘ reflected beam (as is used in the X-ray spectrograph 
made by Messrs. Adam Hilger) has proved satisfactory, but a furt-her improve- 
ment results if the slit is r(*placed by a narrow <diannel of lead reaching to thf^ 
crystal. If no such continuous motion of the screen is available, the spectrum 
must be photographed in several portions, the screen being moved into the 
required position for t^ucli photograph. We have fonrid that the effect of the 
s(iatt(‘red radiation can be greatly reduced if each portion of the spectrum is 
photographed on a separate' film, rather than by taking the whole spectral 
range on the one film. The advantage of this proct^dure arises from the fact 
that tiie density produced by tin? scattered radiation is proportional to the 
total time of exposure, and may be distributed all over the film, while the 
reflei;ted radiation (that producing the spectrum) is affecting only a small area 
of the film at any one time. If tlie spectrum is to be photographed in sections, 
a stationary crystal can be used with advantage. Owing to the relatively 
small number of lines present in any X-ray spectrum, much time is saved if 
the film is exposed only at places where lines will occur. With a slightly 
divergent beam of X-rays incident on a calcite crystal in a spectrometer of 
radius 10 cm., a spectral range of about 1-5'^ can be photographed at the one 
setting, and an exposure of about 2 minutes (for radiations of 0*5 A.U.) and 
of 5 minutes (for 2 • 5 A .U, ) at 50 K. V. and 25 m. A. is ustially sufficient to ensure 
that any intense line due to an element present to 1 in 10® will be registered. 

The necessity for reducing the scattered radiation to a minimum cannot be 
too strongly emphasised. We have found that, when an efficient scattering 
shield is used, the lines due to 0-00002 per cent, of copper in sine appear very 
definitely, hut that the lines due to as much as 0* 1 per cent, of copper can only 
just be detected when no precautions against scattering are taken. 

A further factor which can influence sensitivity is introduced by the so-called 
selective absorption of tlie spectral lines of the element being sought by some 
element in the target/ material. This becomes a very serious matter where 
quantitative determinations are being attempted, and can lead to very erroneous 
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results (II, loc. cit., p* 38). Selective absorption will occur when the wave- 
length concerned is sliglitly shorter than that of the absorption limit of some 
element through which it passes ; for example, the Ka radiation of 30 Zn will be 
critically absorbed by 28 Ni, but not by 29 Cu, and therefore a smaller amount of 
zinc can be detected in copper than in nickel. The following values of the mass 
absorption coefficient for 30 Zn Ka radiation determined by Martin* 
indicate the magnitude of this ctfec^t, and the way in which it varies with the 
incident wave-lengtli ami the atomic number of the absorber. 


8clt*cti v(* A bsorption . 



i 

1 

AhsorlxT. j 

! 

Alworption 

edge. 

! Absorption 
i coefficient. 

1 

30ZnKa 

o 

a A, 1 

29 (lu 

A.* 1-37 A. 

41*8 



28 Ni 

1 48 

298 



20 Vv 

1 *74 

i 206 



13 Al 

7 94 

1 40-4 


A slight increase in seiLsit ivity cun arise from selective absorption when an 
element is being sought in the presence of another, the charactt^ristic radiation 
from which can be critically absorbed by it. For (example, when nickel is 
being sought in zinc, thi‘ nick<‘l radiation will be excited as a result of critical 
absorption of the zinc radiation, as well as by the incident cathode rays, but 
tliis will not occur if cop^XT be the major constituent. 

It is evident that no definite value can be assigned for the sensitivity of 
detection of impurities by X-rays means, us it is influenced by the atomic 
number of the element sought, and by those of the elements with which it 
may be mixed, as well as hy experimental arraug(uneuts. 

In view of the uncertainty in tlie data available for correcting for the losses 
in sensitivity due to the various causes, it was thought desirable to investigate 
experimentally the variation of sensitivity with atomic number. For this 
purpose, we obtain<*xl a number of suitable alloys, for which we had the reports 
of very careful chemical analyses. 

Apparati ^. — For this work, an X-ray tube in general similar to tliat described 
previously (I, he. ctf., p. 255, fig. 3) was constructed. The main body of the 
tube, including water jackets, was cast in phosphor bronze, and tliis, together 
with the glass insulators and both electrodes were first thoroughly degassed 
in a vacuum oven. The cathode and anode could be very readily removed 
* ‘ Pro<!. C’ftmb. Phil, fjtxj.,’ vol. 23, p. 789 (1927). 
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and replaced by means of ground conical metal joints made airtight with an 
external seal of soft wax. These joints gave no trouble whatever, and further- 
more, it was possible to maintain the inside of the tube free from grease,* 
even after dozens of targets had been introduced and removed. The alloys 
to be analysed were soldered on to tht‘ water-cooled anode. The tube was 
evacuatwl with a Holweck molecular pump and a Hyvac oil pump. Voltages 
up to 56,000 V. R.M.S. could be used, with tube currentH of 20 m. A., and larger 
currents could be used with lower voltages. 

The Bragg type spectrometer, with a calcite cr} still, was fitted with a narrow 
channel of lead extending from the film to the crystal, and this very effectively 
reduced the scatten*d radiation. The spectrum was photographed in sections 
of about 1 ‘5^^ to reduce further the effect of scattered radiation. Agfa double- 
coated film was used, with a rear intensifying screen. A Metol-hydroquinone 
develop(?r recommended by Mees gave excellent results, producing very good 
contrast and very little chemical fog. 

The fa(je of the target material was freed from extraneous impurities by ti 
(jareful scraping with a quartz tool. Previous expt^rimeuts with a sample of 
New Jersey spectroscopically pure zinc had shown that this method introduced 
no recognisable impurity. A target of this zinc was also used to verify that 
only radiations from the target itself, and none from the tube and window 
material, entered the spectrometer. 

Results of Ajnalysks. 

The Variation of Semitwity wilh Atomic umber. 

The alloys selected ranged from one containing an impurity of low atomic 
number in an element of high atomic number to one (containing an impurity 
of higli atomic number in an element of low atomic number. 

1. Saw, pie of Zinc . — The detection of 0*00()S jm cent, of 26 Fe and 0dKK)7 
per cent, of 29 Cu in 30 Zn has been discussed previously. 

2. Sample o/ iron, f— The spectrum given by an iron target was investigated 
lietween 400 X.U, and 2600 X.U. Within this range lie the K series from 22 Ti 
to 51 SI), and the L series from 57 I^a to 92 XJ, and sufficient portions of the L 
series of elements from 52 Te to 56 Ba are included to identify them should 

* Had portion of the surface of this wax seal bemi within the tube» the repeated l ywWng 
of the wax when making the breaking the joint would have resulted in the distillation of 
the more vdatilo oonstituents into the tube. 

t This iron was supplied by A. Hilger» lAd., and was accompanied by very complete 
reports of ohemkal and opUcal spcotrosoopm analyses. 



643 


Atomic Analysis by X-Rays, 

they occur in a greater amount than the minutest trace. Thus all elements 
greater in atomic number than 21 Sc could be detected. 

The wave-lengths of the lines were measured relative first to the iron lines^ 
but as other strong liiujs were identified those of 29 Ou, 42 Mo and 50 Sn) 
these in turn were used as reference lines for thow* faint lines near to them. A 
line was considered to be satisfactorily identified if t he following conditions 
were satisfied : — 

(1) The observed line had tin*, correct wave-length. 

(2) The lines of a series K or L) had the correct ndative intensity. 

(3) If all the lineKS in a series were not present, then only tlu^ strongest lines 

of the series should h&w been obtained. 

As most of the impurity lines appear faintly against the continuous back- 
ground, measurement to the centres of the lines is difficult, and the errors, 
jiarticularly with the faintest lines, are considerably larger than those usual 
m precision wave-length deit»rminations, when more intense lines are used. 
With the spectrometer used, a distance of 0-01 mm. of the film corresponde<l 
approximately to a wave-length difference of 0*3 X.U. The maximum differ- 
ence between the observed and true wave-lengths was 3 X.U., but the average 
difference for the 74 Utujs measured was I *6 X.U., and if only the strong lines 
be considered, 1*3 X.U, A greater accuracy could be obtained by using a 
narrower spectrometer slit, but this would involve corresjmndingly longer 
exposures. These differences, howev(*r, do not introduce any real ambiguities 
in identifying a line a-s belonging to a particular element (if all the conditions 
mentioned above are satisfied) and for each element at least three lines, 
occurring with the correct intensity ratios, were identified. 

The following table contains a list of the lines obtained from the iron target. 
For the sake of brevity, the measured values of the wave-lengths are not given, 
but instead the difference between the measured value and the acccptefl value 
(obtained from the spectrosoopic tables) is shown for each line. 

The r^^sults of the chemical and optical spectroscopic analj^ses (as supplied 
by Messrs. Adam Hilge^r) together with those of our X-ray analysis, are collected 
t(^ether in Table 11. In the first two columns are given the element, its 
atomic number, and the number of parts in a million (as given by chemical 
analysis) in which it occurs. Tlie third column shows whether the element was 
detected chemically or not. The fourth column shows the number of optical 
lines measured for each clement, and whether the lines were observed in the 
spectrum given by the iron electrodes, or by a precipitate at some stage in the 
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Table 1. — Identification of Lines in the X-ray Spectrum of Hilger’s “ H.S.” 

Iron. 




1 

\riie 



Klement. 

j A line. 

« 

r rt|. 

; 

p,- 




K Series. 




XXk 


' 



23 V 

2502 

2 

2 


— 

24 (Jr 

2289 

1 

1 1 

2 

3 

26 Mn 

2102 

1 

' 0 

2 1 

2 

26 Fe 

— 

Taheu a« refinenee Unes. 


27 Co 

1790 

0 

0 

0 

2 

28 Ni 

1660 

2 

2 

2 t 

3 

29 Cu 

1641 

0 


0 

1 

30 Zn 

1436 

2 

! 1 i 

2 

3 

31 Oa 

1341 

1 

; ' 

2 

2 

33 As ! 

1177 

2 

1 .1 ' 

«> , 

— 

38 Sr i 

877 

3 

1 ! 

1 i 

3 

42 Mo ! 

712 

1 

0 ■ 

1 i 

1 

48 Gd 1 

638 ! 

1 

! 1. ! 

J ■ 


60 Sn j 

494 i 

0 

0 : 

1 i 

2 

51 fib i 

1 

473 i 

2 



i ' ’ 

] 

3 ; 

3 


\.niP ^oht*. 


Blement. 


A 02 Fine. 


i 



^ 1 - j fiv I fii- I P&- 



j hitt'nsity of tbe 
a Imcs. 


i Very fftint. 
! Moderate. 

I 



I Strong. 
1 Faint. 

i 


Strong. 
Very faint. 
Strang. 
Faint. 


Vi- 


Intensity of the 
a Ujm* 


L Series.* 


1 

74 W j 

X.l', 

U84 

! 1 1 • ! ; ’ 

Many lines due to the filament. 


1 Moderate. 

78 Pt ! 

1321 

-■ f 1 

1 

3 



j Very faint. 

79 Au j 

1286 


2 

2 

1 ; j 


80 Hg j 

1249 

- 1 1 

0 

2 



i .. 

82 Fb 1 

; 1183 

2:0 

. 2 : 

2 

: 3 1 I 


i Point. 

83 Bi 

1163 

2 j 2 

i 1 

i 

1 1 

1 

' — ; 

1 ^ 

) 

! '• 


* It will be noticed that» of the 211 elements between 23 V and 51 Sb, the K lines of 16 were 
obtained. Of the 32 elements from 62 Te to 83 Bi only 0 oloments were found with the L eeriee. 
The greater numl>er of elements found in the first group is partly due to the higher semdUvit^ 
of the K series, and partly due to the fact that the majority of elements in the second group 
belong to the rare earth family and would therefore not l>e expocled in a metallic sample. 


chemical sejmration in which the impurity would occur in a considerably 
higher concentration. The last colunm contains the number of X-ray lines 
detected for each element ; it must be remembered that, in general, for the 
K series, only four lines exist, and that only six strong lines are present in the 
L series. 
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Table II. — Comparison of Chemical, Optical and X ray Analyses of " H.S/' 

Iron. 


Jiitjmeut. 

Amount in 

10*. s 

If dtJtected j 
chciuicnlly. 

optical i 

evidence. ' 

1 

i 

X-ray evidence. 



! : 

lines- 


t Bo 


Ye« 

1 n 


ti C 

Traw? 

So 

1 


12 Mg 

Minutti 

** 

! 

Wave-lengths too long 

14 8 



2 ' 

>for X-ray analysis with 

15 V 

IIK) 

Yeg 

- 

apectromoter in air. 

15 8 

450 

1 ». 



20 Crt 

Trace 


3 i 


23 V 

Minuto trace 

1 »■» i 

2 

3 K lines 

24 Cr 

UO 

1 VeM : 

1.5 

4 „ 

25 Mn 

220 

i ,, 1 

15 ■ 

4 „ 

26 Fo 


1 Major ronat i tuent. ■ 



27 Co 

SO 

! No 

4 

■1 M 

2SNi 

i 220 

Yew 

21 

4 M 

29 Oil 

j 070 


31 

4 ,1 

30 Zii 

1 Minute truce 

1 No 1 

3 

4 

31 0» 


M ' 

4* 

4 M 

33 As 

40 

, J 

r : 

3 „ 

38 Sr 



\ 

Not detected j 

4 

42 Mo 

; no 

Yes ; 


4 „ 

48 Cd 


No 

r. 1 

3 

50 Sn 

100 

Yen 

14 

4 

SI Sb 

0 

No 

r 

4 „ 

74 W 

Minute trace 

t 

1 ; 

t 

78 Pi 

1 ™ 

*» i 

Not detected ’ 

3 L linos 

70 Au 

1 

; 1 

*> 

3 

80 Hg 

— 

i ♦♦ 1 

1 

3 .» 

82 Pb 


1 S. 1 

2 ' 

“ t» 

83 Bi 

Minute trace 

i 

1 

„ 


I 


* Only louud in the speotnim given by a precipitate at some stage in the cheimoal Bcpamtiong, 
t Maakod by tungsten deposited from filament. 

X No information given in report. 

^ By ohomical or optical analysis as given in Messrs. Hilger's certificate. 


It will be seen that every element above atomic nund>er 22 (t.e., within the 
range searched by the X-ray method) which had been detected clnimioally 
was also detected very definitely by both optical|| and X-ray spectra. In 
addition, several elements, undiscovered chemically, were detected optically 
and their presence confirmed by X-rays. The X-rays method, moreover, 
detect-ed five elements, in minute amounts, which were not detected otherwise. 
Of the 14 elements identified in the K series, all the four lines were present for 
11 of them, and at least the three strongest L lines were present for the five 
elements identified in the L series. 

II Mo was not dotected by optical spectra, the ultimate lines of Mo being masked by 
strong iron lines. 
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TLe five elements {38 Sr, 48 Cd, 78 Pt, 79 Au and 80 Hg*) were detected by 
the X-ray method, but no evidence of tliese had been obtained by either 
chemical analysis or optical spectra. From the intensity o{ the lines due to 
these elements j it is improbable tliat any of them is present in the iron in an 
amount greater than one or two parts in a million, Consideration shows that 
the presence of small amounts of these elements will be difficult to detect by 
optical spectroscopic methods wlum they occur in a mixture with iron. If it 
is assumed that a famt ultimate line could be masked on the plate by a 
(possibly quite strong) iron line, when the wave-length separation is less than 
0*5 A.U., equivalent on the ])hotograpluc plate to ()•] mm, or less, then-- 

(1) The identification of gold would depend upon two ultimate lines, neither 
of which is the most sensitive, 

(2) The identification of cadmium would depend on tliree lines, including 
the most sensitive. 

(3) (|nly two lines would be available for the detection of platinum, neither 

of them the most sensitive, 

(4) None of the four strontium ultimate lines would be visible, 

(5) None of the four mercury lines would be visible. 

It appeal’s that the X-ray method is more sensitive than the optical method, 
although the conditions for th<* latter method may be abnormally unfavourable 
when such an element as iron with a crowded spectrum is the major con- 
stituent. It will be noti<*ed that amounts of O-GOOf) per cent, of 51 Sb and 
0-0007 per cent, of 82 Fb in 2(> Fe and, in addition, amounts (probably smaller 
than this) of 23 V, 30 Zn, 31 Ga, 38 Sr, 48 Cd, 78 Pt, 79 Au, 80 Hg, and 83 Bi 
were detected quite d<^finitely by X-ray means. These results indicate a 
sensitivity of detection as high as that originally claimed by us for zinc targets. 

3, Sanvple of T/n. -This specimen of “ Chempur ” tin, together with a 
report of chemical analysis on it, was very kindly supplied by Mr. D. M. Smith, 
of the British Non-Ferrous MetaLn Research Association. Thirteen elements 
ha>A been sought by (diemica\ analysis, and of these six were found. Only 
these thirteen elements were sought by X-ray analysis. 

The results are collected in Table III. The first column shows the element, 
the second the amount of it present (given as parts in a million) as found by 

The presence of a volatile element like mercurj’^ in an olenaent of high melting point is 
surprising. The element of niorcury cannot be explained as being due to the pumping 
system, as a molecular pump was used and the tube had never been associated with a 
merenry pump. 

t See d© Gramont, ‘ 0. R., Acad. Sci., Paris ' vol. 171, p. 1106 (1923), 
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iihemical mcthodfi, and the result of the X-ray analysis, is shown in the last 
column. Of the six elements discovered by chemical analysis, 16 S has 
characteristic radiation of a wave-length too long for work in air. The remain- 
ing five elements were detected, and the intensities of th<^ lines due to each 
element wen> in agreement with the amounts found by (diemical analysis. 
It mil be noticed that the L lines of 82 Pb (0*007 per cent.) are weaker than the 
K lines of 29 Cu (0-0(K)4 per cent.) ; this decrease in seiisitivity when using 
the L series has been observed l»y us previously, and will be discussed mort.^ 
fully at a later stage. 

Table HI ,— Elements Pound ui Tin Sample. 


'i 


Element, 

Amount i\\ U)**. ' 

Uesult of X-ray analysis. 

16 8 

t 

8 ■ 

Not possible with spectrometer in air, 

26 M u 

Nil 

No evidence. 

26 Fc 

30 ’ 

4 K linos ; very strong. 

27 Co 

Nil 

No evidence. 

28 Ki 

Nil 


29 Cu 


4 K linos ; strong. 

30 Zx) 

Nil ! 

4 K lines ; faint. 

33 As 

Nil ‘ 

3 K lines ; faint. 

47 Ag 

Nil 

No evidence. 

61 Sb 

26 

3 K lines ; faint.* 

79 Au 

Nil 

No evidence. 

82 Pb 

70 1 

6 L lines ,* moderate. 

83 Bi 

17 : 

4 h linos ; faint. 


* Tho faintness of those lines was due to the small diffortuieo between the voltage applied to 
the tube and that rt>quin^d to excite tho antimony K linon. 

Of the seven elements not ileteifted by chemical meaivs, quite definite evidence 
was obtained of 30 Zn and 33 As. The finding of arsenic in this case recalls 
a previous case of an analysis of zinc in which arsenic was jiot detected chemi- 
cally, but was det('cted by X-rays. A further careful chemical analysis of 
the zinc made to confirm tlie X-ray analysis showed that arsenic was present 
in an amount less than 0 • 00001 per vent. It is interesting to note that chemical 
analysis, which is so sensitive for arsenic, failed to detect that element until it 
was found by X-ray analysis. 

It is apparent that the increase in atomic number of the main constituent 
from 26 Fe and 30 Zn to 50 Su has not appreciably altered the sensitivity of 
the X-ray method of detecting impurities. The photographic density of the 
copper Kaj line (due to 4 parts in 10®) above that due to the scattered and 
oottiinuous radiation had the value J *28. A line of density 0*04 gives a quite 
definite indication on the photometer record, and a density of about one-fourth 
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of this can just be detected by the A density of 0*04 is equivalent to 
that of a line one-twentieth of the intensity of a line producing a density of 
1*28, and would therefore correspond to an amount of 2 parts of copper in 
10’ of tin.* For reasons given before, the lirie intensities due to this amount 
of elements of Ivigher atomic mimber t han copjw'T would be greater, since lew 
absorption would occur in the target, tube window, and the air in the spectro- 
meter system. 

With the L series thf; line of 83 Bi (17 parts in BF of 50 Sn) was clearly 
visible. The line is 10 times the intensity of the y.o line, and it is therefore 
evident that an y.^ Ibae corresponding to one-tenth of that amount of bismuth 
(17 parts in a million) would be visible in the L spectrum of tin, A slightly 
larger amoimt of an elcjment of lower atomic number would be required to 
produce an L line of similar intensity. 

4. Sample of Lead . — A sample of 82 Pb coiitaini ug 0*0003 per cent, of 29 On, 
for which we were indebted to Mr, K. S. Russell of tlie Broken Hill Associated 
Smelters Pty., Ltd., served for testing the sensitivity in an unfavourable case, 
i,e,, when an impurity of low atomic number occurred in a major constituent 
of high atomic number. The coppu* lines wcix* obtained with such an intensity 
that at le^ast one-third of that amount (0*0001 per cent.) could have been 
readily recognised. Although with elements of atomic number less than 29 Cu, 
this sensitivity will decrease, it is obvious tliat a very high degree of sensitivity 
is still available for detecting an impurity of low atomic number in an element 
of high atomic number. 

The Effect of Selective Absorpt ion in the Target. 

The iron alloy proved very suitable for investigating the decrease in sensi- 
tivity which would occur when the radiations emitted by the imptirity are 
selectively absorbed by the atoms of the major constituent. The K absorption 
edge of 26 Fe (1737 X.U.) lies between the K a (1780) and j3 (1617) groups of 
27 Co, so that the (3 group will 1 k^ selectively absorbed in the iron, while the 
Qc lines will not. In the sample used, only 80 parts of cobalt were present in 
10« parts of iron, and conditions were very favourable for pronoTinced selective 
absolution of the cobalt p lines. As the a lines suffer no selective absorption, 
a means of measuring the decrease of sensitivity was available. 

The density of the line was found to be 0*12. As a density of one-twelfth 
of this can be detected by the eye, it follows that the line (and, of course, 

• It was shown previously (11, p, 34) that, for alloys, the line intensity was proportiaiia] 
to the amount of element |»:esent. 
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the two stronger a lines) will be detectable for 0*0007 per cent, of cobalt in iron, 
even although there is selective absorption. The density of the line due 
to 0-008 per cent, of cobalt was such tlmt this line would still be visible for 
0*00006 p('T cent. ; since the pj line, however, has an intensity only one-third 
of the intensity of the a^, 0*0002 per cent, will be necessary for the line to be 
visible as well if there be no selet^tive absorption. The decrease in the intensity 
of the fij lin(* by selective abHorj)tion has therefore resulted in the sensitivity 
being diminished to about oaedhird. This result shows how greatly the 
quantitative estimation of an element can be* aftVeted by selective absorption. 
For qualitative work, however, the sensitivity, although greatly reduced, has 
still a value of better than I in 100,000 even in this case when the effect of 
select ,iv<^ absorption is practii'ally a, maximum. 

The Effect of Tube Conditiovif on Sermtivity, 

Some results have recently been obtained wliicli indicate that the pressure 
of the gas arid the presence of vapours within t])(‘ X-ray tube can very greatly 
reduce the seijsitivity obtainable. Wlien some quantitative analyses of lead 
(using the method previously described, 11, tec. cit,, p. 89) were being made 
in this laboratory by an e.xjx^rimenfcer who had not previously worked with 
demountable X-ray tubes, it was found that the diuisity of the L lines due to 
0-087 jK^r cent, of lead did not sufficiently exceed tin? density of the continuous 
backgrouml to be measurable with our photometer. This difficulty had not 
previously been met with by th<‘ writers. Under these newly found conditions 
an increase in the time of exposure merely increased the densities of line and 
bacJitgrouml iu the same ratio, and did not result in a line of measurable density. 
The loss of sensitivity was found to have the following explanation. The 
X-ray tube was vacuum tight but close observation showed that it flashed 
intermittently during its opt^ration, indicating the presence of gas. This gas 
was liberated by the action of the discharge on the internal glass and metal 
surfaces, which had become accidentally contaminated with a very thin film, 
which was probably a decomposition product of the wax used in the air-tight 
seals. When these surfaces were thoroughly cleaned with toluol and alcohol, 
the density of the lead lines increased considerably. To verify that the presence 
of grease vapours was the cause of the decreased sensitivity the pumping 
system was progressively improved and this resulted in a corresponding 
increase in the density of the line over that of the continuoiis background. 
The following values for the ratio of the density of the Pb L line (due to 
0-087 per cent, of Pb) to the density of the background illustrate the way in 
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which the line density changed with alteration of the vacuum. Tube A had 
been in use for about 4 years, tube B for 2 years ; it is to be expected that the 
inner surfaces of A would have a greater accumulation of condensed wax 
vapours than B. Tube C was specially constructed so that all the parts could 
be degassed, and during assembly great care was taken to prevent wax vapours 
reaching the internal surfaces. It should be noticed that in each case th<^ 
adjustment of the spectrometer was very car(‘iuUy checked, and that exactly 
the same precautions were taken against scattiTcd radiation. The times of 
exposure were so chosen that the density of the background was just visible 
in eu{;l» case. 


Tubti 


Pumping system. 


iMimity Pb Loi 
J>en«ity«f background 


1 A j Hyvac, single stagn <4aedc, liquid air mercury i 0* 

! vapour trap i 

2 A j Hyvae., 4-«tage Goc^de, liquid air mercury j (P)7 

; vapour trap | 

B I Hyvac, 4^fttage Gaedc, liquid air mercury 0 -23 

vapour trap 

4 (’ Hyvac, Holwook molecular 0 *31 


* In this the lino density was too small to bo moasurod. 


It is evident that a very great variation in the line intensity can occur witli 
alterations in the gas pressure within the tube, and that the reduction of the 
pressims by improvement in the pumping system and the removal of volatifc 
greases, can considerably increase the sensitivity.f 
Confirmatory evidence was obtained with a zinc target containing 0*0607 
cent, of copper, used in tube C evacuated with the Holweek mokcular 
pump. Particularly intense copper radiations were obtained with this tube, 
the ratio of the density of the copp»r K line to the density of the background 
being 0*76. This large value for the ratio was the result of (1) the use of the 
K series lines ; (2) a very efficient screen against scattered radiation ; (3) the 
removal of grease from the tube by a preliminary degassing. When a small 
piece of Everett*s soft wax was introduced into the tube so as to be exposed to 
the discharge (no other alteration being made in the tube or spectrometer 
conditions), the density of the copper line was so reduced that it could not be 
measured with the photometer. The wax was found to have been ebamd 
imder the discharge, and the inside surface of the glass part of the X-ray 

1 1'ho fleiisiiivity obtained m I would oorrespond to very little better than 0 • 1 per eent, 
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had b(Hui coated with a thin dark deposit. It was to be expected that a 
similar deposit had been formed over all the internal metal surfaces including 
the target face, but it is much more difficult to dete(it such a deposit on an 
opaque 8urfa<‘e than on a transparent one. Cleaning of the greasy surfaces 
with acetone^ alcohol, and other grease solvents resulted in only a partial 
recovery of the sensitivity ; a thorough degassing of all internal surfaces was 
necessary befort^ the initial sensitivity was regained/ The gas liberated from 
tln^ wax WHS apfmrently very rapidly removed by the pumps, as during the 
running of the tube, there were no sudden fluctuations in the readings of the 
millianmieter ami kilovoltmeter such as are usually associated with the presence 
of gas in the tube. 

It is somewhat surprising that wt^. had not met with this loss of sensitivity 
l)et^ore. During the (course of 4 3'ears’ exp(?rienee of atomic analysis by X-rays, 
four diffi‘r<’Tvt tubes, all of the thermionic type, Ijave been used, and althougli 
the prciSMuri' \vi%H never measured, it was always suffi(*ieatly low for the tube 
to operatt* satisfactorily as a tluirmionic tube ; that is to say, the saturation 
tube current was detenipned by the filament temperature. No difficulty had 
been experienced in obtaining quite intense characteristic radiations from an 
element present to a few parts in a million, and there was no indication that 
the sensitivity could be influenced by the tube used. 

It is poHsibh* that the presc*u(«i of small amounts of volatile material within 
the X-ray tube is the njason for the low sensitivities obtained by some workers, 
particularly since our experience indicates tliat an X-ray tulxi nuty operate 
very steadily at 30 K.V.R.M.S. (as read by an electrostatic Kilovoltmeter) 
and yet have sufficient gas in it to reduce its siiusitivit) , 

Ab yet it lias not been possible to put forward a satisfactory exphiuation for 
this reduction of sensitivity with the presence of volatile materials. It is not 
evident why the intensity of the homogeneous radiation is reduced to a much 
greater extent than that of the accompanying continuous radiation. 

While this variation of sensitivity may l»e a disadvantage of the X-ray 
method of atomic analysis, it must be pointed out that it is only met when a 
departure is made from those conditions of cleaulineijs which are required in 
all vacuum teclmique, and which are not at all difficult to maintain in ordinary 
laboratory routine. 

Variatian of Bensitiviiy with the Emission Series used. 

With a spectrometer in air, the K series can be photographed readily only 
for elements of higher atomic number than 22 Ti, and the L series for elements 
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above 69 Pt. For elementB above 59 Pr, either the K or L series oaxi be \ised* 
The excitation voltage and wave-leiij^th of the most intense line of these 
series for representative elements is given in the following table. 


K iHi'nojt. h Acriofii. 


Element. 







j line. 

Exoitatitni 

aj line. 

i Excitation 


voltage. j 

1 voItag(\ 


X.U. 

! K.V. 

X.U. 

; K.V. 

22 Ti 

2743 

5 

♦ 

[ — 

59 Vr 

343 

42 

2457 

1 7 

92 IT 

120 

i 

908 

V>*> 

j 

t 


• This M a vt' -length is t<>o long for registratjon with a spoctromoter in air. 


It is evident that, for (elements where both K and L series are available for 
identifjdng an element, the intensity of the strongest line in each series will 
be altered by different amounts due to the different amounts of absorption, 
as well as to differences in excitation voltage. The sensitivity of detection 
will therefore? vary witli the series used. We have mentioned previously that 
smaller concentrations of elements were detected by the K series than by the 
L series. As, so far as we are aware, no determination of the ratio of the 
intensity of the Imes of the K series to those of the L lines has bi‘en published, 
it was decided to investigate the change in sensitivity with the series used, by 
determining the ratios of tlu? intensities of the K line and the L aj line to 
that of their continuous backgrounds, when equivalent conditions of excitation 
wert? employed for each series. 

This could be done in tw o ways. The K and L spectra of a heavy element 
(say platinum) could lx? pliotographed together, and the measured values of 
the intensities of the K aj and L corrected to equalise the effects of differences 
in excitation potential and in absorption. Since the variation of intensity with 
applied potential is given by I oc (V — if ^ potential of 100 K.V. were 

applied to the tube the excess potential would be 23 K.V. for the K series and 
86 K.V. for the L series, and the error introduced by the uncertainty in the 
value of n would be (considerable. A further source of error would arise when 
the correction for variation in absorption with wave-length was made. Since 
the absorption is proportional to X*** (where X is the wave-length and m is 
approximately 3), the absorption of the L qti line would be (7)*" times that of the 
K a, line, and the uncertainty which exists as to the value of m yroxM produce 

t Bee footnote to p. 638. 
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an appreciable error. In addition, it would be neoeHsary to apply a further 
correction for the variation of photographic action with wave-length. 

If, instead of comparing intenaitiee of lines in the K and L series of the same 
element, the intensity of the K line of one element is compared with that of 
the L line of another element, the two lines having approximately the same 
wave-lengths, no large errors are introduced, for then the same absorptions 
and photographic actions will take place for each, and the difference in the 
excitation voltages will also b(^ small. Two combinations of elements would 
fulfil these conditions ~^?ithcT seleuiura or arsenic with bismuth. Unfor- 
tunately, however, it was found impossible to prepare alloys containing selenium 
or arsenic in the required amounts which were suitable for use as targets in an 
X-ray tube, and a modification of this latter motho<l was adopted in which, 
although the excitation voltages and wave-lengths were not equal, they were 
nevertheless of the same order, and the {application of the corrections did not 
introduce any large error. 


Deletmimition of Relotire Inicmilua of Zn K and Pb L Xj. 

An alloy was prepared containing equal amounts of 30 Zn and 82 Pb, and 
the K s{)cctruni of zinc and the L spectrum of lead photogi'aplied together 
using an excitation voltag(‘ of 25 K.V. The mean of the observed values for 
the ratio of 

Intensity of Zn K Intensity of Pb L aj 

Intensity of background Intensity of background 

was 28*7 ; on <jorrecting this for the difference in excitation voltage, and for 
the different absorptions experienced in passing through the tube window 
and film wrapping {each equivalent to 0*2 mm. of aluminium) and through 
24 cm. of air, this ratio became 21. For equivalent conditions of excitation, 
therefore, the intensity of the L «, line of one element would be equal to that 
of the K %i line of a lighter element present to about one-twentieth of the 
amount. This result is in agreement with the observation recorded on p. 647, 
that in a sample of tin, the L lines of 82 Pb (0-007 per cent.) were weaker 
than the K lines of 29 Cu (0*0004 per cent.). It is therefore necessary to use 
the K series if a maximum sensitivity is to be obtained. Notwithstanding 
this, however, it was shown previously that recognisble L lines of bismuth 
could be observed in tin for an amount of 0*0002 per cent. 

* Owing to the variation in intensity of the backgrotmd with wave-length, the intensities 
of ^ two backgrounds were not equal. 
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Cimdasion, 

The main oouelusious are given in the Hummary, but the following pointK 
may be eraphaMisod here : 

Amounts of One Element Detected in Another Element. 


Itnpurity. 


26 F© 
29 tJu 
31 Ah 
51 Sb 
82 Pb 
88 Bi 


It will be seen from the figures given above that, while small variations in 
sensitivity occur when the atomic numbers of the minor and major constituents 
of the alloy are varied, the decrease in sensitivity with increase in the atomic 
number of the major constituent is much smaller tlian has been suggested by 
other writers. 

When no selective absorption of the nuliatiou of the element sought takes 
place in another element in the target material, amounts of a few parts in a 
million can readily be detected throughout the range of atomic number from 
26 to 82. These figures confirm our previous claims for minor and major 
constituents of low atomic number. 

When strong selective absorption of the radiation due to the minor con- 
stituent does occur, the sensitivity, although reduced, has still a value of better 
than 1 in 100,000. 

Surntnary, 

In a previous communication evidence vfna given that the sensitivity of 
atomic analysis by X-niy spectroscopy was of tlie order of 1 or even 0-i part 
of a metallic element in a million of an alloy. As this sensitivity was greater 
than that wliich other workers had previously found, and as it had been 
questioned whether our results were applicable to alloys other than those m* 
had used, we have redetermined the sensitivity of the method and have investi- 
gated the conditions which determine it. 

That the high sensitivity above-mentioned can be obtained when |tt»per 
precautions are taken in the analysis of alloys has been confirmed* but it hua 


Major coiMtituont. 


20 Ke. 

! : 

j 80 Zn. 

50 Sn. 

82 Vh. 

yxM* cent. 

per ctjnt. 

j*cr ocut. 

per oejit. 


0 0008 



— 

O 0007 

0*CMKK>2 1 

0 0001 


0 0(M)01 

— 

— 

o-oooo 

; 

— 

— 

0 0007 

1 *”* 

— . 


— 

I 

0 (KH)17 

— 
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hem foimd that, when a poor vacuum exists m the X-ray tube, ami when 
scattered radiation reaches the photographic plate, the sensitivity can be very 
considerably reduced. 

The factors which determine the sensitivity include : — 

(1) The excess of the voltage applied to the tube over that necessaiy to 
excite the lines of the element sought. 

(2) The atoxnic number of the element sought, and the atomic number of 
the other elements present in the alloy being analysed. 

(3) Selective absorption of the radiation from the element sought in the 
target material and the tube window. 

(4) General absorption in the target, the tube window, the air, and the 
light-tight covering of the photographic film. 

(6) The photographic blackening produced by the continuous and scattered 
radiation, and by chemical action, which forms a background against 
which the emission line has to be observed. 

(6) The particular series spectra (K or L) used in the observations. 

(7) The gas pressure in the X-ray tube. 

The effects of the above factors are discussed and experuneuts show 
that ; — 

(1) While theoretically it is to be expected that the sensitivity for an element 

of low atomic number alloyed with an element of high atomic number 
would be less than that of the reverse ease, one part of 29 Cu can be 
detected in a million parts of 82 Pb. , 

(2) In a oase where the effect of selective absorption makee the condition 
for hig h sensitivity distinctly unfavourable (27 Co in 26. Fe, where 
the Co X strongly absorbed), 7 parts of cobalt in a million of iron 
could still be detected. 

(8) For equivalent conditions of excitation, the lines in the K series of an 
dement ate approximately twenty times as intense as the L series. 
The use of the L series in identifying an element therefore sets a muoh 
lower limit to the sensitivity than that of the K series. L lines due to 
0*0002 per cent, of 88 Bi in 60 8n have, however, been observed. 

(4) Beduction of the sensitivity to 0*01 per cent, or even 0*1 per cent, is 
also poesHife if attention is not given to the soieening of the photographic 
film £n»D radiatioa scattered from the crystal and slit. 

VOL. 0*MtV.—A. 2X 
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(5) Tlie degree of vaouom withiu the tube can 8eiiou% aSeot the seiuitivity 
obtainable. The presence of wax vapours in the X-ray tube, though 
not sufficient to prevent its satisfactory operation, om reduce the 
sensitivity of 26 Gu in 30 Zn from 0*0007 per cent, to about O’l per 
cent. 

Although the decrease in sensitivity due to these last two factors might be 
regarded as a serious disadvantage of the X-ray method of atomic analjreis, 
they should be considered as defects of manipulation rather than of the method, 
and they can be readily avoided. The sensitivity of both chemical and optical 
methods could be similarly reduced as a result of faulty experimental technique. 

The results of the analyses described here, and those contained in our 
previous paper, seem to afiord evidence that the X-ray method (except in 
respect to experimental difficulty) is generally superior for the analysis of 
alloys to the optical and chemical methods, particularly in sensitivity and in 
obtaining, at the one operation, a complete analysis for elements of atomic 
number greater than 21. 


An Examination of Turbulent Flow with cm UUramioroscope. 

By A. Fxoe, A.Il.CBc., and H. C. H. Townend, B.Sc. 

(Comihunjoated by 0. 1. Taylor, F.R.S. — ^Received November 24, 1931.) 

1. Introduction. 

1. Hitherto, the majority of researches into the character of turbulent fluid 
flow have been concerned with the motions of relatively large molar masses 
of fluid, and the methods used to obtain visual impressions of the flow pattern 
have usually involved the introduction into the fluid of particles of extraneous 
matter, such as aluminium particles, oil drops, etc. It is questionable whether 
such methods ate permissible for the examination of microturbulence, especially 
near the boundary of the fluid where the scale of the turbulence is small, 
amoe if the particles introduced are comparable in sise with the molar masses, 
their inteanal motions may not be faithfully r^xesented. In a study of this 
kind of motian it is very desirable therefore to avoid any such interference 
wifh ihe flow, and the uitramkrosoope ofim»d a possible means of doing this 
pioidded the dffiSculties in applying the instrument ooxdd be sunamwted. 



EmnwieUion of Twbulmt Flow. 


m 

2. Tlie principle of the ultramicroscope depends on the fact that minute 
piurtiolea usually present in most fluids, but invisible in ordinary light even 
under the most powerful microscope, become visible when intensely illuminate 
provided they are seen against a dark background. Particles whose shapes 
are not discernible, because they are smaller than the wave-length of light, 
then become visible as bright points of light. 

It would appear, then, that an ultramicroscopic examination of a movmg 
fluid should give reliable information of the minute details of turbulent flow, 
and in the present work* the method has been used to investigate the flow in 
pipes. At first, it was thought that it would be necessary to use distilled 
water to which a small quantity of some colloidal solution had been added, 
but this proved to be unnecessary since a preliminary test showed that ordinary 
tap water contained a sufficient number of particles for the purpose of observa- 
tion. 

An idea of the size of the particles found in the tap water used may be 
gathered from the fact that the majority of them clearly showed the Brownian 
movement when the water was at rest. It is known that the diameter of the 
largest particles that show this movement is about 0*001 mm., so that the 
majority of those observed must have had a diameter considerably smAQer 
than this value. 

3. The main object of the work was to ascertain how the turbulence was 
distributed across a pipe, and in particular how it was influenced by the wall. 
It is well known that the flow at any fixed point is made up of a succession of 
irregular motions crossing the pipe in different directions, although the mean 
velocity at that point — denoted by U — taken over a suffici^t time is axial. 
As would be expected then, the view seen in the microscope showed numerous 
bright streaks inclined at various angles to the axis. From measurements 
of these angles and the speeds of the particles, the maximum values u^, 
and 1%, of the three components u, v, and w, of the velocity disturbances were 
obtained at various points in the pipe. These values indicated how the turbu- 
lence was distributed across the pipe. 

Neat the centre of the pipe the ratios Wi/U, «i/U and tOj/U were approxi- 
mately equal, but as the wall was approached the ratio v^/U obtained from the 
velocity disturbance normal to the wall decreased to zero, whilst the other two 
ratios, «i/U, and iSi/U, increased. At the wall itself the flow was examined 

* Ifas ymA was ouiied out in the Aeiodynamioe Department of the Natimwl Phyaioa} 
L^xnatoty, and pennimion to ocnnmnnioate the resulta wae kindly granted by the Awo- 
aanttoal Reaearoh Oonunittee. 


2x2 
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in greater detail and it was found that owing to the tendency of the velocity 
component v to vanish, the flow tended to the laminar type, although the 
motions of particles in the lamin® were very sinuous. 

The usual meaning attached to the term ** laminar flow is not sufficiently 
precise to describe all the conditions observed in these experiments, and for 
present purposes the term ** rectilinear flow ” is introduced. The meaning 
of laminar flow is unambiguous for the flow in pipes below the critical speed, 
since the motion of atiy one particle is then not merely confined to a lamina, 
but is, in addition, rectilinear.* Above the critical, the flow very near the 
wall is still approximately in lamin® parallel to the wall, 8in(‘e vJJJ tends to 
aero, but the motion of a particle is no longer rectilinear, and is in general 
sinuous. Rectilinear flow is therefore necessarily laminar, whereas laminar 
flow may be sinuous within the thickness of the lamina. 


4. List oj Symheia , — 


2 « 

D 

R 




U 

Uo 

M, V, and w 


Uj, Vj, and 


e 


my 


— length of side of square pipe. 

== diameter 1 

> of circular pipe. 

= ra<bus J 

== hydraulic mean depth 

= D/4 (circular pipe) == s/2 (square pipe). 

= mean velocity at any point in pipe. 

^ mean rate of flow through pipe. 

mean velocity along the axis OX of pipe. 

= components of the velocity disturbance. 

= maximum values of w, v, and w. 

“ tan“’ — - != angular deviation of flow in plane XOY. 

(U + tt) ® 


tan“^ — 5= angular deviation in plane XOZ. 


* Throughout the paper, the velocity componenta considered are those due to the general 
motion of the fluid. The excursions of the pardries due to Brownian movements will 
oauie departures from straight line flow, but these motions are also present when the fluid 
is at rest and so are not considered here. Rectilinear motion is, therefore, taken to mean 
motion which is straight except for Brownian deviations. These deviations eaimot in 
any case be observed with the apparatus used when the fluid is moving, even slowlyr 
although they can be easily detected when the fluid is at rest. 
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4. IA$t of Symbols, — (continued), 

and 0,, ^ maximum values of 6^.^ and 
p = density. 

jx =5 coefficient of viscosity. 

|x^ == coefficient of mecliamcal viscosity. 

V kinematic coefficient of viscosity, 
v' =: kinematic coefficient of mechanical viscosity, 

/ = intensity of surface friction. 

II. Description of Apparatus. 

5. Water System) fig. 1 (6). — Most of the experiments were made on the flow 
in a square brass pipe of side 0-89 inch. A uniform flow of water tlxrough the 
experimental pipe was maintained by means of a constant difference of head 
between the water levels in the supply and exhaust tanks. The water level 
in each of these tanka was regulated by adjustment of the height of an overflow 
pipe, which passed any excess of water to a waste tank. From this tank, the 
water was pumped back to the supply tank. 




6, To avoid contaminating the water with the rust or dirt inevitable with an 
ordinary pump, a special pump was designed in which the water passages 
consisted entirely of rubber and glass tube. The principle of the pump was 
that of propelling the water along a rubber tube by a series of rollers, mounted 
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on a rotating spider, which squeezed the tube against a oiroulax track ooncentcio 
with the spider axis. To prevent backflow, the l^igth of the circuhti tiaok 
was made suflicient to allow two adjacent rollers to bear on the rubber tube at 
the same time. The quantity of water delivered by the pump depended on the 
speed of the rollers, the diameter of the rubber tube, and on the clearance 
between the rollers and the track. The delivery could be regulated by adjust- 
ment of one or all of these variables. It was found that when conditions were 
steady, the delivery was so uniform that a constant head in the supply tank 
could be maintained by the pump alone, and accordingly, the overflow pipe 
of this tank was not used. Moreover, by adjusting the clearance between the 
rollers and the track, a satisfactory regulation of the speed of flow through the 
system was obtained. This was effected by pivoting the bracket carr 3 dng 
the spider axle at one end, and mounting a screw adjustment at the other 
end. 

The mean speed of flow through the experimental pipe was determined from 
the reading of a Venturi tube in the circuit previously caUbrated against a 
measured discharge from the pipe. 

7. To keep the water clean, enamelled tanks with covers were used in the 
water system ; but in spite of this precaution, it was found neoesaary to empty 
the system and replenish with fresh tap water every morning, for after a day’s 
run the water, although apparently clean, contained innumerable minute 
particles. The diffused light scattered from these particles impaired the 
effectiveness of the dark background. 

8. To allow the fluid to bo illuminated and observed, two windows, one of 
quartz* and the other of plate-glass, were inserted in two adjacent sides of 
the brass pipe, fig. 1 (a). Each window was carefully mounted in place with 
its inner surface flush with that of the pipe. To allow observation along the 
surface of the glass window, the quartz window was made to overhang the 
edge of the glass window, and the external angle between them was cauUmd 
to ensure watertightness. The axial lengths of the windows were { inch f<n 
the quartz and 6 inches for the glass. To ensure steady conditions of flow, the 
entry of the pipe was carefully faired with a converging bell mouth, and 
the point of observation was chosen at a distance of 4 feet downstream, that 
is, 108s, where 2s is the side of the section. 

Observations in the general stream were made through the quartz window 
with the illuminating beam passing through the ^ass window. When, howavec» 
observations were taken very near to a surface, advantage was taken uf the 
* BxperisiMe siumed that wiw sqtiafly offsets 
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greater length of the glass window to eliminate any disturbance arising from a 
possible lack of continuity at the upstream junction of the window and the 
pipe* 

9. The Uliramicroscope, fig, 1 {a )* — small arc lamp taking 5 amperes was 
used as a source of light. The light was brought to a focus by a single con- 
densing lens, and then passed through a compotmd lens and the glass window 
into the water. The position of the compound lens beyond the image of the 
arc was adjusted so that the divergent beam at the entrance aperture of the 
compoimd lens had a diameter just equal to that of the lens. 

This system produced a convergent cone of light entering the water, which, 
at the focus, had a circular section about 0*02 inch diameter. The field of the 
micn^ope with its original magnification (106) was 0*07 inch in diameter, 
and a small cylindrical lens was interposed between the image of the arc and 
the compound lens to make the incident beam wedge-shaped instead of conical, 
so that the width of illumination could be increased up to 0*07 inch, without 
an increase in depth. The illumination of particles well outside the focal 
plane, which would have impaired the darkness of the bacikground, was thus 
prevented, and the amount of light available was conserved. 

A further refinement was a slit of adjustable width placed in the focus of 
the first condenser, but this slit was not essential, and was only used with the 
highest magnification (200) when examining the surface layer. 

10. To allow the height of the incident beam to be adjusted, the whole lens 
system was mounted on an optical bench, which was pivoted at the arc-lamp 
end and provided with a vertical screw adjustment at the other end. This 
adjustment in conjunction with the vertical and lateral movements of the 
microscope enabled a complete quadrant of a cross section of the pipe to be 
explored. 

The microscope was mounted so tliat it had a horizontal travel. A micro- 
meter on the microscope stand was used to measure the horizontal distance 
of the centre of the field of view from the vertical wall of the pipe. The focal 
plane of the microscope was used to fix the distance of the point under observa- 
tion below the inner surface of the quartz window. To measure this distance, 
a gauge was introduced into the pipe when full of water, consisting of a small 
vertical column with a flat top, screwed into a metal blcck shaped to rest on 
the floor of the pipe. The height of the column above the floor of the pipe was 
sot with a micrometer and, after inserting the gauge into the pipe, the micro- 
scope was focussed on the flat top. 

For observations near the surface a higher magnifleation (200) was used in 
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carder to reduce the focal depth, and so increase the aelecjtivity. A measure* 
ment of the focal depth was made with a piece of celluloid 0*002 inch thick, 
pressed hard against the quartz window. It was possible to focus on a point 
within the celluloid and yet have scratches on both surfaces out of focus. 
When, therefore, the microscope was focussed on the inner surface of the 
window, all particles of fluid within focus were situated within 0-001 inch 
from the surface. The lower magnification (105) was used away from the 
wall where selectivity was less important. 

11, Circular Pipe , — There were two reasons for taking observations in a 
circular pipe. First, it was desired to ensure that the motions observed in 
the square pipe were not due to the secondary motions known to exist in non- 
circular pipes, and second, it was desirable to verify that the results for the 
square pipe were of the same character as those for the circular pipe, on which 
most work has hitherto been done. 

On account of optical difficulties, the flow in tihe circular pip(e was only 
observed at two positions, namely, at the centre of the pipe, and very close 
to the surface. For observation at the centre of the pipe the apparatus was 
arranged exactly as for the square pipe. For observation near the wall, the 
arrangement of the illuminating beam was modified as shown in fig. 1 (c). 


a 



Fm. J (<:). — Illuminating Beam aa uaed with Ciioular Pipe for observing surface flow. 

This modification was necessary since it was impossible to project directly 
the light beam tang^tially to the inner surface of the j^asa, because of the 
difference of refractive index at the glass-water interface. The beam was, 
therefore, directed upwards and very nearly tangential to the glass pipe at the 
point of entry A, bo that it was refracted into the water and illuminated a 
small portion of the fluid in contact with the inner surface at B. To prevent 
astigmatic distortion of the view dne to the circular pipe acting as a oylindtioal 
lens, a small piece of fiat glass G, was placed on top of the pipe. A few drops 

* Completely Turfoulent Flow. L. Pnuidtl, “ Swxmd Intematkmal Congress for .^ipUed 
Meohanios,” Zlhdcb, 1986. 
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of water were introduced between the two glaae surfaces and were retained 
there by capillary attraction. This optical system was closely equivalent 
to that at the flat wall of the square pipe. The light emerging from the pipe 
was refracted away from the microscope, as shown in the sketch. No direct 
light entered the microscope, although some light scattered within the pipe 
rendered the background somewhat luminous, but particles could be seen with 
sufficient clearness to show that the surface flow was similar to that in the 
sqxiare pipe. 

12. Axes of Reference , — The axis OX is taken coincident with that of the 
pipe, the axis OY is horizontal and normal to one side of the pipe, and the 
axis OZ is vertical. The illuminating beam was horizontal and so parallel to 
the axis OY. The axis of the microscope was vertical and therefore parallel 
to the axis OZ. 


111. A Criterion of Turbulence, 


13. Turbulent flow at any point within a pipe ia characterised by a succession 
of motions crossing the pipe in diSerent directions. If the mean axial velocity 
be denoted by U, and the deviation from this velocity by the components* 
u, and w, then the actual velocity components at any instant are (U 'f v, 
and w, where the average values of «, u, and w taken over a sufficient time are 
zero. At any instant, then, a particle viewed nennal to the plane XOY would 

/ dJJ V 

appear to be moving in a direction inclined at an angle tan"^ lu’^jT^/ 
axis of the pipe, and if viewed normal to the plane XOZ in the direction 


tan“^ 



To specify completely the character of turbulent motion, it would be neces- 
sary to obtain continuous records of the variations with time of the velocity 
components «, v, and w or alternatively of «, 0,,,, and 0„, where 


6 




= tan'"^ 


t>, w 

(u -t- «) ■ 


After a little experience with the apparatus it was realised that it would be 
extremely difficult to satisfy this requirement ; but it was found, as the 
technique of the experiments was developed, that reliable observations could 
be obtained of the maximum values of 6,, and (denoted by and Q„) 
and of u (denoted by u,) at any point in the fluid, except very near the boundary. 


* Sign included in oomponente. 
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1 * 10 X 0 these observations the maximum values of u, v, and v> (denoted by 
Ui, Vi, and Wj) could be deduced, and these maxima have been taken as a 
criterion of turbulence. 


IV. MeuBurentml of the Maximum Angular Deviations, and 

14. Above the critical value of Re 3 molds number (Uoin/v), where m is the 
hydraulic mean depth, the wave-lengths of the sinuous paths of the particles 
(except those near the boundary) were large compared with the diameter of 
the field of the microscope. The illuminated particles appeared therefore as 
bright rectilinear streaks inclined at various angles to the mean direction of 
flow, and at high speeds, owing to the persistence of vision, these streaks appeared 
to intersect each other. 

The observations of which correspond to the component velocity normal 
to the vertical wall y ~ s, were taken by focussing the microscope on various 
points in the horizontal plane XOY. To observe ©„, which corresponded 
to the component parallel to the wall y = «, it would have been necessary to 
interchange the microscope and the illuminating beam. In practice, however, 
it was unnecessary to make this change, for by symmetry the motions at 
corresponding points in the two axial planes at right angles to adjacent sides 
of the pipe are the same. Values of ©„ were therefore obtained by mounting 
the microscope with its axis along OZ and focussing on a plane at the apjnco* 
priate distance above the plane XOY. The focal plane was then illuminated 
by elevating the optical bench. 

The obliquity of a luminous streak was measured by means of a fine platinum 
wire mounted in the focal plane of the eyepiece. This wire was carried on 
prongs connected to the eyepiece, and could be rotated about the axis of the 
microscope by means of a pointer moving over an angular scale. The reading 
of this scale was adjusted to zero when the wire was parallel to the wall of the 
pipe. To facilitate observation the wire was rendered luminous by electrically 
heating it to a dull red glow. A considerable time (about 30 minutes) was 
spent in observation before each value of ©,, and was finally selected. 

Although the particles illuminated varied appreciably in size and luminosity, 
it was assumed that they aU took up the motion in their immediate locality. 
This assumption appeared to be justified by the observation that bright and 
faint particles were equally deviated when t^e fluid was in motion, and that 
nearly all the particles were small enough to show the Brownian movement 
when the fluid was at rest, 
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16. Sk»tchra of some typioal views observed in the mioroooope aze givoi. in 
fig. 2 (o-e). An attempt was mode to take photographs the flow, but 
without success. The advice of photographic experts was sought and the 
opinion was expressed, after an observation of the flow, that it would be 



fio. 2 (aH<). — Sketches of Paths of Particles as observed in the ’Dltramiorosoope. 


extremely difficult to obtain photographs of the motion of such small particles, 
and even if it were possible, important details of the flow readily observed with 
the eye would not be recorded. This opinion is supported by the experience 
of Darke, McBain and Salmon,*' who, by using a very intense beam of light 
(current SO-^ amps.), succeeded in taking photographs of ultramioroscopio 
views of soap solutions at rest. These authors say “ that, of course, most of 
the finer detail, and many observations such as that of Brownian movements 
of small partioles, were beyond the range of any but ooukr observations at the 
highest power of the ultramicroscope (N.A. = 0'78 inch). The difficulties 
would obviously be increased if the fluid were in motion, as was the case in 
the present eiqterimentB. 


• • P»o. Roy. Soo.,’ A. voL 08, p. 896 (1980-21). 









666 


A. Fage and H. C. H. Townend. 


V. VoriaHotu on the AxU of the Angular Deviation with BeynMe Number 

(Uom/v). 

16. It is well known that a close resemblance exists between the variation 
the coefficient of frictional intensity with the Keynolds numbers 

(Uo»»/ v) for rectangular and circular pipes, provided that the ratio of the lengths 
of the sides of the rectangular pipe does not greatly differ from unity, and that 
the flow is steady. This is clearly shown in fig. 3, where curves for circular 



Fio. 3. — Turbulence at Centre of Ciroular and Square Pipes. 

and rectangular pipes* are given. These curves are seen to lie close to each 
other and in particular the critical range of (U,ym/v) is about the same. In 
view of this result it appeared likely that the flows on the axes of circular and 
square pipes should have the same degree of turbulence, and to ascertain 
whether this were so, measurements of 0,,^ were made over a large range of 
(TJ(y»n/v). These observed values of 0,, (or 0^ from symmetry) are plotted 
against (Ugm/v) in fig. 3. It appears that the flow along the aria of either 
pipe is more disturbed over the critical range than either above or below it, 
and that the circular pipe shows a tendency to a greater d<^;ree of turbulence 
than the square pipe, though this is not definitely established. The interesting 
feature is, however, that the critical range of (U|fm/v) indicated by the observa- 
tions of 0,y is practically the same for both pipes, and also the some as that 
indicated by the observations of (//pUo*)* Above the critioal range the 

• Oomlsh, * Proa. Rojr. Soo.,’ A, voL 120, p. 691 (1928). OnrvM for a square seotioa 
were not available. 
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observations of @ for the two sections fall closely on the same carve, 
axigular deviations were detected at values of (UoW>/v) below the critical range* 
17* An important feature exhibited in fig. 3 is that, when the turbulence is 
fully established, the value of is not greatly influenced by a change of 
Reynolds number over the large range covered* The following explanation 
of this result is suggested* 

Osborne Reynolds has suggested that a fluid in turbulent motion can be 
regarded as having a mechanical viscosity arising from its molar motions. The 
relation between the average shearing stress at a point on a cylindrical 
surface of radius r co-axial with a circular pipe, and the rate of distortion 
dV/dr can then be expressed hyf p,' (dU/dr), where (x' is the coefficient of 
mechanical viscosity. It is known from experiments on smooth circular 
pipes that the distribution of mean velocity is parabolic up to a radial distance 
of 0 • 8R from the centre of the pipe. If the velocity distribution over this range 
is expressed in the form U/U^ == 1 ^ K (r/R)*, it follows that 

v'/U,D = (//pUo»)(Uo/U,) (1/4K). 

Values of (v'/UJ)) for the range of (UoWi/v) covered in the present experiments, 
calculated from some results contained in a paper by Stanton and Pannell,"' 
arc given in Table I. 

Table I. — Smooth Circular Pipe. 


! 

UflW/p* j 

u,/u . 1 

1 1 

//pU.“- j 

K (apppox.). 

-7''- ! 

i 

.7U,D. 

1058 

0-75 

0-0048 

0-60 

i 7-8 

0*00188 

1938 

0*776 

0-0042 

0*46 

140 

OOOUl 

3490 

0-786 

0-003S 

0-43 

22*3 

0*00126 

0825 

0*800 

1 0-00.31 

0-40 

89*2 

0*00124 


It will be observed that (v'/U^D) changes slowly with (Uom/v). 

Now the dimensions of v' are those of a product of a velocity and a length, 
and the nature of mechanical viscosity is such that it is associated with a mean 
product of the lateral velocities with which the molar masses of fluid cross the 
elementary area of shear under consideration, and the lateral distances 
traversed by these masses. If the scale of the transverse velocities be taken 
as directly proportional to the maximum transverse velocity @*U, and the 
Bode of the transverse distances as proportional to D, then v' should be pro- 
portional to 0,11,1). Hence 0, should be proportional to (v'/U,^)) «noe 


• ‘ Phil. Trans.,’ A, voL J14, p. IW (1»14), 
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(v'/U^) oiuuQges slowly with (Uotn/v), {%*., should dso chaim^e doi%' 
with (Ugm/v). This conclusion is supported by the ezpexhaaoLtd KWhlte 
obtsiaed. 

VI. Variation of and @„ across the Square Pipe. 

18. The observations of 0,^ and for points on the axis OY, for the values 

1120 and 1280 of (Ugm/v) have been plotted against yja in fig. 4. 



fa/4 

Fro. 4. — Distrlbutiom of 0,^ and 0 „ in Sqnare Pipe. 

The value of 0,^, i.e., maximum obliquity in the plane XOY, slowly increased 
with the distance from the axis of the pipe, until a maximum at about 
y/s =*=0'8 was reached. The value then fell steadily to zero at the wall 
(y = s). The particles when viewed along and very dose to the wall appeared 
therefore to be moving in laminse parallel to the wall. 

The value of 0^, i.e,, the maximum obliquity in a plane parallel to the wall, 
revealed the interesting and somewhat surprising phenomenon that the 
obliquity increased continuously as the wall was approached, until at the 
small distance of about 0-006< from the wall, a value of about 70° was reached. 

yQ. Fim very mar ihe Boundary. 

19. The question immediately arose as to what value 0,, would eventually 
reach with a closer approach to the wall, and whether it would fall to zoo at 
the wall. A more detailed examination of the flow in the immediate vioimty 
of the wall was desirable, and for this purpose it was necessary to looate the 
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plane of obeervatiou with gmter «M3cura^y than before. The microecope used 
in the previous work had a magaihcation of 105, and illuminated particles 
within a layer of thickness about 0-002 inch were in focus. To examine the 
flow at the surface a microscope of magnification 200 was focussed on the 
surface. With this magnification particles within a distance of 0*001 inch 
(0'0023«) from the surface were in focus. The view obtained showed a large 
number of particles moving in sinuous paths, and a few very slow particles 
which in the absence of a hair line in the eyepiece appeared to be moving in 
rectilinear paths, see fig. 2 (e). No reliable measurements of 0^,, could be 
made since the paths were mostly curved, and in fact particles describing 
paths of several wave-Iongtihs were frequently seen. 

An attempt was made to determine how near the surface sinuous paths 
could be observed. Since the distance of a particle from the surface was too 
small to be measured directly, it was predicted from the velocity of the particle, 
which was slow enough to be timed across the field with a stop watch, and the 
velocity gradient at the surface predicted from the observations of U given 
later. 


With the magnification used, the diameter of the field of view was 0*03 indbi. 
At the Keynolds number of the experiment, [(Uqw/v) = 1280, Ug == 0*83 feet 
per second at 15-6® C.], most of the slow particles took about 1 to 2 seconds to 
cross the field, but occasionally particles were observed which took as long as 
4 seconds to cross. The slowest particles seen were therefore moving with a 


mean velocity of about 0*006 feet per second, and since the gradient 

at the surface was roughly 14, the distance of these particles from the surface 
was of the order of 1 /40000 inch. Attention could therefore be confined to the 
motion of particles at this distance from the boundary. 

It was at first thought that these particles were moving in rectilinear paths, 
but it was noticed that their axial motions were frequently jerky com- 
parable with U, see later), and that sometimes they almost came to rest. A 
hairline was then inserted in the eyepiece of the microscope, and it subsequently 
appeared that all such particles moving near the hairline usually crossed and 
recrossed it several times. A considerable time was spent in observing these 
particles and the impression formed was that no particle was ever seen about 
which it could be said with conviction that its motion was rectilinear. 

20. In addition to these very slowly moving particles other faster particles 
could be observed at the same time on account of the finite thickness of fiuid 
(0*001 inch) within the focus of the microscope. It occasionally happened 
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that a group of these particles made unusually large lateral esroundons, and it 
was always observed that on these occasions the sloWly moving partidleB would 
appear to shift laterally to other paths slightly removed ficom their previous 
ones. Sometimes two or more slowly moving particles, often widely separated, 
were observed to shift in step, and the whole appearance suggested that the 
violent motion in the faster moving fluid dragged the whole surface layer 
bodily sideways. It should follow that smaller lateral motions would also 
drag the surface layer sideways, but might do so to an extent too small to 
be observed, with the result that the flow during the intervals between these 
excursions would appear to be in rectilinear motion. It should also follow 
that below the critical speed, where no fluotuations in the motion were observed, 
the flow at the surface should be rectilinear. In turbulent flow v is small but 
presumably finite near the boundary (except of course at the boundary), 
and the jerkiness of the axial motion due to the large fluctuations in u will be 
associated with the combined eflect of very small changes in « and the large 
velocity gradient [dVjdy) at the boimdary. 

Further evidence that in turbulent flow the fluid near the surface moves in 
relatively large masses was obtained during the experiments with the rotating 
objective now to be described. 

VIII. Measurement of the Mean Speed U, and the Maximum Vdocity 
Fluctuations «i, w^, and Wy 

21. U and tij . — As it was desirable to measure the distribution of the mean 
velocity U without introducing any instrument, such as a small Pitot tube, 
into the fluid, some means of following the motion of a particle was sought. 
Evidently, if the microscope could be moved with the same speed as the 
particle, it would appear as a bright stationary point instead of a streak, 
and its speed would be that of the microscope. Although it was not possible 
to do this, a method based on this principle was used and found to be very 
satisfactory. The method also allowed the maximum deviations (u^) from the 
mean speed to be measured. 

22. The essential features of the apparatus are illustrated in fig. 5. Instead 
of moving the whole microscope, the same view can be obtained, over a limited 
area, if the eyepiece and the microscope tube are fixed relatively to the pipe 
and the objective only is moved in the same direction as the particle. Accord- 
ingly, the microscope tube carrying the eyepiece was mounted as in the earlier 
experiments, whilst the objective A was carried on a horizontal spur wheel B 
which could be rotated about an offset vertical axle C. The spur wheel had 
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80 teeth and was driven by a small electric motor through a pinion having 10 
teeth. The spur wheel and pinion were carried on a bracket D attached to 
the microscope tube E, and capable of adjustment about the axis of the tube. 
To eliminate constraint and to prevent Aribration being transmitted from the 
motor to the microscope, the drive from the motor was transmitted to the 
pinion through a universally jointed link F. 



Fia. 5, — Sketoh showing Microscope fitted with Rotating Objective. 

The position of the spur wheel axle was such that once in every revolution 
the optical axis of the objective coincided with that of the microscope tube, 
and the position of the bracket D was adjusted so that at the instant of coin- 
cidence the direction of motion of the objective was parallel to the axis of the 
pipe. 

Since the objective was in motion and the eyepiece was at rest, the particle 
under observation would obviously be moving slightly faster than the objective, 
when the speeds were such as to bring the particle to apparent rest. The 
factor for obtaining the translational speed of the particle from the rotational 
speed of the microscope was determined by direct calibration in the following 
manner. 

A brass block | inch long was mounted in the pipe with its upper surface 
in the plane of observation. The microscope was focussed on this surface, 

2 y 
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and the angle through which the spur wheel had to be tamed in order to move 
the objective a distance correaponding to the length of the block wasmeaBured. 
Hus angle represented a distance of | inch as traversed by a particle. 

The rotational speed was maintained constant by observing the teeth of the 
spur wheel B through an Ashdown rotoscope. This instrument read directly 
in revolutions per minute, and its calibration was unity within ^ per cent. 

23, The illuminated region of the fluid was only visible fox a small part of 
each revolution of the objective, so that a series of snapshot views of the flow 
were seen at intervals of about J to | second. The appearance of these snap- 
shots is sketched in fig. 2 (/)-(i) for various speeds of the particles and of the 
objective. 

At the centre of the pipe in non-turbulent flow, the appearance of the field 
when the speeds were synchronised should consist simply of a group of points 
at each exposure, but the slight curvature of the path of the objective whilst 
crossing the luminous region caused the points to be drawn out into very short 
streaks normal to the axis of the pipe. In turbulent motion each successive 
view was different on account of the fluctuations in velocity, so that when the 
objective was moving at the mean speed U, most views showed streaks varying 
in length and direction. Points or vertical streaks, which indicated that the 
velocity component u was asero, were therefore only occasionally seen. 

An interesting observation was that the whole field (0*07 inch diameter) 
generally moved together, thus when a view containing streaks at, say, + 
to the axis was followed by one with streaks at say — 20^ the impression 
received was that oZI the streaks had changed together. 

24. If at the instant of observation the velocity components due to the 
moving objective were the same as those of a particle, that particle would 
appear as a point ; likewise if the objective were moving parallel to the axis 
OX with an effective speed equal to (U + u)^ the particle would appear as 
a short streak normal to OX, the length of the streak depending on the magni- 
tude of V. At any point in the fluid the velocity component (U + u) fluctuates 
continuously with time between the limits (U ± %), so that portioleB can only 
appear as points or as short streaks normal to OX, provided that the effective 
speed of the microscope lies between these limits. Hence the value of (U — Wj) 
can be obtained by slowly increasing the speed of the microscope until station- 
ary ” particles (or streaks normal to OX) first appear, and the value of (U + ^i) 
by increasing the speed further until they just cease to appear. 

This principle was used to obtain values of (XJ + %) and (U and so 
of O and tf|, at vaidous points on the axis OT of the square pipe. The lesolts 
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obtained are plotted in fig. 6. To obtain a mean curve of U which should bo 
smooth as well as consistent with the individual observations of (U + 
and (U — %), the following method of plotting was adopted. The curve 
U/Uq was obtained by plotting the mean of the observed values of (U + %)/Uo 
and (U — Mi)/Uo. The values of uJVq and — obtained as differences 
between this mean curve and the individual observations were then plotted 
on the same diagram, ignoring the difference of sign, and a mean curve drawn 
through the points. This curve was then added to and subtracted from the 
mean cuarve of fig. 6 to give the curves of (U + ’^i)/Uo and (U — Wi)/Uq shown 
therein. The points on these curves are the actual observations. 



Fig. 0, — Velocity Distribution across Square Pipe. 

26. and Wy — The maximum velocity components and were obtained 
indirectly from the observations of and 0*, and the relations 

%, tti = (U + m) tan {0,^, ©„}. 

The values of were appreciable, and it became necessary to determine 
what value of u should be used in the above relations, since this depended on 
the phase relation between u, and v, or u, and w,. 

If the position of the bracket D, fig. 5, were adjusted so that the objective 
in through the axis of the microscope tube was also moving at the 

loeviottsly determined angle appropriate to the point under o<»isideration, 

than only those particles moving with the maximum deviation would be seen 
as pmnta, when the speed of the objective was adjusted to its appr^udate 
value. The airial component of this speed must be taken as the value of 


2 T 2 
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(U 4* w) when predicting the value of from the above relation.* Several 
teets were made and it appeared that this component was closely equal to 
U> giving « =5 0 approximately. The values of Vj and Wi have therefore been 
calculated from the relatione — U tan 0**). It follows from these 
experiments that Vi and Wi are always out of phase with tq, but nothing more 
ptocise than this can be stated on these phase relations. 

The absolute values of the three maximum components of velocity, 
and iVi, divided by the mean rate of flow in the pipe U^, are plotted against 
the distance from the axis of the pipe (y/s in fig. 7 (a) ). Over the middle of 
the pipe these components are roughly equal to each other, and they have a 
value about 20 per cent, of the mean rate of flow Up, or 14 per cent, of the 
velocity at the centre of the pipe U^. As the wall is approa<3hed, the com- 
ponent Vi at first rises to a maximum value of 0*26 Uo at a distance of 0*25^ 
from the wall, and then falls steadily to zero at the wall. 



Fig. 7 (a) and (6). — iHstribution of Turbaleuce aoross Square Pipe. 

The other two components and Wi also rise, but at a greater rate than 
and eventually reach maximum values of 0 *34110 and 0*39Uo respectively at 
a distance of about 0*16ff from the wall. The greatest velocity fluctuations 
occur therefore in a cyliudrical region of the fluid of mean radius about 0*8«, 

The maximum velocity components iq, iq and divided by the mean 

♦ Strictly speaking, the tests should be repeated at values of 6^^ slightly ffyualler than 
©Ky, to see whether (U 4 a) tan 6^^ was greater than U tau But this refluemeiit 
appeared to be unnecessary. 
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value U at any point are plotted in fig. 7 (6). The shapes of the curves of 
(i^/U) and (WifU) bear, of course, a strong resemblance to those of the curves 
of and @«,g given in fig. 4, and described at length earlier in the paper 
(§ 18). No further consideration of these curves is therefore needed. 

IX. TJie Flow over the OrUiccd Range, 

26. When the speed of flow through the pipe was increased through the 
critical range it was found that the changes of flow occurred with great sudden- 
ness, and even when the mean speed was maintained constant within this 
range, the flow would change intermittently from the rectilinear to the com- 
pletely turbulent type. As Reynolds number was increased through this 
range, there was no sign of a greater degree of turbidencc ; but only a change 
in the relative frequency and duration of the periods of rectilinear and turbulent 
flow. 

Further, when the fluid was moving under completely turbulent conditions, 
well above the critical speed, it was possible to make it completely rectilinear, 
by momentarily closing the exit of the pipe, and then releasing the flow again. 
Rectilinear flow established in this way persisted for several seconds. Some 
observations of the time which elapsed between releasing the flow and the 
moment of breakdown are given in Table II. 


Table II. — Range of critical speed 0*32 to 0*71 feet per second (approx.)* 
Distance from entry of pipe to the point of observation — 4 feet. 


Time, 1, secondfl. 

Mean »pee«i* U©. 

1 

j feet. 


1 

! 0*53 

4-ti 

6-3 

0*73 

4-6 

6-75 

0-86 

4-95 

4-8 

1 21 

S«8 



1 

'Flow rectilinear with very oooa* 
stonal turbulence, but per- 
manently turbulent with boll 



0-32 1 





mouth remon^ from the pipe 
entfy. 


Uo was the mean speed before the interruption of the flow, but on account 
of acceleration it is greater than the mean over the time t. The product 
th^fore overestimates the distance traversed by the fluid in the interval, 
but bearing this reservation in mind, it is seen that this product is roughly 
equal to the length of the pipe between the entry and the working section, 
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a result which suggests that m these experiments the turbulence originated 
at the entry. 

X. von KArmdn's Theory, 

27. A theory oi completely developed turbulence based on consideratioiMS 
of similitude has been developed by Th. von KArmin.* The treatment is 
restricted to two-dimensional flow and it is assumed that a similar state of 
fluctuation exists at all points on the axis OY normal to the surface. The 
conclusions arrived at are that there is a characteristic value for the length 
scale of the disturbances, which is proportional to 

su pu 

dy/dy^^ 

and also that at any point the velocity components u and v are equal to each 
other and proportional to 

^dyl/dy^' 

The values of the coefficients of proportionality are determm<id from general 
considerations of shear. These coefficients are obviously inapplicable to the 
present results which deal exclusively with maximum velocity fluctuations, 
and not with mean values. For this reason a direct comparison between the 
present experimental results and those predicted by this theory cannot be 
made. 

An attempt was made, however, to calculate from the observed curve of 
mean velocity U, the variation of 

/ro\« /W 

lay / / df 

with y/« for comparison with the observed curves of «i and t;,. It was found 
that the values of 

/£U\« /W 

W//3y* 

were sensitive to very small changes in shape of the U curve, which was not 
sufficiently well defined to allow a reliable calculation to be made. 

There is, however, one deduction from von l^rm&n’e theory which can be 
tested, namely, that on the axis of a pipe the velocity fluctuations are zero. 
The present experiments show that fluctuations as largo as 20 per cent, at the 

* “ Mwluaiosl Similarity and Turbulence." Oottingen PaUioatioas, January SI, 
1930. See alio L. Prandtl, lee. tit. 
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mean rate of flow occur on the axis, a result which does not support the above 
deduction, 

XI. Summary, 

Turbulent flow in pipes has been examined with an ultramicroscope. Minute 
particles present in tap water were intenflcly illuminated and viewed against a 
dark background. These particles were small enough to show the Brownian 
movement when the fluid was at rest. 

The illuminated particles were used to follow the motion of the fluid, and 
enabled the maximum values and of the three components u, v, and w, 
of the velocity disturbance at any point to be measured. The distribution 
of the mean velocity U across the pipe was obtained by the same means, so 
that all the observations were made without introducing any ixistruments into 
the fluid. 

Most of the observations were taken in a square pipe and a few in a circular 
pipe. The results were of the same character in both pipes. 

At the centre of the pipe all three components, and Wj, were approxi- 
mately equal. As the wall was approached the ratio vJlJ obtained from the 
velocity disturbance normal to the wall decrtsases to isero, whilst the other two 
ratios Uj/U and wJV increased. At the wall itself, it was found that whilst 
the flow tended to the laminar type the motions of particles in the laminae 
were sinuous, even to within a distance of 1/40000 inch from the wall. No 
particle was seen to move in a rectilinear path. 

As the speed of flow was increased through the critical range of Reynolds 
number, the changes of flow occurred with great suddenness. There was no 
sign of a growth in the degree of turbulence, but only a change in the relative 
frequency and duration of the periods of rectilinear and turbulent flow. 

In conclusion, the writers wish to acknowledge their great indebtedness to 
Dr. C, Robinson of University College, London, to Mr. R. W. Cheshire of the 
Admiralty Research Laboratory, Toddington, and also to Dr. J. S. Anderson 
of the Optics Department, National Physical Laboratory, for valuable advice 
given during the progress of the experiments. 
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Note on the Distribution of Turbulent VdocUies in a Fluid near 

a Solid Wall. 

By G. L Taylob, F.E.S. 

(Received November 24, 1931.) 

In tbeir interesting paper* ‘‘ An Examination of Turbulent Flow with an 
Ultramicroscope,** Messrs. Fage and Townend have examined e 3 q>erimentally 
the manner in which the components of turbulent velocity die away to ^exo 
at the surface of a smooth pipe. 

In their eaqperiments JJ, the mean velocity along the pipe at any fixed point, 
increased from zero at the walls to a maximum value in the iiaiddle of the 
pipe. If axes xyz are taken, x being along the direction of mean flow, y 
perpendicular to the surface of the pipe, and z the transverse direction parallel 
to the surface, the maximuin values Wj, Vj, components of 

turbulent velocity were measured. It was found (ioc. dt.^ fig. 7) that though 
Vj, tCj become zero at the surface, yet Wj/U, wJV do not do so. In fact 
%/U tends to become constant as the surface is approached, wJU increases 
to a maximum at the surface itself, while vJV decreases to zero. The purpose 
of the present work is to examine the significance of these observations. 

The increase in wjV as the surface is approacbefl forms a very striking feature 
of Messrs. Fage and Townend’s experiments, for wj\J is proportional to tan 0 
where 0 is the angle which the direction of motion of a particle of fluid makes 
with the axis of the pipe in a plane parallel to the wall, so that the inclinations 
of paths of particles to their mean direction is greatest at the wall itself. Some 
theories of turbulent motion tacitly assume that there is a non4urbulent 
boundary layer in contact with the solid wall in which the flow is parallel to the 
mean flow, but, as will be seen later, the observed increase in the average 
inclination of paths of particles to their mean direction as the wall is 
approached occurs also in a special type of disturbance between concentric 
rotating cylinders for which a mathematical expression can be found. 

The vanishing of vJTJ at the surface seems to be a necessary condition which 
must occur with any type of disturbance of a \^cous fluid, for if Vj/U did not 
tend to zero at the surface the streamlines very close to it would not be parallel 
to it. A distribution of turbulent velocity which involves a finite value of 
Vj/U at the surface would necessarily involve a scale of disturbance which 
decreases indefinitely as the surface is approached. Such distributioxis could 
♦ ‘ Froc. Boy. 8oo./ A, voL 135, p. 65C {1932), 
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not occur at any rate in a viscoua fluid. Tke distribution in a thin layer close 
to the surface of the components u and w may be regarded as being determined 
(1) by the viscous drag of the layers above it, (2) by the components parallel 
to the surface of the pressure gradient, and (3) by the inertia. As the surface 
is approached the inertia effects become small compared with the effects of 
the pressure gradients and can be neglected. Apart from pressure gradients 
and inertia, the viscous drag on the stratum near the surface would produce 
velocity increasing linearly with distance from the wall, so that U + and 
iTj might be expected to increase linearly with y. Since U itself increases nearly 
linearly it might be expected that if the pressiire gradients accompanying 
turbulence could be neglected, tij/U and iCj/U would be finite at the surface and 

1 /!fi ) A /!£i\ 
dy\vr 

would be zero. 

The existence of locml pressure gradients parallel to the axis of the tube might 
be expected to prodiice values of %/U which would increase as the surface 
is approached, while the existence of pressure gradients in the transverse 
direction might be expected to produce values of Wj/U increasing towards 
the surface. The fact that u^jV is observed to be constant while Wj/U increases 
rapidly as the surfa<'e is approached seems to suggest that the transverse 
component of the prCvSBure gradient at the surface is, statistically speaking, 
large compared with the longitudinal component. Since the average variation 
in pressure from its memu value must be the same at all points of the surface, 
this means that the areas on the surface, over which the variation in pressui'e 
from the mean at any instant has the same sign, must be elongated in the 
direction of the mean flow. 

Examples of Special Types of Disturbance, 

The reasoning outlined above can hardly be regarded as completely satis- 
factory, accordingly two examples were chosen in which the actual distribution 
of velocity in special types of disturbance has been expressed mathematically, 
and the values of ^^x/U, v^/U, tCj/U were found ; these are then compared with 
the observed distributions. 

Tietjens' Distt^rbance of tJie Boundary Layer. 

Expressions have been found by Tietjens* for possible disturbances in the 
boundary layer close to a solid wall. In this case the whole motion, 

•** ‘ Z, Angew. Math. Meoh.,’ vol, 5, p. 200 (1926). 
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including the disturbed velocity as well as the mean velocity, is confined 
to two dimensionfi. The method of Tietjens was to find the disturbance 
in a thin viscous boundary layer where the fluid is in a state of uniform 
shearing motion due to an irrotational distiirbance outside it of the type 
discussed by Rayleigh. The velocity components are expressed in the 
form « = U + V — w 4“ V* where u, v are the components of 

an irrotational disturbance, and w’*', are those due to viscosity. v* 
are important in the boundary layer, but decrease to small values at its 
outer edge. At the surface y =: 0 neither u* nor u are zero, but w* + 5 * 0- 
The velocity U in the boundary layer is taken as proportional to y so that 
dXJ/dy = constant through the boundary layer. The disturlmnce is harmonic 
in X and the phase of u* is a function of y. The maximum value of u at distance 
y from the wall is = {[« + R + [I {«*)?}*> where B («*) and I («♦) 
are the real and imaginary parts of u*. u is constant through the boundary 
layer and equal to the value of —R (u*) at y 0. Curves showing the values 
of R (u*) and I (u*) as fimctious of y are given by Tietjens in fig. 20 of his paper. 
He takes R (u*) = 1 at y = 0 so that w = — 1 and Uj* = (1 — R (u*)}* + {I {«*)}*• 
Measurements of the curve of Tietjens’ fig. 20 give the values for R («’*') and 
I (u*) tabulated in columns 2 and 3 of Table L The corresponding values of 
Ui are given in column 4 and valuesf of luJSy^ which are proportional to 
%/U are given in column 5. It will be seen that the values of Wj/U increase 
rapidly as the bounding wall is approached, in the layer between y =« Q»05 
and y 0*5, which is all within the boundary layer, u^/U increases in the 
ratio 


7 >22 
2*19 


32. 


Table I. — Distribution of Velocity near the Wall in Tietjens’ Disturbance. 




0 

0 06 
0-10 
016 
0-20 
026 
0*S0 
0-S6 
0-40 
0-60 



I (•<*•). 

ttj. 

%/U (ooiwt.) ^ 7«i/8y. 

0 

0 

0 

8-l« 

0-24 

0 26 

0-364 

7*08 

047 

0-41 

0*624 

0*34 

0 00 

0-48 

0*810 

6 44 

0-84 

0*406 

0*076 

4*87 

006 

0*476 

1*06 

4*25 

102 

0*426 

1*10 

3*68 

1*00 

0*370 

1*20 

3*21 

1*08 

0*a06 

1*20 

2*80 

107 

0*220 

1*20 

2 10 


f The factor 7 /8 arices from the scale on which Tietjena^ oaryes have been drawn. It 
is heie included in order that readers may be able to trace tlie operations idbdoh bave bCNin 
carried out. 
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The relationship between m^/U and y is shown in %. 1. 



Fio. 1. — Distribution of Mj/U near the Solid Wall in Tietjens’ Disturbance in the Boundary 

I^yer. 


Unstable Distwbanoe between Concentric Cylinders. 

Expressions for the unstable disturbance which forms in a viscous fluid 
contained between two cylinders, when the inner cylinder is rotated while the 
outer one is at rest, are given in my paper* “ Stability of a Viscous Fluid con- 
tained between Two Rotating Cylinders.” Taking the case where the radii 
of the cylinders are large compared with the thickness, d, of the annular space 
between them, the axes are named in accordance with the plan shown in fig. 2 
so that u is in the direction of mean motion, v is perpendicular to the surface 
the radial velocity), w is parallel to the common axis of the cyHndets. 
The maximum values of the components of velocity are found to be 

= AS a„am nmyjd, 

■ Wi = AS »Mi„ cos rnityjd, 


VO-OSTld/R = A £ — sin mnyjd, 


where 


m (m* -j- 1) 


; , m == 1, 3, 5, ... 


and A is an arbitrary constant. 0 ■ 057 1 is a root of the equaticm 

y W* (m* 4- 1) , n 

so that 0 at y = 0. 

• ‘ PUl. Trans.,' A. vol. 223, p. 289 (1923). 
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If Uq is the velocity of the iimer cylinder U ==? Vfgffd bo that 

^a/o 067i 4. ^ .r.equ.ll« 

u V R U U 

do d d 

™ 2 sin mmyjdf - S sin mTvyjd, - D ma^ cos imyjdy 

y m"+ 1 y y 

where B is an arbitrary (constant. From these formula the values of 

a/ 0-0671 4* > given in Table II were calculated,* and the 

U ^ R U Ui 


Tabic 11. 


1 yjd. 

(0 0671 d/R)* Btti/U. 

B r^/U. 

B 

0 

0-296 

i 0 

K-^ 2-47 

1 

(>•298 

; 0 196 

2-06 

2 

0-297 

1 0*386 

1-70 

3 

0-290 

0-443 

1-30 

4 

0-292 

0-610 

0-98 

5 

0-286 

0-660 

0-77 

U 

0-274 

0-568 

0-62 

9 

0-216 

0-460 

0 

12 

0-137 

0-279 

- 0*260 

13 

0-110 

0-212 

- 0*296 

14 

0-084 j 

0-146 

-- 0*268 

16 

0 069 

0-088 

- 0*260 

16 

0 037 

0-042 

- 0*213 

17 

0-017 

0-010 

- 0*120 

18 

0 

! 

0 

0 


* For V ^ 0 the value of BwJJJ oould not be obtained direotly by taking a finite numbar 
of terms of the formula. Its value was, however, found to be |iv* by reducing the serica 
to an integral thus : — 

S ma^ cos mnyld £ ma^ — 2 S vm^ ain® 4 mrcyld* 

Now 0. In the limit when yjd tends to seero the early terms of the series vanish 

compared with later ones. Also when m is large ^ so that 

Lt,/rf-o S 00. = Lt S ^ «n* -j- 

writing mnyld “ t] and remembermg that the successive values of m differ by 2 because 
m is an odd integer, the change in vj from one term to the next is $7} 2ivy/d, the expression 
becomes 

which may be expressed as the integral 

f sin* I’) 

The value of this expresrion is Jtc* or 2*47. 
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way in which they vary with y is shown in fig. 2. It will be seen <^t 
vJV =a 0 at y =» 0. %/U romains neatly constant from yjd « 0 to y/d = 6/18. 
t 0 ]/tT increases rapidly as the surface of the fixed outer cylinder is approached. 



Comparison between Oaloulated and Observed Distribution of %/U, vJC, wJ\J. 

Comparing the theoretical curves of figs. 1 and 2 with the experimental 
zeaults of Messrs. Fage and Townend as illustrated in their fig. 7, it will be seen 
that the disturbance between rotating cylinders exhibits all the characteristic 
features which are observed in the neighbourhood of the wall of a pipe through 
which fluid is flowing under pressure. m^/U is constant near the wall, Wj/U 
rises to a m aximum at the wall, v^/U decreases to zero at the wall. 

The rapid increase in uJU which occurs in Tietjens’ disturbance as the 
boundary is approached is not found in Messrs. Fage and Townend’s observa- 
tions. 

It is not suggested that disturbances between concentric cylinders are similar 
to those which occur in a pipe, but it seems legitimate to suppose that the 
cause which gives rise to the characteristic distributions of and tOi/U 
close to the surface in the case of the rotating cylinders, is the cause which 
produces identical characteristics in the observed distribution, namely, the 
existence of transverse local pressure gradients at the surface. 
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On the other hand, the rapid rise in tij/U near the boundary wall, which 
occurs in Tietjens* disturbance, but which is not found in the observed die* 
tributicm, strongly suggests that the cause of this rise, namely local pressure 
gradients in the direction of the mean flow, did not occur in Messrs* Fage and 
Townend^s experiment, or at any rate that they were small compared with the 
lateral pressure gradients. These conclusions could, of course, be subjected 
to direct experimental tests. 


Sumnary. 

The rather unexpected increase which occurs close to the wall of a pipe in 
the inclination of the paths of particles to the mean direction of flow in turbulent 
motion is shown to be a featrire also of a certain type of disturbance between 
rotating cylinders which is expressible in mathematical form. If U + v, u? are 
the components of velocity at any point, U being the mean velocity, the 
distribution of ufU, v/U, wfU near a solid wall is discussed mathematically 
in two special cases and the results compared with the observations of Messrs. 
Fage and Townend. It is concluded that the special features of the observed 
distribution may be due to the existence of fluctuating pressure gradients at 
the surface transverse to the direction of mean flow which are large compared 
with the fluctuating pressure gradients in the direction of mean flow. 
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The Transport of Vorticity and Heat trough Fluids in Turbulent 

Motion. 

By G. I. Taylor, F.R.S. 

(Received November 24, 1931.) 

In Re 3 moldB* well-known theory of turbulent flow the effect of turbulence 
on the mean flow of a fluid is conceived as the same as that of a system of 
stresses which, like those due to viscosity, may have tangential as well as 
normal components across any plane element. Taking the case of laminar 
mean flow, that is when the mean flow is, say, horizontal and constant in 
direction and magnitude at any given height, the components of stress over 
a horizontal plane at height z are and Fy where F^ — pww, Fy = — p'W, 
and M, v, w are the components of turbulent velocity parallel to two horizontal 
axes X and y and the vertical axis z. The bar denotes that mean values have 
been taken over a large horizontal area and p is the density of the fluid. The 
stress F<, is therefore due to the existence of a correlation between u and uk 
In the extension of Reynolds" theory due to Prandti this correlation depends 
on the rate of change in mean velocity. In its most simplified form the theory 
may be expressed as follows. A portion of fluid possessing the mean velocity 
of a level Zq may be conceived to move upwards to a layer of height Zq + 1 
preserving the mean velocity Uq of the layer from which it originated. At this 
height it is conceived to mix with its surroundings. If I is small the mean 

velocity of this layer + being the mean velocity at height z, so 

that u = — i and hence 
dz 

F. = pSf, ,1) 

The quantity is therefore of the same dimensions as viscosity and in 
Prandtl’s theory it is treated as though it were in fact a coefficient of viscosity, 
though not necessarily as one which has the same value at all points in the 
field. 

In deriving the expression (1) it is assumed that the pressure gradients on 
the fiuid which accompany the eddying motion have no effect on the final 
result, so that each particle continues moving with the horizontal momentum 
of the layer from which it originated till at some stage it mixes with the fiuid 
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at the level to which it peuetmtes. Without knowing how ^ depends on the 
boundary oonditionB and on the law of variation of U with z it is not possible 
to apply any direct test to the theory by analysing observations of mean 
velocity in two dimensions. All that can be done is to make plausible assump- 
tions about wl and thus calculate a corresponding distribution of mean velocity 
which can be compared with the obstjrved distribution; or, alternatively, to 
calculate values of wl corresponding with an observed distribution of mean 
velocity. 

Some years ago, at a time when I was ignorant of the work of Prandtl, I 
put forward a somewhat similar theory,* but it differed in one very significant 
feature. I supposed that each particle of fluid retained the vorticity, but not 
the momentum, of the layer from which it started. Otherwise the theories 
are identical, the mixture length I serving the same purpose in both theories. 
My object in concentrating attention on the transference of vorticity rather 
than momentum was that* if the motion is limited to two dimensions the local 
differences in pressure do not affect the vorticity of an element, whereas 
Prandtl has to neglect them or to assume arbitrarily that they do not affect 
the mean transfer of momentum even though they certainly affect the 
momentum of individual elements of fluid. To illustrate the difference between 
the two theories we may consider the case in which the mean flow is parallel 
to the axis of x and the whole motion is limited to two dimensions, x horisontal, 


and z vertical. According to Prandtrs theory the tangential stress F is 



and the rate at which momentum is communicated to unit area of a 


layer of thickness Se is 



so that if the flow is that due to a uniform pressure gradient ip/dx the equation 
for U is 



and if the motion is the shearing motion which would oceur in the space 
between two horizontal planes in relative movement 



=ss constant. 


( 8 ) 


* ‘ Phil. Trans.,* A* vdi. 815. p. 1 
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In order to express the idea that vorticity rather than momentum is conveyed 
from one level to another by means of eddies, the equation of motion, neglecting 
viscosity, may be written 


1 ^ ^ 

p dx H 


1 1 
+ u +w 

dx 


Bu 


and writing y\ 



dj£\ 

07/ 


for the vorticity, (3) btxiomes 


i-{- + Jw* + 


dx \ 


du 

W 


Taking mean values, and supposing that the eddying motion is on the average 
uniform in the direction of x, this becomes 



(4) 


Now make the hypotlicsis, which is known to be true in the case of a non- 
visoous fluid moving in two dimensions, that the vorticity is conveyed without 
change by eddies just as Reynolds and Prandtl assume that horizontal 
momentum is carried. In this case the correlation between t) and w might 
arise in exactly the same mann(?r as the correlation between u and w in Prandtrs 
theory, a portion of fluid which lias come through a vcirtical distance I since it 
possessed the mean vorticity of the layer from which it originated has a 
vorticity greater than that of the layer to which it has penetrated by an amount 

the vorticity of the mean motion at any layer is ^ ~ * 

Hence 

iund (5) becomes 




(fc* 


p dx dz*‘ 




( 8 ) 


Comparing (S) with (2) it will be seen that the two formula appear at a hrst 
glance to be very similar. In the particular case when wl does not vary with 
z they are identical. 

In considering how it would be possible to devise experimental tests to find 
out which, if either, of the two theories is correct, it will be seen that measure- 
ments of the distribution of velocity alone are not in general capable of dis- 
tinguishing between them. If the mean velocity and pressure are measured 


2 z 


voi. oxxxy.—A. 
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at every point in a field of turbulent flow it is possible to deduce M, the rate 
at which momentum is communicated to unit volume* According to Prandtl’s 
theory 


/ "» dU 'i 


while according to the vorticity transport theory in two dimensions 

r(?U 






so that each theory enables wl to be determined from the observations as a 
function of z, but they would in general be different functions of s in the two 
cases. 

On the other hand, if at the same time experiments on the distribution of 
temperature were carried out, another estimate of the value of wl would be 
foimd, for if Q be the rate at which heat is transferred across unit area per- 
pendicular to the axis of z, and ex is the specific heat 

01 = ^ 1 ^, 


where 0 is the mean temperature at afty point, so that measurements of 
Q and db/dz would enable us to obtain an independent value of wt. This 
could be compared with those deduced from the distribution of moan velocity 
by appl 3 nng th<» two theories. 

In the simple form presented above, the vorticity transport theory deals 
only with cases where the turbulent velocities as well as the mean velocity 
are confined to two dimensions. Some recent observations by Fage and 
Tovraend* have shown that near a solid surface the component of turbulent 
velocity parallel to the surface but perpendicular to the direction of mean flow 
is considerably greater than either of the other two components! so that the 
flow is certainly not two-dimensional. Experiments on the distribution of 
temperature near a heated surface past which a turbulent stream is flowing are 
therefore not suitable for our purpose. On the other hand, it seems possible 
that the turbulence which occurs in the wake behind a cylindrical obstacle 
with its axis perpendicular to the direction of the wind may be largely two- 
dimensional. This might be anticipated on theoretical grounds because the 
distribution of mean velocity in the wake behind an obstacle is of a typo which 
for a non-viscous fluid is unstable for two-dimensi(mal disturbances. 

• ‘ Proc. Boy. 8oo.,’ A, vol. 136, p. 666 (l»3SI). 
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There is little experimental evidence as to the character of the turbulent 
motion in the wake behind an obstacle. The hypothetical K&rm&n street of 
vortices is, of coiurae, a two-dimensional motion and experiments which confirm 
the existence of such a system may therefore be regarded as being in favour 
of a tendency to a two-dimensional character m the eddying flow in the wake. 
For this reason it seemed desirable to examine both theoretically and experi- 
mentally the connection between the distributions of temperature and velocity 
in the wake behind a heated obstacle placed in a stream of wind. 


Diffusion of Momentum in the Wake behind a CtfUndrical Obstacle. 

The distribution of velocity in the wake behind a cylindrical obstacle has 
recently been examined theoretically and experimentally by H. Schlichting.* 

It is well known that the width of the wake behind an obstacle placed in a 
steady stream increases as the distance from the obstacle increases, while at 
the same time the difference between the velocity in the wake and that in 
the stream outside it decreases. Schlichting found that at some distance 
behind a cylindrical obstacle (more than 30 diameters) the expanding wake 
settles down to a steady regime in which the velocity at its centre is proportional 
to while the width is proportional to x being the distance down stream 
from the obstacle. 

If U^is the velocity of the stream in the absence of the obstacle and — w, v 
are the components of velocity in the wake, Schlichting^s experimental results 
show that u can be expressed in the form 

«/Uo = *■*/(>)). (6) 


where 7 ; = yx~^ and y is the distance of any point from the centre line of the 
wake. The corresponding expression for v which satisfies the equation of 

0 /TT .A , 0« 


continuity, ^ ~ + 0 ^ 


= 0, is 
v/Uo- 




( 7 ) 


If the wake is assumed to be narrow so that in it ^ is small compared with x, 
and if u is small compared with Ug, the dynamical equation of motion repre- 
senting Prandtl’s theory of momentum transport is 


-u« 


dx 



( 8 ) 


H, Schliohting, ** Ueber doa ebone Windaohatten problem,'* * lagenieor Arohiv./ 
<1980). See alao Turbulente Stromungen,*’ W. Tolmien, * Handbd. Exp. Phyaik.,* vol. 4, 
p. 823» beipasig, where a figure showing comparison of Sohliohting’s theory with 
observation is reproduced. 


2 z 2 
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where k ie written for the coefficient of difiueion by torbulenoe, i.e., h>%- 

3y 

according to equation (2). If it ie aesamed that the tuxbolent as well as 
the mean motion is confined to two dimensionB, the dynamieal equaticm of the 
vorticity transport theory is 

yf du 3*u 


Expressing these equations in terms of t) 


Uo \-dx^ 


(>j) - - (10) 


and since the wake is assumed to be narrow 


Hence (8) becomes 






{•cf'm, 


This may be integrated, the constant of integration being omitted because 
/' (tj) = 0 when kj == 0 so that 

( 11 ) 

Similarly (9) becomes 

— ( 12 ) 

It will 1 k 5 seen that (11) and (12) contain »j only so that Sohlichting’s experi- 
mental result mentioned above implies that ir is a function of rj only. 

In Schlichting’s experiments u was found from his measurements with a 
Pitot tube in the wake, so that /(■»)) was determined. It will be seen that 
according to Prandtl’s theory 

(13) 

2/'(r))’ ' ' 

and according to the vorticity transport theory of turbulence 


2/"(r)) 


In either case k can be found as a function of tj from the observed distribution 
of velocity in the wake, but it is not possible from these measurements alone 
to distinguish which theory, if either, is correct. 
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Heat Trans fort. 

Suppose now that Sohlichting’s obstacle had been heated. The heat would 
be spread out iu the wake and the equation of heat transport is 


TT ^ ^ I \ 
® dx dy \ ^ dy 


(15) 


wliere 6 is the difference in temperature between any point in the wake and 
that in the main stream. This equation is identical with (8) except that 6 
r(q)hi(;es u so that 6 must be of the form 


6 .== a;-* <^(>3), 


(16) 


and substituting this expression in (15) it will be seen that 


K 


2f (vj)- 


(17) 


We are now in a position to compare the distribution of temperature which 
might be expected according to Prandtl's theory and according to the vortioity 
transport theory. According to Prandtl’s theory of transport of momentum 


^(V) 2«r /(>})’ 

SO that 

i> (^) “ constant, (18) 


i.e,, the distribution of velocity and temperature across the wake should be 
identical, as is obvious a priori. 

According to the vorticity transport theory 

£M = - 2L = 

/(■»)) + >j/'(>))’ 

80 that 

From the measured distribution of velocity in the wake the distribution of 
temperature can therefore be predicted, but in this case it is not identical with 
the distribution of velocity. 


DislribiUion of Velocity in ike Wake. 

In order to predict the distribution of velocity in the wake behind an obstacle 
Sohltohting used Prandtl’s hypothesis that 

du 
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where A is a constant and { is a “ mixture length/’ and the straight bars 

surrounding ^ indicate that the absolute value is taken. As a further spec^ial 

hypothesis he assumed that I is constant over any given section of the wake 
and that it is proportional to so that I is always a given fraction of the width 
of the wake. Taking I = ax^ it will be seen that Schlichting's assumed value 
of K is 

K^^AaYi-n)- ( 21 ) 


K is thus a fimotion of >} only so that it satisfies the condition which is necessary 
in order that the breadth of the wake may be proportional to and thus be 
in accordance with Schlichting’s observations. Making this assumption, the 
equation (11) becomes 

7 )/( 7 )) = 2Aa*[/'(>j)?. (22) 

The integral of (22) is 

[/ (^)]* = (18o*A)-* 7J* + constant. (23) 


If ijq is the value of tj at the edge of the wake, which in this theory m entirely 
enclosed within the parabola v] —r)g then /(y)) = 0 at tj = Yjj. If 5 written for 
rj/rig (23) becomes 

/(rj) = (18Aar'Va- W- (24) 

If Ug is value of u at the centre of the wake in any given section at distance z 
from the obstacle, (24) may be written 

M/ug = (1 - 5*'*)‘ (26) 


Schlichting’s observations provide a remarkable confirmation of the accuracy 
of this formula, and experiments recently made by Messrs. Fage and Falkner 
at my request in the National Physical Laboratory also confirm its substantial 
accuracy in the two cases which they examined.* The comparison between 
the observed values of u/ug and ^ and Schlichting’s relationship (25) is shown 
in figs. 3 and 4.'|' It will be seen that the agreement is good. At first sight 
this might be taken as indicating that Prandtl’s theory of momentum transport 
is correct, and that consequently the theory of vortioity transport is incorrect ; 
such an inference, however, is not justifiable, for the vorticity transport theory 
predicts exactly the same distribution if the same assumption is made regarding 

* Observations made in a tunnel specially deaigned to be free of tutbuknoe gave rather 
different reaults, but it seems probable that the final steady regime had not been attained. 
The matter is being Investigated further, 
t Ste appendix, p. 702. 
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K. To prove this, substitute k = — Aa^' {^) in (12). The differential equation 
for/ ( t)) is then 

A«T M W 

The integral o{ (26) is 

7j/ (73) (>))?. (27) 

It will bo seen that (27) is the same as (22) cxocpt that the constant 2Aa* in 
(22) has become Aa* in (27). The integral of (27) is 

/(Yj) - (9A«2)-^ Y3o" (1 - m 

and if is the value of u at tlie centre of the wake, (28) becoracjs 

u/u^^{l^n (29) 

which is identical with (25). It will be seen, therefore, that with the particular 
assumption that k is proportional to f'(yi) (or for constant x, to dujdy) both 
theories lead to the same predicted distribution of velocity in the wake and 
this distribution is very closely verified by experiment. 


Distribution of Temperature in Ute Wake when uju^ ^ (1 — . 

According to the momentum traaspoit theory of turbulence the distribution 
of temperature and velocity arc identical, so that if Go is the value of 6 at the 
centre of the wake 

O/Oo - (1 - (30) 

The distribution of temptiraturc which would be expected according to the 
vorticity transport theory is found by putting 

in (19). Using this expression ioif(ri) and putting ^ 



f rif"(ri)dri 

if in) + f)f' (t^) 


becx)mes 

the integral of which is 

jl_55! + 45» ^ 


log (1 — e^) + constant. 

(31) 

Hence from (19) 

= log (1 ^*^) -f constant, 


log ^ (y)) 


or 

e/e,- 1-5®^. 

(32) 
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At first sight it seems a paradox that the two theories should lead to ideuticai 
distributions for velocity but different distributions for temperature, though 
the equations governing the velocity distribution are different in the two 
theories while the same equation for heat flow is used in each case. The 
explanation is that the parameter An* necessary to produce a given distribution 
of velocity in the wake, according to the vorticity transport theory, is twice 
as great as the parameter necessary to produtje the same distribution according 
to the momentum transport theory. This parameter Aa® determines the 
thermal conductivity due to turbulence, so that for a given distribution of 
velocity the distribution of temperature in the wake of a heated obstacle is 
determined by a thermal conductivity which the vorticnty transport thti'ory 
predicts to be twice as great as that required by the momentum transport 
theory. It may be noted that the effect of the local pressure gradients 
which were neglected in Prandtl's theory is in this case to increase the rate 
of diffusion of heat compared with the rate of diffusion of momentum. 
Previous workers who have considered the effect in a qualitative way have 
])redict;ed a decrease.'^ 


Compa/rison with Experiment. 

With a view to testing which (if either) of these two theories is correct, 
measurements of the distribution of velocity and temperature in the wake of 
a heated cylindrical obstacle were made at the National Physical Laboratory 
by Messrs, Fage and Falkner. These experiments are described in their note 
at the end of this paper. The velocity distribution was measured by means 
of a Pitot tube traversed across a section situated some 25 to 40 diameters of 
the obstacle down stream. From these measurements the width (26) of the 
wake and the position of its centre were determined. The diagram, fig. 1, 
shows the scheme, the shaded portion representing the observed distribution 
of velocity. The non-dimensional variable 5 = vl^ measuring the distance 
from the centre of the wake was next calculated for each position where 
measurements were made. 

The differences 6 in temperature, and u in velocity between the heated wake 
and the main air stream were measured, and these were reduced to non- 
dimeirsional form by dividing by %, the values of 6 and u at the centre of 
the wake. 

♦C/. V. W, Ekman, “ Meereastromungen/* ^Handbd. Phys. and Tech. Mech.* 
(Auerbaeh and Hort), p. 203. 



Fluids in Turbulent MoHon, 


The results of these observations are shown in figs, 3 and 4 where the values 
of ti/Uff and Ql% are plotted against Since the wake is symmetrical only 
Imlf of it is shown, positive and negative values of ^ being represented on the 
same side of the axis. In each (mse the curves whose ordinates are (1 5^*)* 

and I ■— are shown by broken lines. 

In fig. 3, which represents the results of experimeiitH with a f-inch circular 
cylinder in a 3-feet opm wind tunnel with parallel walls, it will be seen that the 
points repn^senting u/u^ fall very close to the curve (1 — 5*/*)*. This is the 
relationship whicli would be exiwcted both on the vorticity transport and on the 
momentum transport theories of turbulence when Prandtl’s special aasumption 
is made for k. The points representing on the other baud, are scattered 
round the curve 1 — as predicted by vorticity transport theory and are 
very far indeed from the curve (1 — which is predicted by the momentum 
transport theory. 

The s<‘.atter of the points repre^senting 0/6, j in this experiment is rather 
large, and it was suspected that this might be due to casual variations in 
t(un|K*rature of the building in whi(;h the open tunnel was situated ; accordingly 
experiments wru*e made in a 1-foot open jet tunnel of the return flow type. 
.Rxp<.‘rimenls with an |-inch cylinder in this tunnel showed that much greater 
steadiness of tt^mperature could be obtained, but the smallness of the diameter 
of the jc,t (1 foot) made the flow behind an |-incih cyclinder lose its two-dimen- 
sional character at a distance of 30 diameters down stream.* 

To regain the two-dimensional character of the wake it was necessary to 
decrease its width, and for this purpose the |-inch circular cylinder was replaced 
by a lenticular cylinder 0 • 53 inch thick by 2 • G inches wide. With this obstacle 
the* results shown in fig. 4 were obtained. It will be seen that the scatter of 
points representing 6/0o has disappeared. The points representing 
are now not so close to Schlichting's curve (1 — 5^^)^ as before ; there is a 
systematic variation which may be due to the fact that the width of the wake 
is only five times that of the obstacle so that the flow may not have settled 
down to its permanent regime. The same kind of systematic variation of the 
points representing G/Oq from the curve 1 — be seen, but in spite of 

this variation the confirmation of the vorticity transport theory of turbulence 

* That the mean flow in the 3-fcet tunnel was two-dimensional in the oentral part of 
the tunnel is shown by the fact that there is no systematic diflerence between the paints 
marked ® which wexe taken along a line distant 3 inches from the centre of the tnxmel 
and those marked 0 which were taken along a line passing through the centre of the 
tunnel 
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k t^trikiugly verified for, even at its greatest, this variation is small compared 
with the difference between 1 — and (1 — 5*^- 

Proof that ‘‘ Monwnturn Tra nsport Theory is untme w?ien Motion is oonfi/ned to 

Two Dimensions, 

Though Prandtl’s theory is usually expressed in a mathematical form into 
which only two dimensions enter, it is possible to give a mathematical proof 
that it would be imtrue if the turbulence as well as the mean motion were 
limited to two dimensions. If is the stream function at any instant of any 
two-dimensional motion of a viscous incompressible fluid, then the wliole 
system may be rotated with uniform angular velocity LI about an axis 
perpendicular to the piano of motion, and a motion relative to the rotating 
axes identical in every respect with the original motion is possible. If p 
is the pressure corresponding with the original motion, the pressure when the 
whole system is rotated is p + 2p £1^ -f- Jp fiV*, where r is the distance from 
the centre of rotation. The stresses due to viscosity are unaltered by the 
rotation as also are the stresses due to turbulence. 

Prandtl’s expression for the tangential stress due to turbulence in the case 
where the mean flow is in circles is 

where V is the tangential velocity. A rotation of the whole system about the 
centre merely adds to V an amount fir without altering wl. PrandtVs expres- 
sion therefore involves an increase in F of amount 2pwl Q due to the rotation. 

As we have seen, the assumption that the whole fluid motion is limited to 
two dimensions necessarily implies that a rotation of the whole system makes 
no difference to anything but the pressure, so that the tangential stresses are 
unaltered by rotation. This conclusion would also follow from the vorticity 
transport theory because the addition of a constant vorticity to all parts of 
the field leaves the transport of vorticity unchanged. 

One must therefore conclude that the reason why Prandtl’s theory does not 
apply to two-dimensional flow is that he neglects the effect of the local pressure 
distribution in a turbulent system in altering the momentum of the portions 
of fluid which act as transporters of momentum from one layer to the next. 

This source of error must also exist in all cases of turbulent flow except those 
in which the turbulence is confined to planes perpendicular to the mean flow.*^ 

♦ t.e,, oases where lines of particles parallel to the direction of mean flow remain parallel 
to that direction. 
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In the case of flow between concentric ciroolar cylinders for instance, Frandtl’s 
theory might be expected to apply if the turbulence coitsisted entiidy of the 
ring-shaped vortices synunetrical about the common axis, which do occur 
under certain conditions of rotation of the inner and outer cylinders. 


Extension of “ Vortieity Transport ” Theory to Three Dimemions. 

The equations of steady mean motion of a non-viscous fluid may be expressed 
in the form 

1 0P 0U , 0U . 3U , 1 3 “i , o ! — ' rn /Q<i\ 


X 


with two similar equations. In these equations X, Y, Z are the components 
of external force acting on unit mass of the fluid, U, V, W are the components 
of mean velocity and P is the mean pressure. The velocity at any point 
is U + M, V 4- W + + 1;* 4“ ft»d y)'> w' are the components 

of vortieity of the turbulent motion so that 



dz/ 


etc., and since w = v = 5 = 0, = yj' =2 = 0. 

Equations (33) are the three-dimenBional analogy of (4). It is not possible, 
however, to proceed quite in the manner previously adopted and thus deduce 
a three-dimensional version of (5), because the vortieity of an element only 
remains unchanged when the motion is limited to two dimensions. Using 
the equations of vortieity in the Lagrangian form we may express the com- 
ponents of vortieity at any point in terms of its vortieity components at some 
previous time in the form*** 

y‘ I I I Y 0.C 1 

; + 5 -Ugj+i.jj + 'Ua; 


!; + c = ^|+,.|+i:.| _ 


(34) 


where vj, C are the components of vortieity of the mean motion, (o, b, c) are 
the co-ordinates of the particle of fluid at time (g which at time t occupies the 
position (», y, *). 5o. >)o. values of nj, ^ at the point (o, 6, c) at 

* See Lamb, ** Hydrodynamice,*' 4th ed., p. 197. 



m 


G. L Tayior* 

time The asBumptiou previously made in the case of two-dimensional 
motion, namely that inherent in the idea of a “ mixture length,” may now Ims 
made. This is that the portion of fluid which at time t occupies the position 
Xy y, z, had at some previous time ^0 the same components of vorticity as its 
surroundings, namely the mean vorticity at the point a, 6, c. Under these 
circumstances if the mixture length be supposed small and the mean motion 
steady, we may expand 5o terms of ^ using only the first order terms of the 
Taylor series so that 


with similar expressions for tjq, 

Inserting these expressions in (34) vrf{ — vX,' therefore becomes 



(36) 

This expression, together with the two similar ones obtained by permuting 
cyclically mjt, ahe, XriX, represents the effect of turbulent motion on the mean 
motion according to the vorticity transport theory. In general it is bo com- 
plicated that it is of little practical use, but in certain special cases considerable 
simplifications may occur. 


Case of Laminar Mean Flow. 

Let us now take the case previously discussed for which the mean velocity 
U is parallel to the axis of x and is a function of z only. In that case ^ ss = 0 

and »j = J and since g* may be assumed a function of z only, equation (33) 
becomes 


ISP 

p 8a; 



(37) 


It will now be shown that the equatima (37) includes Prandtl’s momentum 
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transfer equation and my simple vorticity transfer equation for two-dimensional 
turbulent motion as special cases. 

Case A, Two-dimensional Turbtdent Motion Paralld to the Plane {xz ), — 
In this case u = 0, dyjdb = 1, so that (37) becomes 


1 ^ 
p dx 


d?U 


{z - c) (w). 


(38) 


In this eq\iation z — c represents the same physical quantity as ? in equation 
(5) so that (38) is identical with (5). 

Case B. Turbulence confined to the Plum {yz ), — ^This is the case to which 
PrandtFs momentum transfer theory must apply because there can be no 
pressure gradients to alter the momentum of lines of particles parallel to the 
axis of X, 

Since y, z arc functions of 6, c, t, we can also consider 6, c as functions of 
y, Zy L Remembering that the equation of continmty for an incompressible 
fluid in Lagrangian co-ordinates is 


& 

dh dc dc db 


(39) 


It will be found that the equations for transformation are 


Hence 


^ — ^ ^ — ^ ^ 

dy dc* dy db* dz dh* dc* 


(40) 


du dz 
""db' 


dc . dc 


do 


IT 


T«kingtke average value ^ ^ ^ breadth L in the direction 

of the axis of y, then since 




Since v (* — c) does not increase as L increases 
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and since 


dv dw 

dy dz 


hence 



— 0 ^ 

^ ^ :r 
db do 





(41) 


Transforming the coefficient of in (37) in the same way it is found that 

and 

§c 0 

— — c) W ^ (2 — o) W ^ (2 — c) — (a: — C) J W ^ — c)* — c) 



. “ E C<* - 

Hence 

- (» - o) (w 1^ - « = - » (« - o) + («-«)*. (42) 


Now in deriving (36) and (37) it was assumed that the mixture lengths z — c 
are small so that terms in (s — o)* can be neglected compared with terms 
containing (z — c). To this order of approximation therefore the equation 
of motion (37) becomes 


so that 


IJP 
p dx 


or in the notation of (2), 



( 48 ) 


This is identical with Prandtl’s momentum transfer equation. 
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The only other case besides that discussed in this paper in which a complete 
set of measurements of the distribution of temperature and velocity in a 
turbulent fluid seems to have been made is that of the air near a heated flat 
plate in a wind stream. The very careful experiments of F. Elias* have shown 
that the distributions of velocity and temperature are then very nearly 
identical, as would be expected according to Reynolds’ and Prandtl’s theory 
of momentum transfer. We have seen that there is one type of turbulence 
for which the momentum transport theory is identical with the vorticity 
transport theory, namely when the turbulence is confined to the plane per- 
pendicular to the direction of the mean flow (see (43) above). In a recent 
notef 1 have shown that the observations carried out a short while ago by 
Fage and Townend on the maximum values of the components of turbulent 
niotion in a pipe suggest that the motion near the surface of the pipe is 
approximately of this type. More observations are required before it can 
be known definitely whether this is the true cause of the agreement between 
the observed distributions of temperature and velocity near a heated plate. 

The theory of vorticity transport was developed in the essay for whh'h 
the Adams Prize was awarded in 1916, but the experimental confirmation 
afforded by the experiments here described results from a study of Schlichting’s 
paper. 

Surntnary. 

The theory that the dynamics of turbulent motion should be regarded as an 
effect of diffusion of vorticity rather than as a diffusion of momentum was put 
forward by the present writer in 1916, and the particular case when the whole 
motion is limited to two dimensions was then discussed, though so briefly that 
it appears to have escaped notice. The analysis is now extended to three- 
dimensional motion and it is shown that the ‘‘ momentum transport theory 
of Reynolds and Prandtl agrees with the ** vorticity transport ” theory in one 
case oiJy, namely when the turbulent motion is of a two-dimensional type, 
being confined to the plane perpendicular to the mean motion. 

When the turbulent motion as well as the moan motion is confined to two 
dimensions the vorticity transport theory yields results which are quite different 
from those predicted by the momentum transport theory, 

* Die Warmenbegang einen gleitzten Platte an Strotnende Liift,'’ * Abh. Aerodjrna* 
miachen Institut Aaohen,* vd. 9, p. 10 (1930), 

t * Proo. Eoy, Soo,/ A, vol, 135, p. §78 (1932). 
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A seaxching teat of the comparative merits of the two theories is provided 
by comparing the distribution of temperature and velocity in the wake behind 
a heated obstacle. According to the momentum transport theory they should 
be identical, at any rate at some distance down stream, while according to the 
vorticity transport theory they should be related to one another by an equation 
which is given. Measurements made at the National Physical Laboratory 
show a large difference between the distributions of temperature and velocity 
and confirm the accuracy of the theoretical distributions given by the vorticity 
transport theory for the c^se of two-dimensional motion when the turbulent 
motion is confined to the plane of the mean motion. 

APPENDIX. 

Note on Experiments on the Temperature and Velocity in the Wake of 
a Heated Cylindrical Obstacle. 

By A. Fagk and V. M. Palkneb. 

(Communicated by G. I. Taylor, P.R.S. — Received November 24, 193L) 
Description of Ohslades. 

For the experiments, the results of which are shown in fig. 3, a solid carbon 
cylindrical rod of diameter |-inch was mounted in a 3-feet wind tunnel of the 
N.P.L. type. The length of the rod was 3 feet. The rod was directly heated 
by passing through it a current of about 70 amps. 



The experiments, rcstilts of which are given in fig. 4, were made with a thin* 
walled copper cylinder having a lenticular section (2*60 inches by 0*63 inch) 
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mounted in the 1-foot open-jet tunnel. The cylinder was heated by two carbon 
heaters of diameter -^-inch connected in series, fig. 2a. The exposed length 
of the cylinder was 12J inches. The current through the carbon rods was 
19 amps. 



Fio. 2. 


(3) Velocity Measurements . — The distribution of velocity head was deter- 
mined from the difference between the total head and the static pressure 
rcjiadings taken separately with small exploring tubes, and against the same 
datum pressure at a fixed point suitably situated in the wall of the tunneL 
The width and the position of the centre of the wake were estiimited from the 
(jurve giving the distribution of velocity head across the wake. A suflBicient 
number of observations were taken to allow the base of this curve to be estab- 
lished without doubt. In general, the velocity head fell to its steady^ value 
just outside the wake in a well-defined manner and the width of the wake could 
be estimated with an accuracy within 2 or 3 per cent. U is the velocity at any 
point, Uo the velocity in the stream outside the wake, and the velocity 
at the centre, then 

w Uo - U 

Wo Co-U, ' 

(4) Temperature Measurements . temperature distribution within the 
wake was measured with an exploring iron-nickel thermojunction, against a 
datum temperature given by a second junction fixed in the plane of exploration 

3 A 


voii, OXXXV.— A* 
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just outside the wake. Each junction had about 2 inches of wiie (1 inch nickel 
and 1 inch iron) exposed to the stream, fig. 26, and the wire was mounted with 
its length parallel to the axis of the cylindrical obstacle. The whole length of 



the wire was therefore at a fairly uniform temperature equal to that existing 
at the point under consideration, since the air and heat flows were closely two- 
dimensional, and no appreciable error was introduced by conduction of heat 
along the exposed wire. A calibration of the junctions in the Heat Department 
(N.P.L.) gave 53-5 microvolts for a temperature difference of 1° C. The 
thermal e.m.f. was measured by the standard method on a potentiometer. 
The maximum temperature elevation within the wake was about l-S" C., 
and to obtain sufficient accuracy in the temperature measurements a Tinsley 
potentiometer readmg to 1 microvolt, and a very sensitive Gambrell mir ror 
galvanometer were used. 

No correction was made to the measured temperature differences for the 
heat radiated from the hot obstacle. This correction is probably very small, 
for the distances of tb' exploring and stationary thermojunctions behind 
the obstacle were large and almost equal to each other. If T is the temperature 
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at any point, that of tihc air outside the wake, the temperature at its 
centre, then 

i t-t, 

()„ ^ \ • 

The centre of the heated wake was estimated from the curve obtained when 
the temperature differences T — To were plotted against the lateral distance 
across the wake. The value of the width of the wake (26) taken in the calcu- 
lation of the values of ^ was that determined from the velocity-head curve. 

In general the width of the heated wake was somewhat indefinite, as maybe 
seen in figs. 3 and 4. Measurements well outside the wake were therefore 
made in order to determine Tq. 
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CHARLES THOMAS HEYCOCK— 1858^1931. 


The death of Mr. 0. T. Heyoock, which took place on June 3, removes 
from among uh one who has gained the affection of gencratione of Cambridge 
men and who was a pioneer in an important branch of inorganic chemistry. 
Heycook was tlie younger son of Frederick Heycock, of Braunston» Oakham, 
and was born on August 21, 1868 ; he received his early education at the 
Grammar Schools of Bedford and Oakham, and entered King's College, Cam* 
bridge, as an Exhibitioner in 1877, taking the Natural Sciences Tripos in 1880. 
For many years he taught Chemistry, Physics and Mineralogy for the Cambridge 
examinations and in 1896 he was electe<l to a Fellowship at King's College, 
becoming a College Lecturer and Natural Sciences Tutor in the following year. 
He was elected a Fellow of the Royal Society in 1896 and was awarded the 
Davy Modal in 1920 for his work on alloys. His origuxal work on the metals 
attracted the attention of the Goldsmiths C/ompany who endowed a Readership 
in Metallurgy at Cambridge ; he was appointed to this ofiice in 1908 and held 
it until Ills retirement in 1928. He was admitted to the Livery of the Gold* 
smiths Company in 1909 and to the Court in 1913.; he acted os Prime Warden 
during the year 1922 1923 and took a keen interest in the work of the Company's 
Assay OflSioe. 

Notwithstanding the exacting character of his work as a Cambridge coach, 
Heycock joined with his lifelong friend, F. H. Neville, F.R.S., in a compre- 
h(insive study of the metals and their alloys ; this partnership, which was only 
dissolved by the death of Neville in 1916, led to a remarkable series of papers 
in which novel directions of investigation were mapped otit and developed. 
Before entering upon this joint work, Heycock had had some experience as 
an investigator ; in 1876 he published a note on the spectrum of indium in 
conjimction with Mr. A. W, Clayden, M.A., and in 1882 he contributed a paper 
on the atomic weight of nibidium at the British Association meeting. Heycock 
and NeviUe's first joint paper was published in 1884 and described a redetex* 
3 nination of the molecular weight of OJEone by the diffusion method. The first 
of the series of papers on the metals was published in 1889 and dealt with the 
depression of the freezing points of metals brought about by others dissolved 
therein ; in this, and later papers, it was shown that the addition of small 
amounts of a second metal depresses the freezing point of the first to an extent 
(1) directly proportionate to the weight of metal added, and (2) in rough inverse 
{HToportion to the atomic or molecular weight of the added metal. Raoult's 
law for ordinary solutions was thus extended to alloys and a method indicated 
for calculating the latent heat of fusion of a metal by the application to the 
Peering point depressions of the now well-known van't Hoff equation. At the 
outset mercury thermometers were used in the temperature measurements and 
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only alloys of low melting points could be studied ; the introduction by H. L> 
Callendar of the platinum resistance pyrometer made it possible to extend 
the scope of the investigation to metals of high melting point. At that time 
the melting points of silver, gold and copper were not known with any degree 
of accuracy, partly because of the dijB5culty of making the physical measure- 
ments, partly because the necessity for using metals of high chemical purity 
and for protecting them from contamination during melting had not been 
recognised, A number of fixed points on the platinum resistance pyrometer 
had to be established before the study of alloys of high melting points was 
undertaken ; those fixed points were determined with the aid of Dr. E. H. 
Griffiths, F.E.S., and with such accuracy that the results obtained by their 
use have not since been seriously affected. Thus, Heycock and Neville deter- 
mined the melting point of Levors alloy as 778*7"^ C. and used this constant 
as a secondary fixed point ; a very recent determination by the Washington 
Bureau of Standards gives the melting point as 779*4^. 

The study of dilute metallic solutions naturally led up to the determination 
of the complete liquidus curves of many binary metallic systems, such as those 
of silver or copper with a second metal ; in many of the systems thus explored, 
the cooling curves of the alloys showed arrest points below the temperature of 
the solidus. Although Stead and Roberts-Austen had done much to elucidate 
this subject, the causes of these evolutions of heat were not properly under- 
stood. Heycock and Neville therefore turned their attention to the exainina- 
tion of solid alloys and about 1897 began work on the gold-aluminium system, 
probably choosing this because of its complexity. lu this connection thf^y 
developed a technique for taking photographs through an alloy by moans of 
Rontgen rays. This method yielded some valuable results, but was soon 
abandoned because it was found that the examination of etched surfaces 
by the microscope was simpler and more efficient. Their first paper on the 
constitution of the gold-aluminium alloys was published in 1899 and, although 
the work was incomplete, contained the first of a remarkable series of photo- 
graphs. The writers probably recognised tliat a full description of this system 
was not at that time within their powers ; they set the work aside and started 
the investigation of the constitution of the bronzes. 

The Bakerion Lecture “ On the Constitution of the Copper-Tin Alloys ” 
was delivered in 1903 and can be regarded as the foundation stone of modern 
metallography. Not only was it in itself the first substantially complete and 
accurate description of a complex series of alloys, but it aroused great interest 
and ^couraged many others to underta|;n sixmlar work. In spite of the care 
with which the copper-tin system was examined the diagram given in 1903 
is not correct in every detail ; its authors had early recognised that stable 
alloys are often difficult to obtain and, with the object of removing completely 
any metastable phase, they cooled the prcjparations extremely slowly from 
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above the temperature of the liquidos. It has siace been shown that such 
treatment frequently fails to produce a saturated solid solution and may, 
indeed, tend to prolong metastable conditions. Heycock retained his interest 
in these alloys and during recent years encouraged his students to revise the 
details of the diagram under his direction. 

When the two collaborators had completed their work on the copper-tin 
alloys they took up again the study of the gold-aluminium system. Here 
progress was slow because of the inherent difficulties of the problems which 
arose and because a disastrous laboratory fire had destroyed most of the earlier 
records ; in 1914, however, Heycock and Neville published a classical piece of 
work on those alloys of this system which are rich in gold. As President of 
the Chemical Section of the British Association in 1920, Heycock gave an address 
describing the state of knowledge at the time when he and his friend commenced 
work and indicating the chief results of their own researches. 

The major part of Heycock and Neville^s experimental work was carried out 
ill a small laboratory in Sidney Sussex College and, owing to the many other 
duties which fell upon the two partners, much of it had to be done late at night 
and in the early hours of the morning. It may seem surprising that such a 
quantity of data of enduring value could be collccjtcd under such conditions ; 
but both men were enthusiasts, both possessed an exquisite sense of technique 
and both were meticulous in their striving after accuracy. 

Heycock was an excellent lecturer ; his whimsical mode of addressing a class 
sustained an interest in inorganic chemistry during a period when that subject 
seemed in danger of eclipse by the rapid advance of organic chemistry. He had 
few equals as a teacher in the laboratory ; his deliberate method of working 
and his sarcastic denunciation of slovenliness inspired respect and awakened 
the spirit of emulation. Much of the work of organising and planning the 
numerous extensions of the University Chemical Laboratories during the last 
25 years fell upon him and he carried it out with characteristic care and 
thoroughness. His physical vigour fomxd further expression in his devotion 
to the Volunteer movement from quite early days and during the War he was 
appointed Colonel of the Cambridgeshire Regiment. 

In his domestic life Heycock was thoroughly happy ; his house was the 
meeting place of undergraduates and seniors alike and its cheerful hospitality 
is a delightful remembrance to vast numbers. With his death we have lost 
a acientifio man of the old type who would spare no pains or time in eliminating 
<n’ror from an experimental observation ; many of us have also lost a shrewd 
and wise counsellor and one of the most staunch and loyal of friends. 

W. J. P. 
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Sm HOWARD GBUBB— 184A-1931. 

Sir Howard Grubb, whose death occurred on September 17 at his home in 
Monkstown, co. Dublin, at the age of 87, is best known and will be universally 
remembered for his services to astronomy and astrophysics in the construction 
and improvement of large telescopes and their mountings, the manufacture of 
which and of other optical instniraents was his life’s work. Most of the great 
observatories owe some part of their equipment to his devotion to this branch 
of practical science and not a little of their success to tlie exceptional skill he 
displayed in overcoming the many difficulties inherent in the provision of 
instruments adequate to th<j needs of the astronomical observed. Su(jh instru- 
ments in daily use throughout the globe for the extension of man’s knowledge 
of the universe are fitting monuments to las memory. 

It is pleasant to record that a marked token of appreciation of his work was 
accorded to him in his lifetime in the form of a congratulatory address 
inscribed on vellum presented to him on his eighty-second birthday by eighteen 
of the leading astronomers of Great Britain. This address reads as follows ; — 

“ On the approach of the eighty-second anniversary of his birthday, 
wish to convey to Sir Howard Grubb our hearty good wishes. 

“ We recall with admiration his devoted application of his resourceful- 
ness and ingenuity to the developn:ent of the instrumental (Miuipment of 
astronomers through more than sixty years, and we wish to record our 
grateful sense of the great services rendered by him and his celebrated 
firm to our science. 

Especially do we rt^call with pleasure his contribution to the under- 
t-akUig of the Photographic Survey of the Heavens, in the provision of 
suitable object glasses, and of th(i refined clockwork needed for the 
accurate movement of the telescopes. 

It gives xxs great pleasure to note that his scientific interests are still 
maintained, and we hope that they will so continue for many years to 
come.” 

Sir Howard was bom in Dublin in February, 1844. He was educated at a 
private school and later at Trinity College, Dublin, as a civil engineer. His 
father, Thomas Grubb, F.R.S. (1800-1878), was engineer to the Bank of Ireland, 
but in addition to following his profession in that capacity, devoted much time 
to the construction of optical instruments, for his skill in which work he 
acquired a considerable reputation, especially in connection with reflecting 
telescopes. 

Tliomas Grubb was the first to apply the compound triangular system of 
balanced supports for speculum mirrors, in a 15-inch reflector for the Armagh 
Observatory in 1834, 
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In a description given by the Earl of Rosse of his own famous 36-inch 
refleotor> he says ; “ In supporting specula of 3 feet diameter I have availed 
myself of the suggestion of a clever Dublin artist, Mr. Grubb, and at the expense 
of a little more complication have substituted nine plates for three resting on 
points supported by levers, which rest on three original points.”* 

The same metliod of support with a slight addition was adopted by the 
Earl of Rosse for his 6-feet speculum five years later.f 

Thomas Grubb had a private observatory near Charlemont Bridge, Dublin, 
and on an adjoining site established a factory for the manufacture of optical 
iiostruments and macdiine tools. There he built a 12-inch telescope for the 
Dublin Exhibition of 1853, which attracted considerable attention at the time 
and led later, in 1865, to his being entrusted with the building of the 48-inch 
telescope for Melbourne, Australia. It was at this period that his son Howard, 
then about 20 years of age, enter’d actively into the business of telescope 
(‘onstructiou. He was withdrawn from his Engineering College course in 
order to take charge of the manufacture of this telescope under his father’s 
supervision, and thus becanit^ responsible for the (construction of what wras for 
some years the largi^st telescopt^ in the Southern hemisphen? and in fact for 
some time only surpassed in size' anywhen; l)y the famous 6-foot r(‘flector of 
the Earl of Rosse. 

The pi'oposal to construct th<* great Melbounie t(‘lescojx; was initiat<j(l by a 
resolution of the Council of the British Association ivad at a meeting of the 
Royal Societ;y ir) November, 1852, and tlie Earl of Hoss(‘, Dr. Robinson, Mr. 
de la Kuo and Mr. Lasscll wvre appointed “ a sub-(H)mniitte(' for tfic^ purpose of 
superintending the progress of Mr. Grubb’s undertaking." 

Through the im willingness of th(^ Govemnumt of th<^ day to provide the 
funds the project was in abeyance until 1862, when tlu* Government of Viijtoria 
nignified their wish to have such a tel(^H(;op(? at their own expense, and requested 
the Royal Society to give their aid in procuring a ttJescope of undoubted 
excellence and as j^erfect iti ev(^ry particular as it was j)ossible to procure m 
the present state of the art.” Thnu) Commissioners w(!re appointed by the 
Royal Society to supiirinttmd its construction, th(^ Earl of Ro8S(\ Dr. Robinson 
and Mr. de la Rue. 

The Melbourne telescopti was a reflector of the Cassegrain type, equatorially 
mounted, and after its completion was declared in the report of the Committee 
to the Royal Society to be a “ masterpiece of engineering.”:!; It was a fore- 
runner of a long succession of irmtniments manufactured by the firm thus 
inaugurated. On the father’s retiiemcuit in 1868 the works of the firm w ere 
removed to larger premises in Kathmines, Dublin. 

♦ * Phil. Trani?.,’ June, 1840. 

t ‘ Phil. IVaiis./ June, 1850. 

X * IVoc. Roy. 8oe.,^ vol. 10, p. ,313 (1 867^68) . 
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Howard Orubb soon aoqiiired a reputation for skill in the oonstruotion of 
optical instruments even surpassing that of his fatheii displaying a great grasp 
of the technique of working optical glass and a remarkable resourcefulness in 
mechanical design. 

A third attribute which greatly contributed to his success in the manu- 
facture of telescopes was his clear appreciation of the requirements of the 
observer, which led him to add many appliances to the instruments he con- 
structed to minimise the work of control and avoid diverting the attention 
of the obser\^er from the actual task of observation. 

The firm's reputation was solidly established by the construction of th(^ 
27-inch refractor for Vienna iu 1878, which remained for some years the most 
notable refracting telescope in the world. It embodied many improvements, 
including the means adopti^d for reading both the hour and the declination 
circles from the eye end of the instrument, and the improved governor for the 
driving mechanism to give a uniform motion in right ascension. 

Sir Howard Grubb was elected a Fellow of the Royal Society in 1883. He 
was knighted in 1887, shortly after the completion of the Vienna refractor. 
This was the year of the International Astronomical Congress held in Paris 
for the purpose of organising a systematic photographic survey of the heavens 
in both hemispheres and the preparation of an International Astrographic 
Catalogue and Chart. A standard Bim was chosen for refractors to be specially 
constructed to take part in this survey, and ten such telescopes were ordered, 
three of which were entnisted at that time to Sir Howard Grubb. Eventually 
Sir Howard sui)plied seven of these instruments. 

Of the seven instruments thus made for the International Chart by Sir 
Howard Grubb, three went to the Southern hemisphere, to Cape Town, 
Sydney and Melbourne respectively, one to Mexico, and three, in the United 
Kingdom, were supplied to Greenwich, Oxford and Cork. 

These instruments each carried two telescopes, one of the standai'd 13-inch 
aj>ertm*e for photographic, and the other of 10-inch aperture for visual, observa- 
tion. The photographic objectives of the various instruments of this group were 
to a specified focal length within very narrow limits in order to secure a unifonn 
scale of charts made by different instruments. Thk requirement enormously 
increased the difBicuity and the time required in completing the objectives. 

In 1891 Professor Charles Pritchard dt the University of Oxford, wrote ; “ I 
will further add that the Oxford photographic object glass supplied to the 
Oxford Observatory by Sir Howard Grubb for the international chart, is one 
of remarkable excellence, affording stellar discs singularly small and compact, 
but the instrument is probably not superior in these respects to some others 
by the same maker.*' 

It was in 1887 also that the famous Lick Observatory on the summit of 
Mount Hamilton, California, was equipped with a 36^inch refractor. The 
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iiistrument was built by Messrs. Warner & Swa/ey, and object glass supplied 
by Messrs. Alvan Clark, but the hydraulically operated rising floor and the 
hydraulic apparatus for rotating the 70*foot dome followed designs which had 
been put forward by Sir Howard Grubb. 

Sir Howard Grubb made a considerable contribution at this period to the 
improvememt in the driving mechanism of equatorial telescopes. To secure 
smoothness of motion his plan was to provide a very large margin of power to 
be absorbed by the friction of the centrifugal governor, only about 10 per cent, 
of the power of the motor being actually used in driving the telescope. The 
accurate time-keeping essential in the telescopes for the astrographic survey 
was successfully achieved by the addition of an electric controlling device 
associated with an independent xKJndulum clock keeping accurate astronomical 
time. By means of this device any error of position was immediately detected* 
and automatically corrected by an acceleration or retardation of the motion 
until the error was cancelled, whereb}^ it was possible to maintain position within 
a limit error of of a second of time, or less than | second of arc. The 
attainment of this high order of acicuracy was the joint work of the late Sir 
David Gill and Sir Howard Grubb. 

Sir David Gill also acted as consultant to the firm in the design of subsequent 
instruments, notably with 26|-inch refractor for Johamiesburg, the 24-inch 
refractor for Santiago de Chile and the 40-inch reflector for Simeis in Southern 
Russia. 

Amongst the many important telescopes constructed by Sir Howard Grubb’s 
firm in addition to tJxosc already noticed, may bo mentioned the following 
photographic refractors : Cape Town (24 inch), Radclifle, Oxford (24 inch), 
Greenwich (26 inch), and t-lie r2|-inch Coud4 Equatorial for Cambridge. 

Sir Howard Grubb also dx^signed and constructed other optical instruments 
for astronomical work, among which may be mentioned a 30-inch siderostat 
for the Smithsonian Institute at Washington, a sjaM’^troheliograph for the Madrid 
Observatory in 1912, enabling photograjAs to be taken of the sun’s surface 
with monochromatic light of any required wave-length, a 7-nietre solar- 
spectrograph for tlie Poulkovo Observatory at Leningrad in 1923, and numerous 
coelostats and heliostats. 

Sir Howard had a fertile genius for devising optical apparatus for all kinds 
of uses and developed ingenious methods for testing lenses and prisms. 
He developed and perfected the periscope for Britislx flubmarines, introducing 
variable magnification and a sky-searching device. He invented a new 
form of gunsight for the turrets of largo battleships which first intro- 
duced the combination of a telescope and a periscope in one instrument, with 
variable magnifying powers and angles of view. 

At the outbreak of the Great War he was actively engaged in the manu- 
facture of periscopes for British submarines and the continuation of this work 
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neoesaitated the removal of hie works to St. Alhana, at whi^h hia basmess 
contianed to be carried on until 1925, when it was acquired by the late Sit 
Charles Parsons, the firm becoming the Sir Howard Qmbb Parsons Company 
with works at Newcastle-upon-T 3 Tie. Sir Chaides Parsons, the inventor of the 
steam turbine, was a son of the third Earl of Bosse, already mentioned in 
connection with the early history of Sir Howard Grubb’s work, and it was a 
remarkable coincidence that the latter’s business built up during a period of 
60 years should at the end of that period pass into the hands of the son of the 
distinguished astronomer who was so closely associated with its inception. 
Sir Howard Grubb, being then 81 years of age, retired from active participation 
in the work. 

Apart from his work in the manufacture of astronomical and optical instru- 
ments, Sir Howard was engaged in many public activities and received many 
hononrs. As has been mentioned he was knighted by Queen Victoria in 1887. 
’ He received the Cunningham Gold Medal of the Royal Irish Academy in 1881, 
and the Boyle Medal of the Royal Dublin Society in 1912. He was appointed 
Scientific Advisor to the Commissioners of Irish lights in 1913 in succession 
to Sir Robert Ball, He held the honorary degree of Master of Engineerixkg in 
the University of Dublin, was a Fellow of the Royal Society fl883) and a 
Fellow of the Royal Astronomical Society. He was a Governor and Vice- 
President of the Royal Dublin Society for many years. 

To the qualities which underlay the industrial and scientific achievements 
briefly outlined above were added a charm of manner and a personality which 
inspired esteem and affection in all who knew him. 

Professor H. F. Newall of the Observatory, Cambridge, writes : “ He was a 
delightful companion, full of amusmg stories. He had an attractive way of 
quietly whistling to himself when he was faced with a difficulty. It seemed to 
aid him in finding the solution. He was endlessly patient in going into details 
of design and always ready to listen to suggestions.” 

Mr. L. E. Steele, Vice-President of the Royal Dublin Society and for many 
years a co-worker with the late Sir Howard Grubb in the work of that Society, 
writes : ” Grubb was not a public man. He shrank from debate and dialectics 
and confined his energies and interests to societies which called for peaceful 
(Bscussion. In one of these ho was peculiarly interested. He devoted many 
years of his life to the welfare of the Royal Dublin Society and as a Member of 
its Council and one of its Vice-Presidents bis wise advice was much aoi^ht after. 

“ To his friends he presented a most attractive pereon^ty. 6«itle, 
courteous and warm-hearted, his modesty and the absence of anything which 
suggested self-assertion, endeared him to a wide circle of iriends. He was 
eminently a sociable man and delighted in hospitality which made his house 
the centre of pleasant intercourse, and in this was much assist^ X^dy 
Grubb, who predeceased him by a few months and from whose toss ha never 
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r^ly recoverod. With a keen sense of humour his stories, always kmdly, of 
the many distinguished men he had met in his career and of the incidents of 
his life, were a source of much interest to his friends. A talk with him was an 
intellectual treat. Had he been more of a literary man he might have left 
behind him a volume of reminiscences which would have been of more than 
passing interest ; but for him writing was an irksome effort. A man of sunple 
piety and always ready to help those in need of assistance, his kindness was a 
marked characteristic. His knowledge was always at the disposal of his 
friends and he was ever pleased to talk about his scientific pursuits erw with 
those whose scientific knowledge was of the scantiest/’ 

The writer desires to express his thanks to the Sir Howard Grubb Parsons 
Company for information placed freely at his disposal, and especially to Mr. 
Cyril Young, F.K.A.S., of that Company for generous assistance in the pre- 
paring of this notice, also to I>r. H. F. Newall, F.R.S., Mr. L. E. Steele, M.A., 
Dr. W. E. Adeney, F.I.C., Mr. Conrad Beck, O.B.E., and Mr. Harold Thomson, 
F.R.A.8., for their kind help. 

8. S. C. 


SIR THOMAS EDWARD STANT0N-~1865493L 

SiE Thomas Stanton was bom at Atherstone in Warwickshire on Xh^cember 
12, 1865. He came of an Appleby family, one branch of which had been for 
many years settled in Atherstone. He was e<luoate<l at the Atherstone 
Grammar School, and after some previous training was apprenticed at the age 
of 19 to Gimson & Co., of Leicester, general engineers and millwrights. His 
indentures lasted for three years and at the end of th is period he continued for 
a short time to work for the firm. 

In 1888, with the aid of a small legacy from a relative, he entered Owens 
College, Manchester, and followed the engmeering course in the Whitworth 
Laboratory under Osborne Reynolds. After taking the degree of B.Sc. in 
1891 in the Victoria University, with first-class honours, he continued to work 
in BeynddB' Laboratory, at first as junior and later as senior demonstrator, 
until 1896. From 1892 to 1896 he was also resident tutor in mathematics 
and engineering at the Hulme Hall of Residence, Manchester. 

The years he thus spent under the guidance and inspiration of Osborne 
Reynolds had a strongly formative and beneficial influence on his development 
and character. He became closely interested in the physical ideas underlying 
Reynolds^ researches, and he took full advantage of the opportunity afforded 
him of Carrying out research on similar lines. Following some work in 1893 
on Pertnanent Strain of Iron and Steel/' he pro<luced a paper in 1890 entitled 
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'' The Law of TrausTnisaion of Heat from Metal Surfaces to Liquids in Contact 
with them/’ which was accepted for publication in the ‘ Philosophical Trans- 
actions/ Though the ideas underlying this investigation were no doubt 
largely inspired by Osborne Reynolds, the result gave ample evidence of the 
initiative, originality and industry which marked Stanton’s lator work It 
Wixs followed in 1897 by a paper read before the Institution of Civil Engineers 
on the “ Efficiency and Design of Surface Condensers/’ which was awarded a 
Telford premium. The problem of friction and heat transmission between 
fluids and surfaces in relative motion continued to interest him throughout 
his life, and was the subject of many later investigations. 

In Jimc, 1896, Stanton obtained a post as Senior Assistant Lecturer in 
Engineering at University College, Liverpool, under Professor Hele-Shaw. 
From Liverpool he went in December, 1899, to Bristol University College as 
Professor of Engineering. Although he remained in Bristol only about a 
year and a half he had already made his mark there when he was offered in 
July, 1901, the position of Superintendent of the Engineering Department of 
the National Physical Laboratory, the post which he continued to hold until 
his retirement from official duties in December, 1930, at the age of 65. In his 
work at Bristol he was closely associated with A. P. Chattock, the Professor 
of Physics, and the friendship then begun continued until his death, with the 
happiest influence on his life and work. 

The main reason which led Stanton to accept the post at Teddington was, 
no doubt, the exceptional opportimity which it appeared likely to afford of 
canying on independent research. In this he was not disappointed, and the 
many fruitful years which ho spent at the N.P.L. not only brought distinction 
to himself, but bore their full share in establishing the world-wide reputation 
of the Laboratory as a research institution. In 1901, indeed, engineering was 
by no means fully recognised as an appropriate field for laboratory research, 
and not only the general public, but even engineers themselves, with relatively 
few exceptions, had scarcely yet learnt to regard research in engineering as 
having more than academic value, Stanton’s work, combined with industrial 
developments such as the motor and aeroplane industries, has had a con- 
siderable share in the change of attitude that has taken place. 

At the time when the National Physical Laboratory was founded, one of the 
subjects suggested by the Executive Committee as appropriate for investiga- 
tion by the Laboratory in the public interest was the magnitude and distribu- 
tion of the wind forces on structures, such as bridges and roofs. The Wind 
Pressure Commission of 1881, following the Tay Bridge disaster of 1879, had 
recommended that structures should be designed to resist a maximum wind 
pressure of 56 lbs. per square foot, corresponding to a wind of some 140 miles 
per hour, but no very reliable data exist^ as a basis for this figure, or for its 
application to structures of different form. This provided Stanton with a line 
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of research in which he was already much interested, and he was not slow to 
take advantage of the facilities with which the Laboratory provided him for 
following out his own ideas. He realised that valuable information could be 
obtained from experiments on quite small models in an artificial current of 
air, provided due attention were paid to the appropriate conditions of experi- 
ment as between model and full scale. For his earliest experiments he con- 
structed a small vertical wind tunnel of circular section, 2 feet in diameter, 
in which he made measurements on flat plates, and on small models of lattice 
girders and roofs. This work was commenced in 1902, and a paper giving the 
results obtained was conununicated to the Institution of Civil Engineers in 
December, 1903. For the investigation of scale effect a tower was erected in 
the laboratory grounds on which larger models could be tested in a natural 
wind. The results, presented to the Institution in 1907, were in good agree- 
ment with the earlier experiments. In particular the fact was brought out 
that the ratio of the wind pressures on two structures, a flat plate and a 
braced girder was independent of the scale, wliich sugg<\sted that the forces on 
the large structure could be deduced from laboratory expt^riments on a small 
model by the application of a constant factor. The extension of the work to 
larger structures, in order to take account of wind variations over an extended 
area, was, however, proposed ; a second tower and intennediate masts were- 
erected at Teddington, which enabled comparisons of maximum and mean 
pressure over a base of 400 feet to be obtained. Later, apparatus was erected 
on the Tower Bridge, 225 feet in span, with which observations were continued 
for many years. An account of these later measurements was given to the 
Institution of Civil Engineers in 1 924. More recently observations have been 
made on a large roof in Manchester ; and experiments are in progress on the 
Severn Kailway Bridge, which has a span of 2,680 feet. 

The field of research thus presented in 1907 widened rapidly. In 1908 the 
Wright brothers made their first aeroplane flights in Europe. Lord Haldane, 
then Minister for War, recognised the iraportanc<5 of the scientific study of 
flight, and invited Dr. (now Sir) Kichard Glazt^brook, as Director of the National 
Physical Laboratory, to undertake experimental research for the development 
of the fl)dng machine. The knowledge and experience Stanton had already 
gained in the measurement of wind forces on structures rendered him specially 
fitted to superintend such research, and he soon had a small band of enthusiastic 
assistants applying his methods to the various problems of aeroplane and air- 
ship design, under the general control of the Advisory Committee for Aero- 
nautics, of which Lord Rayleigh was chairman. The - success achieved was 
marked, and led both to rapid advance in the efficiency and safety of the 
aeroplane and to increased recognition of the general value of scientific research 
in its application to engineering problems. At a later date the multiplication 
of other duties made it necessary for Stanton to leave the superint^dence of 
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aerodyixamic research to others^ but he continued to have a close interest in, 
and influence on, the work* 

Among the subjects dealt with in a number of papers presented by him to 
the Aeronautical Research Committee during this period — the design of wind 
tunnele, the performance of air screws, steering planes for airships, the dissipa- 
tion of heat from air-cooled engines, etc. — ^mention must be made especially 
of surface friction. Notes on the frictional resistance of surfaces in a current 
of air and on the relative frictional resistances in air and water were submitted 
to the Committee in 1911 and 1912. 

A paper on the Mechanical Viscoaity of Fluids was presented to tlie Royal 
Society in 1911, and in 1912 Stanton read a paper before the Institution of 
Naval Architects on the Law of Comparison for Surface Friction and Eddy- 
making Resistances in Fluids. Following these a comprehensive investigation 
was undertaken of surface friction, by measurements of the flow in pipes, of air, 
water and oil at different temperatures, covering a very wide range of velocity, 
density and viscosity,* the results of which were presented in December, 1913, 
to the Royal Society in a paper by Stanton and Pannell entitled Similarity 
of Motion in Relation to the Surface Friction of Fluids ’’ and published in the 
‘ I'hilosophical Transactions.’ These experiments brought out very clearly 
the physical conditions underlying similarity of flow in fluids as enunciated 
earlier by Osborne Reynolds and Lord Rayleigh, and at the same time 
provided standard data for the flow of fluids in pipes. 

As already mentioned, Stanton continued to take great interest iu questions 
of fluid flow and friction, and the related problem of heat transmission, and 
in later experimental work he obtained great refinement in the measurement of 
the flow to within 0*01 mm. of the surface in order to study the transition 
from turbulent to laminar flow as the surface is approached. In 1924 he 
presented to the Institution of Naval Architects a paper on the Effect of Length 
on the Skin Friction of Flat Surfaces. At a later date he became interested 
in the problem of the formation of waves in water by a current of air passing 
over it and had obtained valuable experimental results, but the work was not 
completed at the time of his death. 

In hk later years also he conducted a considerable amount of research into 
the subject of ait resistance to motion at very high speeds, exceeding the 
velocity of sound. Apart from its intrinsic interest, this work was of practical 
importance in connection with the motion of projectiles, and propeller blades 
with high tip-speeds. Much experiment was necessaiy for the production of 
these high air speeds in pipes ; the first high-speed wind channel was 0*8 inch 
in diameter and the tests were rnade on model projectiles of diametw not 
exceeding 0*09 inch ; later a channel of diameter 3*07 inches was developed 

* The value of uf/v ranged from lees than 10 to over 400,000. 
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in which speeds up to times the velocity of sound could be Tnaiixtained 
continuously. An account of this work is given in a paper presented to the 
Koyal Society in December, 1930. Keference must also be made to his earlier 
paper on the Flow of Gase^ at High Speeds ♦ 

A second field of research proposed to StantoiJ in 1901 by the Engineering 
Oommittee of the Laboratory was the study of the resistance of materials to 
repetitions of stress, i.e., of “ fatigue.” His well-known Alternating Stress 
Testing Machine was described in ‘Engineering^ in February, 1905, In 
explaining the principle adopted in the design of this machine he again has 
occasion to acknowledge his indebtedness to Osbonie Reynolds. In the 
following year h(^ gave an account before the Institution of Civil Engineers of 
experiments on “ The Resistance of Iron and Steel to Reversals of Direct 
Stress ' ' carried out on this machine with the assistance of L. Bairstow, now 
ZahnrofE Professor of Aeronautics in the University of London. This paper 
was awarded by the Institiition a George Stephenson Medal. It was the first 
of a series of papt^rs dealing with fatigue and methods of fatigue testing. In 
November, 1908, he published a description of a method of testing the msistance 
of materials to repeated impact and of the results of such tests, again made 
xvith the assistance of Bairstow. A new fatigue test was described before the 
Iron and Steel Institute in 1908, while in 1912 he presented, with J. R. Pannell, 
to the Institution of Civil Engineers the results of experiments on the'Strength 
and Fatigue Properties of Welded Joints in Iron and Steel, 

One result of this work was tliat fatigue testing became a matter of routine 
at the Laboratory, and a number of machines of various tj’pes were made 
available for such purposes. After 1918, as his responsibilities in the organisa- 
tion of his Department inomased, Stanton devoted less personal attention to 
I’esearch on fatigue, wliich was, however, actively continued by members of 
his staff, notably by Dr. H. J. Gough, who succeeded him, on his retirement, as 
Superintendent of the Department. 

A third subject on which Stanton carried out much research, from 1917 
onwards, was lubrication. This work was, of course, closely connected with 
that on friction, and a general account of the earlier lubrication experiments 
he carried out will be found in his book on Friction, published in 1923, and in 
the article on friction in the ‘ Dictionary of Applied Physics.' His researches 
on lubrication were undertaken at the request of the Lubrication Committee 
of the Department of Scientific and Industrial Research, of which he was a 
member, and of which Mr. W. B. Hardy, now Sir William Hardy, was chairman. 
Sir William Hardy was especially interested in the chemical questions arising 
in coamection with what he termed “ boundary ” lubrication, when the film 
of lubricant separating two surfaces is so thin that the normal laws of fluid 


♦ ‘ Proo. Roy. Soc./ A, vol. Ill, p. 306 (1926). 
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friction no longer apply, and the tangential forces depend rather upon the 
nature of the two surfaces and the chemical constitution of the lubricant* 
Stanton investigated problems of both ** film ” and boundary lubrication 
in a number of practical cases, and developed means of exploring in detail the 
distribution of pressure in the lubricant as well as of tbe tangential forces over 
the surfaces. Amongst the papers he published on this subject may be 
mentioned “ The Characteristic.8 of Cylindrical Journal Lubrication at High 
Values of the Eccentricity, “Boundary Lubrication in Engineering Prac- 
tice/'t “ The Friction of Pistons and Piston Rings, '’J “ The Lubrication of 
Surfaces, under High Loads and Pressures (read before Section G of thi? 
British Association, Leeds, 1927). 

Amongst the mass of valuable information concerning lubrication problems 
accumulated in these researches, the importance of the study of boundary 
lubrication was strongly emphasised, since, although the frictional forces 
might be of the order of 100 times those associated with film lubrication, yet 
in certain conditions, in reciprocating motion, boundary lubrication must 
unavoidably occur, and the chemical constitution of the lubricant and the 
material of the bearing surfaces must thus become of primary importance. 

It will be seen that Stanton’s researches covered an unusually wide field, 
which included a number of questions, e.g., methods of hardness and abrasion 
testing, gear testing, etc., not specifically mentioned above, while a large 
amount of other work was carried out under his direction and control, such 
as the researches on roads and road vehiclei^, the phenomena of “ creep ” at 
high temperatures, etc. 

In looking through Stanton’s published papt^rs one cannot fail to note the 
frequency with which specific reference is made to the work of Osborne 
Reynolds. Stanton found special pleasure in acknowledging the debt he owed 
to Reynolds, and a gre.at part of his own work may fitly be described as a 
development and extension of Reynolds’ ideas. To that extension he brought 
a great fertility and resource in devising methods of experiment, a wide 
experience and knowledge of mechanical technique, and an unresting interest 
in new knowledge and new problems. His interests, it may be said, were 
in the physical aspects of engineering problems, rather than in their practical 
applications, but none the less, or perhaps for that very reason, his work has 
been of great importance in some of the most striking modem industrial 
developments. 

In May, 1931, Stanton delivered the 37th James Forrest Lecture before the 
Institution of Civil Engineers. His subject was '‘Engineering R^aearch,” 
and he took the opportunity of giving a gmeral account of some of the chief 

• * Froo. Boy. Soo.,' A, voh 102, p. 241 (1922). 
t ‘ The Euginew/ June, 1923. 
t ' The Engineer/ vol. 139 (1925), 
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work — and of the principles underlying that work — accomplished at the National 
Physical Laboratory during recent years. His lecture gives a clear and 
illuminating exposition of some of the main investigations with which he was 
himself occupied, and at the same time furnishes an attra<jtive insight into his 
personality and his attitude towards research. In that lecture those who 
knew him will find much to give rise to pleasant reminiscence. 

Stanton was of a somewhat retiring disposition, due in part, no doubt, to his 
not very robust health. But he had a personality .which was very attrac^tive 
to those who came to know him intimately, and especially so to those who 
worked with him and imder his guidance. Th<i occasion of his retirement from 
his position as Head of the Engineering Department of the N.P.L. evoked a 
notable demonstration of respect ami afl[e<5tion from the members of his staff, 
as well as from his (joUeagues in other Departments of the Laboratory. 

He held the degree of D.8c. of Manchester University and was a member of 
the Institiitions of Civil and Mechanical Engineers. The merits of the papers 
he presented to these and other Institutions were recognised by numerous 
awards. He was elected a Fellow of the Royal Society in 1914. He was 
made a C.B.E. in 1920 in recognition of services rendered during the War, 
and was knighted in 1928. He married, in 1912, Miss M. 6. Child, daughter 
of Ml*. John Child, of Kensington, and leaves a son and a daughter. His 
first child, Richard, died in 1917. 

J. E. P. 

F. J. S. 
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